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PREFACE 

The  author  of  this  book  has  found  in  his  experience 
that  students  are  interested  in  the  study  of  mathematics 
only  in  so  far  as  they  are  able  to  think  their  way  through 
the  work.  Consequently,  the  attempt  has  been  made  to 
prepare  a  geometry  through  which  it  will  not  only  be 
possible  but  necessar}T  for  the  student  to  work  his  way, 
relying  on  his  own  reasoning  powers. 

Demonstrations  of  the  more  difficult  theorems  have 
been  given  in  full.  It  is,  however,  important  that  the 
student  should  early  in  the  work  get  into  the  spirit  of 
working  out  demonstrations  for  himself.  Accordingly, 
the  proofs  of  many  of  the  easier  theorems  have  been  left 
for  the  student,  although  frequently  a  suggestion  as  to 
method  of  proof  is  given. 

Many  easy  exercises  are  introduced  throughout  the 
book  bearing  directly  on  the  theorems  which  they  follow. 
This  affords  the  student  an  opportunity  of  applying  the 
principles  brought  out  in  the  theorem  and  offers  a  test 
of  his  ability  to  work  out  demonstrations  for  himself. 
Such  suggestions  as  seem  necessary  are  given  to  the  more 
difficult  exercises,  to  aid  the  student. 

In  addition  to  the  exercises  scattered  throughout  the 
text,  miscellaneous  exercises  are  given  at  the  end  of  each 
book.  The  student  is,  for  the  most  part,  left  to  his  own 
resources  in  solving  these  exercises.  The  teacher  is  the 
proper  person  to  determine  the  nature  of  the  assistance 
to  be  given. 
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6  PREFACE 

The  Syllabus  of  Plane  Geometry,  preceding  Book  VI, 
and  the  Syllabus  of  Solid  Geometry  at  the  end  of  the  book, 
will  assist  the  student  who  is  trying  to  recall  a  previous 
theorem  to  apply  to  a  new  solution,  and  will  at  the  same 
time  furnish  a  ready  means  of  reference  to  the  section 
numbers  in  the  Geometry  that  are  suggested  as  aids  to 
demonstrations. 

The  leading  American  and  foreign  geometries  and  the 
entrance  examination  questions  to  the  leading  colleges 
and  universities  have  been  consulted,  and  many  exercises 
have  been  taken  from  these  sources. 

The  teacher  is  cautioned  against  assigning  work  too  rap- 
idly. He  should  make  sure  that  the  student  is  thinking  his 
way  along  as  he  goes,  otherivise  the  student  will  become  dis- 
couraged and  dislike  the  work.  This  is  especially  true  at 
the  beginning  of  both  plane  and  solid  geometry. 

Historical  notes  that  will  add  life  and  interest  to  the 
subject  have  been  inserted,  but  the  mere  statement  of 
dry  historical  facts  has  been  avoided. 

The   author  is  indebted  to  Professor  E.  R.  Hedrick  of 

the   University  of  Missouri   and  to  several  other  friends 

who  have    read   the    manuscript    or   proof,  or  both,  and 

have  offered  valuable  suggestions. 

ELMER   A.  LYMAN. 
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PLANE   GEOMETRY 

INTRODUCTION 


1.  Historical.  The  earliest  study  of  geometry  was  ob- 
servational  and  experimental.  The  ancient  Babylonians 
and  Egyptians  used  a  variety  of  geometrical  figures  in 
decorating  their  walls  and  in  the  tiles  of  their  floors. 
The  study  of  these  figures  led  to  actual  measurement  and 
finally  to  abstract  reasoning. 

2.  The  Greek  historian  Herodotus  says  that  the  Egyp- 
tian King  Sesostris  (about  1400  B.C.)  diyided  Egypt  into 
equal  rectangular  plots  of  ground  and  assigned  these  plots 
to  his  subjects.  The  annual  overflow  of  the  Nile  either 
washed  away  portions  of  the  plots,  or  obliterated  the 
boundaries,  thus  making  new  measurements  necessary. 
These  measurements,  according  to  Herodotus,  gave  rise 
to  the  study  of  geometry  (geometria,  from  ge,  earth,  and 
metrein,  to  measure).  The  meaning  of  the  word  has,  how- 
ever, been  gradually  extended,  so  that  now  it  includes  the 
consideration  of  various  measurements  and  the  investi- 
gation and  discussion  of  the  properties  of  space. 

3.  The  stud}^  of  geometry  among  the  ancient  Babylon- 
ians and  Egyptians  was  entirely  of  an  experimental  kind, 
and  their  knowledge  of  the  subject  was  very  limited  and 
crude.  It  was  the  Greeks  who  made  geometry  a  science 
and  gave  rigid  demonstrations  for  geometrical  theorems. 
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10  PLANE   GEOMETRY 

4.  The  study  of  geometry  was  introduced  into  Greece 
about  600  B.C.  by  Thales,  who  gave  deductive  proofs  for 
certain  theorems. 

5.  About  800  B.C.  Euclid  collected  and  systematized 
all  that  was  known  about  geometry.  Adding  his  own 
discoveries,  he  published  the  whole  in  what  is  known  as 
Euclid's  "  Elements."  Every  one  who  has  studied  geom- 
etry possesses  a  large  part  of  this  famous  work,  for  our 
modern  text-books  are  modified  reproductions  of  Euclid's 
Elements. 

6.  But  little  is  known  of  the  personality  of  Euclid. 
He  lived  and  taught  in  Alexandria,  where  he  was  the  first 
professor  of  mathematics  in  the  University  of  Alexandria, 
which  was  founded  b}7  Ptolemy  the  First.  King  Ptolemy 
became  interested  in  the  study  of  geometry,  but  was 
impatient.  In  reply  to  his  inquiry  as  to  whether  there 
was  no  easier  way  to  learn  geometry  than  in  his  Ele- 
ments, Euclid  promptly  replied,  "  There  is  no  royal  road 
to  geometry."  A  youth  who  was  studying  with  Euclid, 
after  having  mastered  the  first  theorem,  asked  him, 
"  What  do  I  get  by  learning  these  things  ? '  Euclid 
called  his  slave  and  said,  "  Give  him  three  oboli  (a  small 
coin),  since  he  must  make  gain  out  of  what  he  learns." 

FUNDAMENTAL  SPACE  CONCEPTS 

7.  The  student  need  not  commit  to  memory  the  follow- 
ing definitions  and  explanations,  but  he  should  have  a  com- 
plete understanding  of  the  fundamental  space  concepts 
and  terms  used  in  geometry,  so  as  to  make  his  reasoning 
exact. 

8.  Since  space  is  indefinite  in  extent  in  all  directions, 
a  physical  solid  can  occupy  but  a  limited  portion.     The 


INTRODUCTION  11 


A 


portion  of  space  which  is,  or  is 

capable  of  being,  occupied  by  a 

physical  solid  is   a  geometrical    y>  /  / 

solid,  or  simply  a  solid.  v. li V 

Is  a  geometrical  solid  a  real  body,  or  only  a  form  ? 

Is  a  physical  solid  a  real  body  ? 

9.    That  which  separates  a  solid  from  the  surrounding 
space,  or  one  part  of  a  solid  from  another,  is  a  surface. 

10.  The  boundary  of  a  surface,  or  the  intersection  of 
two  surfaces,  is  a  line,  straight  or  curved. 

11.  The  extremities  of  a  portion  of  a  line,  or  the  inter- 
section of  two  lines,  is  a  point. 

12.  In  the  above  treatment  the  surface  is  considered  as 
the  boundary  of  a  solid,  the  line  as  the  boundary  of  a 
surface,  and  the  point  as  the  extremity  of  a  line.  We 
may,  however,  regard  the  line  as  the  path  of  a  moving 
point,  the  surface  as  generated  by  a  moving  line,  and  the 
solid  as  generated  by  a  moving  surface. 

13.  In  either  case,  whether  we  proceed  from  the  notion 
of  the  solid  to  the  surface,  from  the  surface  to  the  line, 
and  from  the  line  to  the  point,  or  from  the  notion  of  the 
point  to  the  line,  from  the  line  to  the  surface,  and  from 
the  surface  to  the  solid,  there  are  three  steps.  These 
three  steps  give  rise  to  the  three  dimensions  of N  the  space 
of  our  experience  :  length,  breadth,  and  thickness. 

14.  A  point  has  position  only,  without  dimensions. 

15.  A  line  may  be  extended  in  one  dimension,  length. 

16.  A  surface  may  be  extended  in  two  dimensions,  length 
and  breadth. 

17.  A  solid  may  be  extended  in  three  dimensions,  length, 
breadth,  and  thickness. 
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18.  Any  combination  of  points,  lines,  surfaces,  or  solids 
is  called  a  geometrical  figure,  or  simply  a  figure. 

19.  The  material  figures  used  for  the  purpose  of  demon- 
stration in  geometry  are  merely  the  representations  of  ideal 
geometrical  figures.  The  points,  lines,  and  surfaces  of 
geometry  cannot  be  constructed.  The  point  is  represented 
by  a  dot;  but  the  material  dot,  however  fine,  will  have 
length, breadth,  and  thickness,  and  hence  will  not  be  an  ideal 
geometrical  point.  It  does,  however,  afford  an  approxi- 
mate representation  of  such  a  point.  So,  a  line  traced  on  a 
surface  will  have  breadth  and  thickness,  and  hence  will  not 
be  an  ideal  geometrical  line,  but  may  represent  such  a  line. 

20  Exercise.  1.  Can  you  make  a  geometrical  point 
with  a  pencil  or  trace  a  geometrical  line  on  a  surface  ? 

2.  Is  a  leaf  of  your  book  a  surface  or  a  solid  ? 

3.  Can  you,  by  placing  any  number  of  surfaces  together, 
one  upon  another,  form  a  solid  ? 

4.  How  many  surfaces  are  indicated  in  the  figure  on 

1-10    1.  V91  ■     4-     9 

p.  11?  how  many  lines  (  how  many  points  I 

21.  A  straight  line  is  a  line  of  unlimited  extent  such 

that  any  part  of  it  will  coincide  wholly  with  any  other  part, 

if  the  extremities  of  the  two 

A B •       ■  i 

parts  are    made    to    coincide. 

The  word  "line    is  often  used  alone  to  denote  a  straight  line. 

22.  That  part  of  the  line  lying  between  A  and  B  is 
called  the  line  segment  ab. 

23.  Throughout  elementary  geometry  it  is  assumed 
that  figures  can  be  moved  about  in  any  way  without 
changing  their  size  or  shape.  This  assumption  is  used 
in  proving  the  equality,  or  congruence,  of  certain  geo- 
metrical figures.  Thus,  if  two  line  segments  can  be  so 
placed  that  their  extremities  coincide,  they  are  equal. 
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24.  A  curved  line,  or  a 
curve,  is  a  line  no  part  of 
which  is  straight. 

25.  A  broken  line  is  com- 
posed of  different  successive 
straight  lines. 

26.  A  carpenter  tests  the  flatness  of  a  board  by  laying 
a  straightedge  on  its  surface  in  all  directions  and  watch- 
ing  to  see  if  it  always  touches.  This  test  of  flatness  leads 
to  the  definition  of  a  flat  surface,  or  a  plane  surface. 

27.  A  plane  surface,  or  a  plane,  is  a  surface  of  unlimited 
extent  in  all  directions,  such  that  a  straight  line  joining 
any  two  of  its  points  lies  wholly  in  the  surface. 

28.  A  curved  surface  is  one  no  part  of  which  is  plane. 

29.  A  combination  of  points  and  lines  in  a  plane  is 
a  plane  figure. 

30.  Plane  geometry  treats  of  plane  figures.  The  treat- 
ment of  solids,  curved  surfaces,  and  figures  traced  on 
curved  surfaces  belongs  to  solid  geometry. 

31.  Exercise.  1.  Can  two  straight  lines  intersect  in 
more  than  one  point  ?  Can  two  straight  lines  pass  through 
the  same  two  points  without  coinciding  throughout? 
What  is  the  meaning  of  the  expression  "  Two  points 
determine  a  straight  line  V  ? 

2.  How  many  lines  can  be  drawn  through  two  points  ? 
What  kind  of  a  line  is  the  shortest  line  that  can  be  drawn  ' 
between  two  points  ? 

3.  Apply  the  definition  of  a  straight  line  to  test  the 
straightness  of  a  ruler.  Apply  the  definition  of  a  plane  to 
test  the  flatness  of  a  surface. 
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4.  How  many  surfaces  can  be  passed  through  three 
points  not  in  the  same  straight  line  ?  How  many  planes 
can  be  passed  through  three  points  not  in  the  same  straight 
line  ?  What  is  the  meaning  of  the  expression  "  Three 
points  not  in  the  same  straight  line  determine  a  plane  "  ? 

5.  Can  a  straight  line  be  so  moved  that  it  will  not 
generate  a  surface  ?  Can  a  plane  surface  be  so  moved  that 
it  will  not  generate  a  solid  ? 

6.  If  the  boundaries  of  two  portions  of  a  plane  surface 
coincide,  will  the  portions  of  the   plane  B 

surface  coincide  throughout  ?     Why  ? 

32.  When  two  straight  lines  pass 
through  the  same  point,  they  form  an  an- 
gle with  each  other.  The  point  is  the 
vertex,  and  the  lines  are  the  arms,  or  sides, 
of  the  angle.  A 

Does  the  size  of  an  angle  depend  in  any  way  on  the 
length  of  its  sides  ? 

33.  An  angle  is  usually  designated  by  three  letters,  the 
middle  letter  being  placed  at  the  vertex  and  the  other 
two  letters  on  the  sides.  Thus,  the  angle  in  the  figure 
may  be  designated  ABC. 

34.  If  no  other  angle  has  the  same  vertex,  it  is  con- 
venient to  designate  an  angle  by  the  single  letter  at  the 
vertex.     Thus,  the  angle  in  the  figure  may  be  designated  B. 

35.  A  small  letter  placed  as  in  the  figure  is  frequently 
used  to  designate  an  angle.  Thus,  the  angle  in  the  figure 
may  be  designated  a. 

36.  The  angle  ABC  may  be  conceived  as  described  by 
the  revolution  of  a  straight  line  about  the  vertex  from  the 
position  of  coincidence  with  the  side  BA  to  that  of  coinci- 
dence with  the  side  BC. 
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37.  The  straight  line  may  revolve  from  the  position  BA 
to  the  position  BC  in  either  of  two  ways,  thus  forming  two 
angles  ABC.  In  speaking  of  the  angle  ABC  we  shall  mean 
the  smaller  angle,  unless  the  contraiy  is  stated. 

38.  The  magnitude,  or  size,  of  an  angle  depends  upon 
the  amount  of  rotation. 

39.  Two  angles  are  equal  when  one  of  them  can  be 
placed  on  the  other  so  that  their  sides  coincide,  and  so 
that  they  may  both  be  described  simultaneously  by  re- 
volving the  same  line  about  their  common  vertex. 

40.  If  the  two  sides  of  an  angle  are  in  the  same  straight 
line  and  on  different  sides 


B 


^O. 


of  the  vertex,  the  angle  is  ° 

.     ,  ,  STRAIGHT    ANGLE 

a  straight  angle. 

41.  The  straight  angle  may  be  considered  as  described 
by  the  revolution  of  a  line  from  the  position  OA  to  the 
position  OB,  the  prolongation  of  OA. 

42.  Since  the  sides  of  a  straight  angle  form  a  straight 
line,  any  other  straight  angle  a'o'b'  can  be  placed  upon 
AOB  with  the  vertex  o'  at  O  in  such  a  way  that  a'o'b'  will 
coincide  with  AOB  throughout.  All  straight  angles  are 
therefore  equal. 

43.  If  the  straight  line  continues  to  revolve  till  a  com- 
plete  revolution    is    performed,    thus     ^_^ 

passing  through  two  straight  angles,     \Zs  A 

the  angle  formed  is  a  perigon.  perigon 

44.  Angles  are  measured  in  degrees,  minutes,  and  seconds. 
The  degree  is  one  three  hundred  sixtieth  part  of  a  peri- 
gon, the  minute  is  one  sixtieth  part  of  a  degree,  and  the 
second  is  one  sixtieth  part  of  a  minute.  Degrees, 
minutes,  and  seconds  are  indicated  by  the  symbols  °  '  ", 
as  22°  13'  15". 
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45.  Historical  Note.  The  sexagesimal  division  of  numbers  is 
undoubtedly  of  Babylonian  origin.  The  ancient  Babylonian  priests 
in  their  astronomical  work  reckoned  the  year  as  300  days.  They 
supposed  the  sun  to  revolve  around  the  earth  once  each  year,  and 
hence  divided  the  circumference  into  360  parts,  each  of  which  repre- 
sented the  apparent  daily  path  of  the  sun.  They  probably  knew  how 
to  construct  the  inscribed  regular  hexagon  with  each  of  its  sides  equal 
to  the  radius  of  the  circumscribing  circle.  It  was  then  natural  to 
take  one  of  the  60  parts  thus  cut  oft'  as  a  unit  and  to  subdivide  this 
unit  further  into  60  equal  parts,  and  so  on,  according  to  their 
method  of  sexagesimal  fractions.  This  is  the  origin  of  the  degree, 
minute,  and  second.  The  names,  minutes  and  seconds,  are  from  the 
Latin  partes  minutiae  primae  and  partes  minutiae  secundae. 


46.  A  right  angle  is  half  of  a 
straight  angle. 

47.  All  right  angles  are  equal,  since 
they  are  halves  of  equal  straight 
angles.     (See  Ax.  5,  §  64.) 


B 


RIGHT    ANGLE 


48.    When  two  straight  lines  meet  so  that  the  adjacent 
angles  are  equal,  each  of  the  angles  is 
a  right  angle  (why?)  and  the  lines  are 
perpendicular  to  each  other. 


49.  An  angle  less  than  a  right  angle 
is  an  acute  angle  ;  one  greater  than  a 
right  angle  and  less  than  a  straight 
angle  is  an  obtuse  angle  ;  one  greater 
than  a  straight  angle  and  less  than  a 
perigon  is  a  reflex  angle. 

50.  Acute,  obtuse,  and  reflex  angles 
are  called  oblique  angles,  to  distinguish 
them  from  right  angles  and  straight 
angles. 


ACUTE  ANGLE 


OBTUSE  ANGLE 


KEFLEX  ANGLE 
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51.  Intersecting  straight  lines  not  perpendicular  to 
each  other  are  oblique  lines. 

52.  A  closed  line  is  one  that  separates  a  definite  part 
of  a  plane  from  the  remaining  indefinite  part.  The 
definite  part  of  the  plane  is  inclosed.  Any  point  of  this 
portion,  not  on  the  boundary,  is  within  the  figure.  Any 
other  point,  not  on  the  boundary,  is  without  the  figure. 

53.  A  circle  is  a  portion  of  a  plane,  bounded  by  a  closed 
line  such  that  all  of  its  points  are  equally  distant  from  a 
fixed  point  within.  This  fixed  point  is  the  center  and  the 
bounding  line  is  the  circumference  of  the  circle. 

54.  A  part  of  a  circumference  is  an  arc. 

55.  The  straight  line  joining  the  center  of  a  circle  to 
any  point  on  the  circumference  is  the  radius. 

56.  Logical  terms.  A  theorem  is  a  statement  of  a 
geometrical  truth  that  can  be  deduced  from  other  state- 
ments previously  accepted  as  true. 

57.  A  theorem  consists  of  two  parts  :  the  hypothesis, 
or  the  statement  of  the  conditions  ;  and  the  conclusion,  or 
that  which  follows  from  the  hypothesis. 

Illustration.  Theorem  :  "  If  two  triangles  have  the 
three  sides  of  one  respectively  equal  to  the  three  sides  of 
the  other,  the  two  triangles  are  congruent." 

Hypothesis:  "If  two  triangles  have  the  three  sides  of 
one  respectively  equal  to  the  three  sides  of  the  other." 

Conclusion:   "The  two  triangles  are  congruent." 

58.  The  process  by  means  of  which  the  truth  of  a 
conclusion  is  made  to  appear,  if  the  hypothesis  is  true,  is 
the  demonstration,  or  proof,  of  the  theorem. 

59.  A  problem  is  a  statement  of  a  geometrical  construc- 
tion to  be  made. 

Problem  :   "  To  bisect  a  given  angle." 
lyman's  plane  geom.  — 2 
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60.  A  corollary  is  a  statement  the  truth  of  which  can 
easily  be  deduced  from  the  truth  of  a  theorem,  or  from 
what  is  given  ir  the  proof  of  a  theorem. 

The  proof  of  a  corollary  should  be  given  with  the  same 
accuracy  and  care  as  the  proof  of  the  theorem  itself. 

61.  The  following  symbols,  frequently  used  in  mathe- 
matical work,  are  placed  here  for  reference. 

The  signs  +,  — ,  x,  -*-,  =  have  the  same  meaning  as 
in  algebra. 


>  is  (or  are)  greater  than. 

<  is  (or  are)  less  than. 

=£  is  (or  are)  not  equal  to. 

>  is    (or   are)    not   greater 

than. 

<  is  (or  are)  not  less  than. 
.'.  therefore. 

Z  angle. 

A  angles. 

A   triangle. 

A  triangles. 

O  parallelogram. 

UJ  parallelograms. 

O   circle. 

(D   circles. 


parallel. 

is  (or  are)  parallel  to. 

lis   parallels. 

perpendicular. 
-L  <  is  (or  are)  perpendicular 
to. 

Js   perpendiculars. 

similar. 

is  (or  are)  similar  to. 

congruent. 

is  (or  are)  congruent  to. 

=  approaches  (or  approach) 
as  a  limit. 


62.  While  the  subject  of  geometry  has  a  large  practical 
value  in  its  numerous  applications  to  business  and  science, 
it  has  also  a  great  disciplinary  value  through  the  rigid 
training  it  gives  in  logic.  Every  theorem  must  be  dem- 
onstrated by  a  logical  course  of  reasoning  which  proves 
the  truth  or  falsity  of  the  given  statement.  As  a  basis 
for  this  logical  demonstration  certain  axioms  and  postu- 
lates, together  with  the  definitions,  must  be  used. 
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63.  An   axiom  is  a  general  statement  assumed  to  be 
true  without  proof. 

64.  The  following  general  axioms  are  frequently  used 
in  geometry,  but  are  not  peculiar  to  that  science. 

1.  Things   that  are  equal  to  the  same   thing  or  to  equal 
things  are  equal  to  each  other. 

Thus,  if  x  =  a  and  y  =  a,  x  =  y  ;  or,  if  x  =  a,  y  =  b,  and 
b  =  a,    then  x  —  y. 

2.  If  equals  are  added  to  equals,  the  sums  are  equal. 
Thus,  if  x  =  a  and  y —  b,   then  x  +  y  =  a  +  b. 

3.  If  equals  are  subtracted  from  equals,  the  remainders 
are  equal. 

Thus,  if  x  =  a  and  y  =  b,   then  x  —  y  =  a  —  b. 

4.  If  equals  are  multiplied  by  equals,  the  products  are 
equal. 

Thus,  if  x  =  a  and  y  =  b,    then  xy  =  ab. 

5.  If  equals   are   divided    by   equals,   the    quotients    are 
equal. 

Thus,  if  x  =  a  and  y  =  b,    then  —  =  — 

y     b 

6.  If  equals  are  added  to  unequals,  the   sums   are   un- 
equal in  the  same  sense. 

Thus,  if  x  =  a  and  y>b,   then  x  +  y  >  a  +  b. 

7.  If  equals  are  subtracted  from  unequals,  the  remain- 
ders are  unequal  in  the  same  sense. 

Thus,  if  x  —  a  and  y  <b,    then  y  —  x<b  —  a. 

8.  If  unequals  are  subtracted  from  equals,  the  remain- 
ders are  unequal  in  the  opposite  sense. 

Thus,  if  x  =  a  and  y  <b,  then  x  —  y>a  —  b. 
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9.  If  one  quantity  is  greater  than  a  second  which  in 
turn  is  greater  than  a  third,  then  the  first  is  greater  than 
the  third. 

10.  The  whole  is  greater  than  any  of  its  parts. 

11.  The  whole  is  equal  to  the  sum  of  its  parts. 

65.  A  postulate  assumes  the  truth  of  a  fundamental 
geometrical  statement,  or  the  possibility  of  a  simple  geo- 
metrical construction. 

66.  Some  of  the  following  postulates  have  already  been 
used  in  the  discussions  and  definitions. 

1.  Only  one  straight  line  can  be  drawn  joining  two 
points. 

2.  A  straight  line  can  be  extended  indefinitely. 

3.  A  straight  line  is  the  shortest  line  that  can  be  draivn 
between  two  jioints. 

4.  A  circumference  can  be  described  around  any  point 
in  a  plane  as  a  center,  and  with  a  radius  of  any  length. 

5.  If  two  points  of  a  straight  line  are  in  a  plane,  the 
line  is  ivholly  in  the  plane. 

6.  But  one  plane  can  be  made  to  pass  through  three 
points  not  in  the  same  straight  line. 

7.  Geometrical  figures  can  be  imagined  to  move  about  in 
space  without  altering  their  size  or  shape. 

67.  Geometrical  figures  that  can  be  made  to  coincide 
in  all  their  points  after  motion  in  space  are  said  to  be 
congruent.  The  word  equal  is  used  to  denote  exact  agree- 
ment with  respect  to  quantity  but  not  necessarily  actual 
coincidence. 

Are  all  congruent  figures  equal  ? 
Are  all  equal  figures  congruent  ? 
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68.  A  figure  formed  by  three  straight  lines,  each  inter- 
secting the  other  two,  is  a  triangle.  The  straight  lines  are 
the  sides,  the  intersections  the  vertices,  and  the  sum  of 
the  sides  the  perimeter  of  the  triangle.  Every  triangle 
ma}7  be  considered  as  having  six  parts  —  the  three  angles 
and  the  three  sides. 

69.  The  sides  of  a  triangle  are  usually 
considered  as  the  line  segments  lying  be- 
tween the  vertices,  but  they  may  also  be 
considered  as  of  indefinite  extent. 

70.  An  equilateral  triangle  has  all  of  its  equilateral 
sides  equal. 

71.  An  isosceles  triangle  has  two  of  its 
sides  equal. 

72.  A  scalene  triangle  has  no  two  sides 
equal. 

73.  Any  side  of  a  triangle  may  be  re- 
garded as  its  base,  or  the  side  on  which  it 
appears  to  stand.  The  vertex  of  the  angle 
opposite  the  base  is  the  vertex  of  the  triangle. 

74.  The  interior  angles  are  the  angles  of  the  triangle. 
An  angle  formed  by  any  one  of  the  sides 

ot  a  triangle  and  the  continuation  of  an-  yA 

other  side  is  an  exterior  angle.  ya     b\  d 

Thus  AB,  BC,  CA  are  the  sides  of  the  tri-     A  B 

angle  ABC ;   a,  b,  c  are  the  interior  angles,  and  d  is  an  exte- 
rior angle. 
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75.  A  right-angled  triangle  or  a  right- triangle  has  one 
right  angle.  The  side  opposite  the  right  angle  is  the 
hypotenuse. 

76.  An  obtuse-angled  triangle  has  one  obtuse  angle. 

77.  An  acute- angled  triangle  has  all  of  its  angles  acute. 

78.  An  equiangular  triangle  has  all  of  its  angles  equal. 


RIGHT-ANGLED        OBTUSE-ANGLED        ACUTE-ANGLED  EQUIANGULAR 

THEOREM   I 

79.  If  two  triangles  have  two  sides  and  the  included 
angle  of  one  respectively  equal  to  the  two  sides  and  the 
included  angle  of  the  other,  the  triangles  are  congruent. 
Hypothesis.     Given  :   A  ABC  and  a  A' 

a'b'c',  in  which  ab  =  a'b', 

AC  ==  a'c',  and  Z  A  =  Z  a'. 

Conclusion.     To   Prove:     A  ABC 

^Aa'b'c'. 
Proof :   Place  A  ABC  upon  A  a'b'c' 

so  that  Z  A  shall  coincide  with 

Z  a;  and  the  side  AB  shall  fall 

upon  its  equal  a'b'. 

(§  66,  Postulate  7) 

Then  AC  will  fall  upon  a'c', 

since  by  hypothesis  Z  a  =  Z  a'. 

And  B  will  fall  upon  b',  since  by  hypothesis  AB  =  a'b'. 

And  C  will  fall  upon  c',  since  by  hypothesis  AC  =  a'c'. 

.'.  BC  will  coincide  with  b'c'.      (But  one  straight  line 

can  be  drawn  between  two  points.) 

.*.  A  ABC  ^Aa'  b'c'.     (Definition  of  congruent  triangles.) 
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80.  The  method  of  proof  used  in  demonstrating  Theo- 
rem I  is  called  the  proof  by  superposition.  This  method 
consists  in  placing  one  figure  upon  another  so  that  the 
given  parts  coincide,  and  then  proving  that  the  remaining 
parts  must  coincide. 

In  demonstrating  any  theorem  the  student  will  find  the 
following  suggestions  useful : 

(1)  The  first  essential  is  a  thorough  understanding  of 
the  conditions  set  forth  in  the  theorem. 

Before  beginning  a  demonstration  the  student  must  recog- 
nize — 

(a)  the  hypothesis,  or  what  is  given, 

(ft)  the  conclusion,  or  what  is  to  be  determined  by 
demonstration. 

State  the  hypothesis  and  the  conclusion  of  Theorem  I. 

(2)  The  student  must  recognize  also  the  fact  that,  while 
the  proof  appears  to  apply  only  to  the  particular  triangles 
in  the  figure,  these  triangles  are  taken  to  represent  any 
triangles,  and  that  the  proof  will  apply  as  well  to  any 
other  triangles  that  may  be  selected  satisfying  the  con- 
ditions given  in  the  hypothesis.  The  proof  is  therefore 
general. 

81.  Exercise.  In  all  exercises  the  answer  to  each  ques- 
tion is  to  be  given  with  full  reasons,  and  each  theorem  is 
to  be  carefully  demonstrated  by  the  student. 

1.  What  other  parts  in  the  A  abc  than  those  given  in 
Theorem  I  must  be  equal  to  the  corresponding  parts  of 
A  a'b'c'? 

2.  Prove  Theorem  I  by  taking  three  given  parts  other 
than  those  used  in  the  demonstration. 
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3.  If  ac  =  a'c',  ab  =  a'b',  but  Za^Za',  where  would 
AC  fall  if  A  ABC  were  placed  upon  A  a'b'c'  as  in  the  demon- 
stration ? 

4.  If  Za=Za',  ac  =  a'c',  but  ab^a'b',  where  would 
Z  b  fall  if  A  ABC  were  placed  upon  A  a'b'c'  ? 

5.  Are  two  right-angled  triangles  congruent  if  the  two 
sides  about  the  right  angle  of  one  are  respectively  equal 
to  the  corresponding  sides  of  the  other  ?  State  this  as  a 
theorem  and  give  a  complete  demonstration. 

82.  Definitions.  The  two  equal  sides  of  an  isosceles  tri- 
angle are  its  sides,  and  the  third  side  is  its  base.  The  angle 
opposite  the  base  is  its  vertical  angle. 

83.  When  an  angle  is  divided  into 
two  equal  parts,  it  is  bisected. 

Thus,  bd  bisects  Z  ABC,  if  Zabd  = 
Z  dbc.     bd  is  the  bisector  of  Z  abc. 

84.  The  length  of  the  perpendicu- 
lar from  a  point  to  a  straight  line  is  the  distance  from  that 
point  to  the  line. 

6.  Any  point  on  the  bisector  of  the  vertical  angle  of  an 
isosceles  triangle  is  equally  distant  from  the  extremities 
of  its  base.     What  is  the  hypothesis  ?    the  conclusion  ? 

Take  P  as  any  point  on  the  bisector 
and  draw  PB  and  PC. 

What  parts  of  A  APB  are  equal  to 
corresponding  parts  of  A  APC  ? 

How  does  A  APB  compare  with 
A  apc  ?  Hence,  what  other  parts  of 
the  two  triangles  must  be  equal? 

If  PB  =  PC,  is  the  theorem  proved  ? 

Give  a  complete  demonstration  with  full  authority  for 
each  statement. 
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7.    The  bisector  of   the    vertical  angle  of   an  isosceles 
triangle  bisects  the  base  and  is  perpen- 
dicular to  the  base. 

In  this  case  the  student  must  prove 
BD  =  DC,    and   Zadb=Zadc. 

Why  is  ad  _L  bc,  if  Zadb  =  Zadc? 

Prove  A  adb  ^  A  ADC, 

then    BD  =  DC,    and    Z  ADB  =  Z  ADC. 


THEOREM   II 

85-  If  two  triangles  have  tivo  angles  and  the  included 
side  of  one  respectively  equal  to  two  angles  and  the  in- 
cluded side  of  the  other,  the  triangles  are  congruent . 


Given :    A  ABC  and  a'b'c'  in  which  Z  A  =  Z  a',  Z  B  =  Z  b\ 
and  AB  =  a'b'. 

To  Prove:    Aabc^Aa'b'c'. 

Proof:  Place  A  ABC  upon  Aa'b'c'  so  that  Za  will  coin- 
cide with  Z  a',  the  side  AB  taking  the  direction  a'b' 
and  AC  the  direction  a'c'.  (Why?) 
Since  ab  =  a'b'  (Why?),  the  point  B  will  fall  upon  b'. 
Since  Zb  =  Zb'  (Why  ?),  the  side  BC  will  take  the 
direction   b'c'. 

.-.  the  point  C,  the  intersection  of  BC  and  AC,  must  fall 
at  c',  the  intersection  of  b'c'  and  a'c'. 
.  •.  A  ABC  ==  A  a'b'c'  by  definition  of  congruent  triangles. 
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86.  Exercise.  1.  Compare  the  parts  of  the  two  tri- 
angles given  in  the  hypothesis  of  Theorem  I  and  the  parts 
given  in  the  conclusion  of  Theorem  II.  Compare  the  parts 
given  in  the  hypothesis  of  Theorem  II  and  the  parts  given 
in  the  conclusion  of  Theorem  I.  What  words  are  inter- 
changed in  the  two  theorems? 

87.  Two  theorems  related  as  indicated  in  Ex.  1  are 
reciprocals  of  each  other. 

2.    If  the  bisector  of  an  angle  of  a  triangle  is  perpen- 
dicular to  the  side  opposite  the  angle,  the 
triangle  is  isosceles. 

What  is  the  hypothesis?  the  conclusion? 

What  parts  of  A  ABD  are  equal  to  the 
corresponding  parts  of  Aacd?  Hence, 
what  other  parts  of  the  two  triangles 
must  be  equal  ?  Do  the  answers  to  these 
questions  prove  A  ABD  ^  A  ACD,  and  hence,  AB  =  AC  ? 

88.  Historical  Note.  Theorem  TI  is  supposed  to  have  been  dis- 
covered by  the  Greek  merchant  Thales  (640-546  B.C.),  who  visited 
Egypt  for  a  time  and  while  there  became 
interested  in  the  study  of  geometry.  He  is 
said  to  have  used  this  theorem  to  determine 
the  distance  of  a  vessel  from  the  seashore. 
When  Thales  returned,  he  brought  with  him 
a  knowledge  of  geometry  and  introduced  the 
study  of  this  science  into  Greece.  For  this 
reason  he  is  regarded  as  the  founder  of 
geometry.  He  gave  deductive  demonstra- 
tions to  a  number  of  theorems. 

Show  how  Thales  might  have  determined 
the  distance  of  a  vessel  C  from  the  shore  by 
measuring  a  line  AB  along  the  shore,  and 
then  by  sighting  from  A  and  B  to  the  vessel  to  determine  the  angles  a 
and  b.  How  can  you  determine  the  distance  of  a  vessel  from  the  foot 
of  a  tower  erected  on  the  shore  ? 
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THEOREM   III 

89.  In  an  isosceles  triangle  the  angles  opposite  the  equal 
sides  are  equal. 

Given  :  Isosceles  A  ABC  in  which  AB  =  AC. 

To  Prove:  Zb  =  Zc. 

Proof :  Draw  AD  bisecting  Za. 

Then,  since  AC  =  AB,   (By  hypothesis) 
and  AD  =  AD. 

and      Zcad  =  Zdab.    (By  construction) 

.vAbad^Adac.  (§  79) 

.\Zc  =  Zb.  (Why?) 

90.  Corollary  1.  If  two  angles  of  a  triangle  are  un- 
equal, the  sides  opposite  these  angles  are  unequal. 

Given :  A  ABC  in  which  A  B  and  c  are  un- 
equal. 

To  Prove :  Sides  AC  and  AB  opposite  A  B 
and  c  are  unequal. 

Proof:  The  sides  opposite  A  b  and  c  are 
either  equal  or  unequal.  Suppose 
they  are  equal. 

Then,  by  Theorem  III  the  angles  opposite  these  sides 
are  equal. 

But  by  hypothesis  A  B  and  c  are  unequal. 
.*.  the  supposition  is  false  and  the  opposite  sides  are  not 
equal. 

91.  This  corollary  has  been  proved  by  what  is  called  an 
indirect  proof.  Instead  of  proving  the  truth  of  a  theorem 
directly,  it  is  frequently  easier  to  prove  its  opposite  false. 
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In  the  preceding  proof  the  two  statements  "  sides  oppo- 
site angles  B  and  c  are  unequal''  and  "sides  opposite 
angles  B  and  c  are  equal "  cannot  both  be  true.  If  either 
is  proved  false,  the  other  must  be  true.  Hence  the  truth 
of  the  theorem  is  established  by  proving  the  supposition 
that  "  the  sides  opposite  angles  B  and  c  are  equal"  is  false. 

92.  Corollary  2.  If  a  triangle  is  equilateral ,  it  is  also 
equiangular. 

93.  Note.  The  student  should  not  neglect  to  work  out  carefully 
the  demonstration  of  every  corollary,  although  the  demonstration  is 
readily  deduced  from  the  theorem.  . 

94.  Exercise.  1.  D  and  E  are  points 
on  the  base  of  an  isosceles  triangle  ABC, 
so  that  BD  =  EC.     Prove  AD  =  AE. 

Suggestion.  Use  Theorems  III  and  I  to 
prove  A  ABD  ^  A  ACE. 

2.  D,  E,  F  are  points  on  the  sides  of 
an  equilateral  triangle  ABC,  so  that  AD  = 
BE  =  CF.  Prove  that  A  DEF  is  equilateral. 

Suggestion.  Use  Theorems  III  and  I  to 
prove  A  AFD  ^  A  EDB  ^  A  FEC. 

THEOREM   IV 

95.  If  two  angles  of  a  triangle  are  equal,  the  sides 
opposite  them  are  equal  and  the  triangle  is  isosceles. 

Given:  A  ABC  in  which  Zb  =  Zc. 

To  Prove :    AB  =  AC. 

Proof:  If  AB^  AC,  then  AB  must  be  greater 
or  less  than  AC. 
If  possible,  suppose  ab  >  AC, 
and  suppose  BD,  a  part   of  AB,  =  AC.         B*-  *C 
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(Why?) 

(By  hypothesis) 

(§  79) 

(Axiom  10) 


Draw  DC. 

Then  in  A  DBC  and  ABC 

DB  =  AC, 

BC  =  BC, 

and  Zdbc  =  ^acb. 

.*.  Adbc^Aabc. 
But  AaboAdbc. 

.'.AB>AC. 
In  the  same  way  it  can  be  shown  that  AB  <  AC. 

.\AB  =  AC. 

96.  Corollary   1.    If  a  triangle  is  equiangular,  it  is  also 

equilateral. 

97.  Corollary  2.  If  two  sides  of  a  triangle  are  unequal, 
the  angles  opposite  these  sides  are  unequal. 

Suggestion.  Use  a  proof  similar  to  the  proof  of  Corollary  I, 
Theorem  III. 

Notice  the  relation  that  exists  between  Theorems  III 
and  IV.  The  hypothesis  of  III  is  the  conclusion  of  IV 
and  the  conclusion  of  III  is  the  hypothesis  of  IV. 

98.  Definition.  When  two  theorems  are  so  related  that 
the  hypothesis  and  conclusion  of  one  are  respectively  the 
conclusion  and  hypothesis  of  the  other, 

they  are  converse. 

99.  Exercise.  If  the  bisectors  of  the 
angles  at  the  base  of  an  isosceles  tri- 
angle are  produced  to  meet,  show  that 
the  triangle  thus  formed  is  isosceles. 
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THEOREM   V 

100.  If  two  triangles  have  the  three  sides  of  one  respec- 
tively equal  to  the  three  sides  of  the  other,  the  two  trian- 
gles are  congruent. 


Given :  Two  A  ABC  and  a'b'c',  in  which  AB  =  a'b',  AC  =  a'c', 

BC=  b'c'. 
To  Prove:    AABC^Aa'b'c'. 

Proof:    Place  A  a'b'c'  so  that  a'c'   will   coincide  with  its 
equal  side  AC  and  the  vertex   b'   will  fall  on  the  op- 
posite side  of  AC  from  the  vertex  B. 
Draw  bb'. 


Then 
and 

But 


Zl=Z2, 

Z  3  =  Z  4. 
'.  z  abc  =  z  ab'c. 
Zab'c  =  Z  a'b'c'. 

.  Z  ABC  =  Z  A'B'c'. 
*.A  ABC^A  A'B'C'. 


(§89) 

(Why?) 

(Axiom  2) 

(Why  ?) 

(Why  ?) 

(§79) 


101.   Exercise.  1.  Draw 

the  figure  and  prove  The- 
orem V  when  side  BC  is 
made  to  coincide  with  b'c'. 
2.  Two  (D  whose 
centers  are  at  o  and  of 
intersect  in  A  and  B. 
Prove  that  A  oao'  ^  A  OBOf. 
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CONSTRUCTIONS 


N 
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PROBLEM    I 

102.  To  bisect  a  given  line  segment. 

Given:    The  line  segment  AB. 

Required  :    To  bisect  AB. 

Construction:  With  centers  at  A  and 
B,  and  equal  radii  greater  than 
one  half  of  AB  (Why?),  describe 

arcs  intersecting  at  c  and  c' .  A*: i 9B 

Draw  cc'  meeting  ab  in  D. 

Then  D  is  the  required  midpoint 

of  AB.  U 

Proof:  Draw  AC,  BC,  AC',  Be'.  Then  in  Ac'bc  and  c'AC, 
bc  =  AC  and  bc'  =  ac',  since  the  arcs  have  equal  radii. 
cc'  is  common  to  the  two  trianerles. 

.•.ac'bc^ac'ac.  (§100) 

.'.  Z  ACC'  =  Z  BCCf.  (Why  ?) 

In  A  ADC  and  BDC 

AC  =  BC,  (Why  ?) 

CD=  CD, 

Z  ACD  =  Z  BCD.  (Why  ?) 

.'.  A  ADC  ^  A  BDC.  (Why?) 

.'.  AD  =  BD. 

Hence,  AB  is  bisected  at  d. 

103.  Observe  that  the  solution  of  a  problem  involves  the 
construction  and  the  proof. 

The  construction  should  be  made  as  accurately  as  possible 
by  means  of  the  ruler  and  compasses  which  are  the  only  in- 
struments to  be  employed  in  the  constructions  of  elemen- 
tary   geometry.      The    straight  line  and   the    circle    are 


32  PLANE   GEOMETRY 

therefore  the  only  lines  used  in  elementary  geometry. 
The  restriction  to  the  use  of  these  two  instruments  is  due 
to  the  Greek  philosopher  Plato  (429-384  B.C.).  Plato 
based  his  philosophy  upon  a  knowledge  of  geometry  and 
is  said  to  have  placed  over  the  door  of  his  academy  the 
inscription :  "  Let  no  one  ignorant  of  geometry  enter  my 
door." 

104.  Exercise.    1.    What  postulates  are  used  in  the  con- 
struction required  in  Problem  I  ? 

2.  Bisect  a  line  2  in.  long.     Bisect  a  line  2^  in.  long. 

3.  Prove  that  the  line  joining  the  points  of  intersection 
of  two  circles  is  bisected  by  the  line  joining  their  centers. 

4.  Divide  a  given  line  into  four  equal  parts. 

5.  Show  that  if  in  the  figure  to  Problem  I  P  is  any 
point  in  cc',  PA=PB. 

PROBLEM   II 

105.  To  bisect  a  given  angle. 

Given :   Z  ABC.  ^A 

Required:  To  bisect  Z  ABC.  ^ 

Construction :  From  B  mark  off  on   g^___ 

BA  and  BC  the  equal  distances  >v 

BD  and  BE. 

With  D  and  E  as  centers  and  Q 

equal  radii  describe  arcs  intersecting  at  F. 

Draw  BF.     Then  BF  bisects  Z  ABC. 

Proof:  Draw  EF  and  DF. 

How  does   A  BFE  compare  with  A  BFD? 
Hence,  how  does  Z  ABF  compare  with  Z  CBF? 
Complete  the  proof. 

106.  Exercise.     1.    Prove  that  any  point  in  BF  is  equally 
distant  from  D  and  E. 
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2.  Prove  that  bf  _L  de  and  bisects  it  at  o. 

3.  Show  how  to  divide  a  given  angle  into  four,  eight, 
sixteen,  etc.,  equal  parts. 

4.  An  equilateral  A  BCD  is  described  on  the  base  BC  of 
an  isosceles  A  ABC  and  A  and  D  are  joined.  Prove  A  ABD 
^  ACD. 

5.  Let  ABC  be  any  isosceles  triangle ;  let  the  bisectors 
of  the  base  angles  meet  in  D  and  join  D  to  the  vertex  A. 
Prove  that  the  vertical  angle  is  bisected. 

PROBLEM    III 

107.  At  a  given  point  in  a  straight  line  to  erect  a 
perpendicular  to  that  line. 


R 


B 


•N 


Given:    The    line    MN    and    a    given 
point  P  in  the  line. 

Required :  To   erect    a   perpendicular 

to  mn  at  p.  M 

A 

Construction  :   Mark  off  PA  =  PB. 

With  A  and  B  as  centers  and  any  radius  greater  than 
one  half  of  AB  (Why?),  describe  arcs  intersecting  at  R. 
Draw  RP. 
Then  rp  is  the  required  perpendicular. 

Prjoof :  Imagine  the  lines  AR  and  BR  to  be  drawn,  and  prove 
A  APR  ^  A  BPR,  and  hence  Z  APR  =  Z  bpr. 

Discussion.  One  perpendicular,  and  only  one,  can  be 
erected  at  a  given  point  in  a  given  straight  line. 

108.  Exercise.  1.  Show  that  Problem  III  is  the  same 
as  bisecting  a  straight  angle,  and  is  therefore  a  special 
case  of  Problem  II. 

2.    Construct  an  angle  of  45°  ;  of  22°  30'. 

ltman's  plane  geom.  —  3 
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PROBLEM    IV 

109.  From  a  given  point  without  a  given  straight  line 
to  let  fall  a  perpendicular  to  the  given  line. 

Given :  The  line  AB  and  the  point  P.  p 

Required :   To    draw  a   perpendicular 

from  P  to  AB.  / 


A-*£ 


D^- 


B 


Construction :    With  center  P  describe 
an  arc  cutting  AB  in  D  and  E. 
Bisect  DE  at  C,  and  draw  PC. 
PC  is  the  required  perpendicular. 

Proof:   Draw  PD  and  PE. 

How  does  A  PEC  compare  with   A  pdc? 

Hence,  what  relation  exists*  between  A  DCP  and  ECP? 

Complete  the  proof. 

Discussion.     But  one  perpendicular  can  be  drawn  from 
a  point  to  a  given  straight  line. 

Suppose,    if    possible, 
that   a   second   _L    pd 
can  be  drawn. 
Prolong    PC,    making 

CP'=  PC,  and  join  dp'.     a 

Then  A  a    and    b   are 
right  angles.  (Why?) 
.'.  Z  PDP'  is  a  straight 
angle  and  pdp'  is  a  straight  line. 
But  pcp'  is  a  straight  line.  (Why  ?) 
.'.  we  have  two  straight  lines  join- 
ing the  points  P  and  p',  which  is  impossible. 
.-.  but  one  perpendicular  can  be  drawn  from  the  point 
P  to  the  straight  line  AB. 


dA 


■B 
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110.  Exercise.  1.  State  all  postulates  used  in  Problems 
III  and  IV. 

2.  In  the  figure  to  Problem  IV  prove  that  any  point  in 
PC  is  equally  distant  from  D  and  E. 

3.  Draw  a  line  segment  AB.  Find  a  series  of  points 
that  are  equally  distant  from  A  and  B. 

4.  A  and  B  are  two  given 
points;  CD  is  a  given  straight 
line.  Find  the  point  in  CD  that 
is  equally  distant  from  A  and  B.  B, 

Can    CD  be    taken   in   such   a 
position  that  the  problem  is  im-         - 
possible  ? 

LOCI 

111.  The  locus  of  a  point  is  the  definite  positions  a  point 
may  occupy  that  satisfy  given  conditions. 

Thus,  the  locus  of  all  points  equidistant  from  two 
given  points  is  the  perpendicular  erected  at  the  midpoint 
of  the  straight  line  joining  the  two  given  points.  Also, 
the  locus  of  all  points  equidistant  from  two  parallel  lines 
is  a  line  lying  midway  between  the  two  given  lines  and 
parallel  to  both. 

To  find  the  position  of  all  points  that  shall  be  1  inch 
from  a  given  point  A  and  J  inch  from  another  given  point 
B,  draw  circles  with  center  A  and  radius  1  inch  and  with 
center  B  and  radius  J  inch.  The  intersection  of  the  cir- 
cumferences of  these  circles  will  be  the  required  points. 

How  many  such  points  will  there  be?  Under  what 
conditions  will  there  be  but  one  such  point  ?  Under 
what  conditions  will  the  problem  be  impossible  ? 


36  PLANE   GEOMETRY 

112.  Exercise.  1.  Draw  the  locus  of  all  points  1  inch 
from  a  given  point. 

2.  Draw  the  locus  of  all  points  J  inch  from  a  given 
straight  line. 

3.  Draw  the  locus  of  all  points  f  inch  from  a  given 
straight  line. 

4.  Draw  the  locus  of  all  points  equidistant  from  two 
parallel  straight  lines  that  are  2  inches  apart. 

5.  Find  the 'position  of  all  points  that  are  1  inch  and 
|  inch  respectively  from  two  given  points  that  are  1J  inches 
apart ;  1|  inches  apart  ;   2  inches  apart. 

6.  Without  proof,  give  the  locus  of  all  points  equally 
distant  from  two  intersecting  straight  lines ;  equally  dis- 
tant from  a  given  straight  line  ;  equally  distant  from  a 
given  point.  Is  there  more  than  one  line  in  any  of  these 
loci? 

7.  Find  the  position  of  all  points  equidistant  from  two 

given  points  and  at  a  given  distance  from  a  third  given 

point. 

Suggestions.  Notice  that  all  points  equidistant  from  two  given 
points  must  lie  on  the  perpendicular  erected  at  the  midpoint  of  the 
straight  line  joining  the  two  given  points.  Also,  that  all  points  at  a 
given  distance  from  a  given  point  must  lie  in  a  circumference  with 
its  center  at  the  given  point.  Hence,  the  points  satisfying  all  of  the 
conditions  must  lie  at  the  intersection  of  these  two  loci. 

How  many  such  points  can  there  be? 
Is  the  problem  always  possible  ? 

8.  The  radius  of  a  given  circle  is  4  inches.  Draw  the 
locus  of  all  points  1  inch  from  its  circumference ;  5  inches 
from  its  circumference ;  3  inches  from  its  circumference. 
Will  the  locus  in  any  case  consist  of  more  than  one  line? 
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PROBLEM    V 

113.   At  a  given  point  in  a  straight  line  to  construct 
an  angle  equal  to  a  given  angle. 


■B 


c  r 

Given:   Point  C  in  line  AB,  and  Z  D. 

Required:  To  draw  from  c  a  straight  line  making  an  angle 

with  AB  equal  to  Z  D. 
Construction:    With    D   and   C  as    centers    and  eqnal  radii, 

draw  arcs  EF  and  gf'.     Draw  the  straight  line  EF. 

With  EF  as  a  radius  and  Fr  as  a  center,  draw  an  arc 

cutting  the  arc  gf'  in  Er.     Draw  ce'. 

CE'  makes  with  AB  an  angle  equal  to  Z  d. 
Proof:   Draw  e'f'  and  prove  A  DEF^A  CE'f'. 


m 


n 


PROBLEM   VI 

114.    To  construct  a  triangle  when  the  three  sides  are 
given. 

Given  :   Three  straight  lines  m,  w,  r. 

Required  :   To  construct  a  triangle  having  its  sides  equal 

to  m,  w,  r. 
Construction  :   Take  any  line  AC  =  m. 

With   center   at  A  and    radius   r 

describe  an  arc.      With  center  at 

C  and  radius  n  describe  an  arc 

cutting  the  former  arc  at  B. 

Draw  AB  and  AC. 

ABC  is  the  required  triangle. 
Proof  :   The  three  sides  are  equal  to  the  given  lines. 
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115.  Exercise.  1.  Is  the  construction  of  Problem  VI 
possible  if  the  sum  of  two  sides  is  less  than  the  third 
side  ?    if  the  sum  of  two  sides  is  equal  to  the  third  side  ? 

2.  Show  that  the  construction  of  Problem  VI  may  give 
two  triangles,  each  of  which  satisfies  the  given  conditions. 

3.  Construct  a  triangle  with  sides  equal  to  3,  4,  and  6 
inches  respectively.  Can  a  triangle  be  constructed  with 
sides  equal  to  2,  3,  and  6  inches  ?  with  sides  equal  to  3, 
2,  and  5  inches  ? 

4.  Construct  an  equilateral  triangle  on  a  given  line 
segment. 

5.  Construct  a  triangle  when  two  sides  and  the  included 
angle  are  given. 

6.  Construct  a  triangle  when  two  angles  and  the 
included  side  are  given. 

116.  Definitions.      Two   angles   that   have    a    common 
vertex   and  the  sides   of   one   pro- 
longations of  the  sides  of  the  other 
are  vertical  angles. 

Thus,  Z  x  and  Z  y  are  vertical 
angles. 

Are  there  any  other  vertical  angles  in  the  figure  ? 

117.  Two  angles  that  have  the 
same  vertex  and  one  side  com- 
mon, if  they  do  not  overlap,  are 
adjacent  angles. 

Thus,  A  AOB  and  BOC  are  adja- 
cent angles,  and  Z  AOC  is  the  sum 
of  A  AOB  and  BOC. 

118.  Any  number  of  angles  may  be  added  by  placing 
them  adjacent  to  each  other  in  succession. 
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119.  If  the  sum  of  two  angles  is  a  right  angle,  then 
each  angle  is  the  complement  of  the  other,  or  they  are 
complementary  angles. 

Since  the  sum  of  any  angle  and  its  complement  is  a 
right  angle,  and  since  all  right  angles  are  equal,  the  com- 
plements of  equal  angles  are  equal. 

120.  If  the  sum  of  two  angles  is  a  straight  angle,  then 
each  angle  is  the  supplement  of  the  other,  or  they  are 
supplementary  angles. 

Are  the  supplements  of  equal  angles  equal  ? 

121.  Exercise.  1.  How  many  right  angles  are  there  in 
a  perigon  ?   how  many  straight  angles  ? 

2.  How  many  degrees  are  there  in  a  straight  angle  ? 
in  a  right  angle?  in  the  supplement  of  a  right  angle? 

3.  How  many  degrees,  minutes,  and  seconds  are  there 
in  the  complement  of  30°  25' 46"  ?  in  the  supplement  of 
112°  14' 15"? 

4.  If  one  of  two  supplementary  angles  is  acute,  what 
kind  must  the  other  be  ?  Can  one  of  two  complementary 
angles  be  obtuse  ? 

THEOREM  VI 

122.  If  two  straight  lines  intersect,  the  vertical  angles 
are  equal. 

Given  :  Two  straight  lines  AB 
and  CD,  which  intersect 
at  E,  forming  the  vertical 
angles  x  and  y. 

To  Prove  :   Z.  x  =  Z  y. 

Proof  :   Botli  Z.  x  and  Z  y  are 

supplements    of    what    angle  ? 

.'.Zx  =  Z.y.  (Why?) 
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123.  Corollary  1.  If  tivo  straight  lines  intersect,  the 
four  angles  formed  at  the  point  of  intersection  are 
together  equal  to  four  right  angles. 

If  one  of  the  angles  is  a  right  angle,  what  kind  of 
angles  are  the  other  three  ?  What  is  the  relative  position 
of  the  two  lines  ? 

124.  Corollary  2.   If  any  number  of  straight  lines  meet 

in  a  point,  the  sum  of  all  of  the  angles  formed  is  four 

right  angles. 

THEOREM   VII 

125.  If  any  side  of  a  triangle  is  produced,  the  exterior 
angle  thus  formed  is  greater  than  either  of  the  opposite 
interior  angles. 

Given  :     A  ABC,  in  which  side  AB  q 

is  produced  to    D,  forming  /    ^D 

the  exterior  Z  DBC. 

To  Prove  :    Z  DBC>  Z  BAC 
or  Z  ACB. 

Proof :  Through 
E,  the  mid- 
point  of    BC, 

draw  AE  and  C 

produce  it  to  F,  making  EF  =  AE. 
Draw  BF. 
Since  Z  BEF  =  Z  AEC  (Why  ?),  EB  =  EC  and  EF  =  EA, 

.*.  A  BEF^A  AEC.  (Why?) 

.'.Z  ACE=ZCBF.  (Why?) 

But                          Z  cbd  >  Z  CBF.  (Axiom  10) 

.*.  Z  cbd>Zacb.  (Why?) 

Similarly,  by  bisecting  side  AB,  Z  ABG,  which  is  equal 
to  Z  CBD  (Why  ?),  can  be  proved  to  be  greater  than  Z  BAC. 
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126.    Exercise.     1.    Is  the  exterior  angle  of  a  triangle 
greater  than  the  interior  adjacent  angle  ? 

2.  If  in  the  figure  to  Theorem  VI  Z  x  and  Z  y  are  bi- 
sected, what  is  true  of  the  bisectors?     (Jive  proof. 

3.  If  in  the  same  figure  Z  x  and  Z  a  are  bisected,  what 
is  true  of  the  bisectors  ?     Give  proof. 

4.  If  in  the  figure  to  Theorem  VII  CF  is  drawn,  prove 

CF  =  AB. 

5.  Prove  by  Theorem  VII   that  the  sum   of  any   two 
angles  of  a  triangle  are  together  less  than 
two  right  angles. 

6.  It  is  required  to  find  the  distance 
of  A  from  B,  two  points  on  the  opposite 
shores  of  a  lake.  What  theorems  are 
used  in  solving  this  problem  ? 

7.  In  the  figure  of  §  125  prove  that  the 
three  A  of  A  abf  are  together  equal  to 
the  three  A  of  A  ABC. 
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THEOREM   VIII 

127.    If  two 'sides  of  a  triangle  are  unequal,  the  angle 
opposite  the  greater  side  is  greater  than  the  angle  oppo- 
site the  less  side. 
Given:    A  ABC,  in  which  BC>  AB.  B 

To  Prove :    Z  A  >  Z  C.  /   ^v^ 

Proof :    On  BC  cut  off  BD  =  BA.  /        _  _  -  -  -^L 

Draw  AD.  A  ^ 

In  A  ABD,  Z  BAD  =  Z  ADB.  (§  89) 

But  Z  ADB  >  Z  c.  (Why  ?) 

Also  Z  BAC>  Z  BAD.  (Why  ?) 

/.  Z  BAC>  Z  C. 
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THEOREM   IX 

128.  If  two  angles  of  a  triangle  are  unequal,  the  side 
opposite  the  greater  angle  is  greater  than  the  side  oppo- 
site the  less  angle. 

Given  :    A  ABC,  in  which  Z  A  >  Z  C. 

To  Prove  :    BC  >  AB. 

Proof :    I  f  BC>  AB,  then  either  BC  =  AB,    A^  ^"C 

or  BC  <  AB. 

If  BC  =  AB,  how  do  A  A  and  c  compare  ?  Give  reason. 
If  BC  <  AB,  how  do  A  A  and  c  compare  ?  Give  reason. 
.'.  etc.     Give  full  demonstration. 

129.  Exercise.  Can  Corollary  I,  §  90  be  deduced  imme- 
diately from  Theorem  IX  ?  Also  Corollary  II,  §  97  from 
Theorem  VIII  ? 

THEOREM   X 

130.  If  two  triangles  have  two  sides  of  one  respectively 
equal  to  two  sides  of  the  other,  and  the  included  angles 
unequal,  the  triangle  which  has  the  greater  included 
angle  has  the  greater  third  side. 

B. 


Given :    Two  A  ABC  and   DEF,   in   which   AB  =  DE,  AC  =  DF, 
and  Z  BAC  >  Z  EDF. 

To  Prove :   BC  >  EF. 

Proof:  Draw  AG  =  DE,  making  Z  CAG  =  Z  d. 
Draw  CG. 
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Then  Aagc^Adef.  (§  70) 

.".  CG=  EF. 

Draw  AH  bisecting  Z  gab. 

Draw  HG. 

Aahb^Aahg.  (Why?) 

.\hg  =  hb.  (Why?) 

CH  +  HG>CG.  (Why?) 

.*.cb>cg.  (Why?) 

.\cb>ef.  (Why?) 

131.  Exercise.  May  the  two  triangles  be  so  related  that 
the  point  G  will  fall  on  BC?  within  the  A  ABC  ? 

Draw  figures  for  these  two  cases  and  apply  the  proof. 

THEOREM   XI 

132.  //  two  triangles  have  two  sides  of  the  one  respec- 
tively equal  to  two  sides  of  the  other,  and,  the  third  sides 
unequal,  the  triangle  which  has  the  greater  third  side 
has  the  greater  included  angle. 

D 

Given :  Two  A  ABC  and  DEF,  in  which 
AB  =  DE,  AC  =  DF,  and  BC  >  EF. 

To  Prove :    Z  a  >  Z  d. 

Proof :    If  Z  a  >  Z  d,  then  either 
Z  a  <  Z  D,  or  Z  a  =  Z  d. 
But  Z  a  cannot  equal  Z  D,    (§  130) 
and  Za  cannot  be  less  than  Z  D.      (§  130) 
.-.ZA>ZD.  (Why?) 
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THEOREM   XII 

133.  If  two  triangles  have  two  angles  of  one  respectively 
equal  to  two  angles  of  the  other,  and  the  sides  opposite  one 
pair  of  equal  angles  equal,  the  triangles  are  congruent. 

Given :  Two  A  ABC  and 
a'b'c',  in  which  Z  a  = 
Za',Zb=Z  b\  and  AC 

=  a'c'. 


I  n!  r*< 


To  Prove:    AABC^AA'B'c'. 

Proof:    Place  Aa'b'c'  upon 
A  ABC  so  that  a'c'  falls 
upon  its  equal  AC  and 
Z  a'  upon  Z  a. 
Then  a'b'  will  take  the 

direction  AB.  (Why?) 

If    b'  does  not  fall  upon  B,  it  will  fall  on  AB,   or  AB 
produced.      Draw  DC  and  EC. 

Bf cannot  fall  between  A  and  B,  as  at  D,  for  Z  ADC,  which 
is  equal  to  Zb'  (Why?),  would  then  be  greater  than 
Zabc  (§  125),  which  is  also  equal  to  Z  b'  (Why?). 
b'  cannot  fall  on  AB  produced,  as  at  E,  for  ZAEC,  which 
is  equal  to  Zb'  (Why?),  would  then  be  less  than 
ZABC  (Why?),  which  is  equal  to  Zb'. 
.'.  b'  must  fall  at  B,  and  the  A  are  congruent. 

134.  Exercise.  Show  that  the  line  joining  the  ver- 
tex of  an  isosceles  triangle  to  any  point  in  the  base  is 
shorter  than  either  side  of  the  triangle.  If  the  point  to 
which  the  line  from  the  vertex  is  drawn  is  in  the  base 
produced,  how  does  the  length  of  the  line  compare  with 
either  side  ? 


BOOK    I 


45 


THEOREM   XIII 

135.  If  from  a  point  within  a  triangle  two  straight 
lines  are  drawn  to  the  extremities  of  a  si < I c  their  sum  is 
less  than  the  snm  of  the  other  two  sides  of  the  triangle, 
but  they  contain  a  greater  angle. 

Given:  A  ABC  and  lines  DC 
and  DB  drawn  from  D  to 
the    extremities  of    BC. 


To    Prove  :     DC  +  DB  <  AB  +     b 
AC,  and  Z  BDC>Z  A. 

Proof :  Produce  BD  to  E. 

BA  +  AE>  BE. 

Adding  EC,     ba  +  ac>  be  +  EC. 

DE  +  EC>  DC. 
Adding  BD,      BE+EOBD  +  DC. 
.'.BA-f  AC>  BD  +  DC. 
And  Z  BDC  >  Z  DEC. 

Also  Z  DEO  Za. 

.'.Z  BDC>  Z  A. 


(Why?) 

(Why?) 

(Why?) 
(Why?) 
(Why?) 
(Why?) 


THEOREM   XIV 

136.  If  two  adjacent  angles  are  supplementary,  their 
exterior  sides  are  in  the  same  straight  line. 

The  sum  of  the  two  angles  is  a  straight  angle.     .'.  etc. 

137.  Exercise.  Prove  that  the  sum  of  any  two  angles 
of  a  triangle  is  less  than  two  right  angles,  by  joining  the 
vertex  of  one  of  its  angles  to  a  point  in  the  side  opposite. 
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THEOREM    XV 

138.  If  two  oblique  lines  drawn  from  the  same  point  to 
the  same  straight  line  meet  the  line  at  equal  distances 
from  the  foot  of  the  perpendicular  drawn  from  the  point 
to  the  line,  they  are  equal.  If  they  meet  the  line  at 
unequal  distances  from  the  foot  of  the  perpendicular, 
the  more  remote  is  the  greater. 

I.  Given:  Oblique  lines 
DE  and  DF  meeting 
AC  at  equal  distances 
from  the  foot  of  the 
perpendicular  DB. 

To  Prove  :    DE  =  DF. 

Proof:   ADEB^ADFB.  A 

(§79)-       : 

.\DE=DF.      (Why?) 

II.  Given:  Oblique  lines  DE  and  DG, 
meeting  AC  at  unequal  distances 
from  the  foot  of  the  perpendicu- 
lar DB  so  that  BG  >  BE. 


|B 


\ 


D' 


To  Prove:    DG  >  DE. 

Proof:   Produce  DB  to  d',  making  bd'  =  BD. 

Draw  d'e  and  d'g. 

Then  d'e  =  DE  and  d'g  =  DG. 

Also  DG  +  DrG  >  DE  +  D'E. 

Or  2dg>2de. 


(Why?) 
(§  135) 


,\DG  >  DE. 
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139.  Exercise.  1.  Show  that  the  second  part  of 
Theorem  XV  is  true  if  the  oblique  lines  are  drawn  to 
meet  the  line  AC  on  opposite  sides  of  the  perpendicular. 

2.  If  a  perpendicular  is 
erected  at  the  midpoint  of  a 
line,  prove  that  any  point 
without  the  perpendicular  is 
unequally  distant  from  the  ex- 
tremities of  the  line. 

Suggestion.     AB  =  CB. 
Add  BE  to  both  members   of  this 
equation,  etc. 

3.  AB  _L  CD.  Prove  that 
of  the  oblique  lines  drawn 
from  a  point  in  AB  to  CD 
those  are  equal  which  make 
equal  angles  with  AB. 

4.  Compare    the    lengths 
of   the   oblique  lines   drawn  B 
from  a  point  in  AB  making  equal  angles  with  CD. 


THEOREM   XVI 

140.   Tlie  perpendicular  is  the  shortest  straight  line  that 
can  he  drawn  from  a  point  to  a  straight  line. 

Given :     PC  ±  AB    and   any   oblique 
line  PD. 


To  Prove :   PC  <  PD. 


Proof :  Extend  PC  to  p\  making  CP'    A 
=  PC.     Draw  dp'. 
Then  pcp'  <  PD  +  dp'.    (§  66,  3) 
.*.  etc.     Complete  the  proof. 


D\ 


i 

i 

\! 

M 
P' 


B 
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THEOREM    XVII 

141.  If  two  right  triangles  have  the  hypotenuse  and 
a  side  of  one  respectively  equal  to  the  hypotenuse  and 
a  side  of  the  other,  the  triangles  are  congruent. 

Given:    Two  right  A  ABC  and  a'b'c',  in 
which  AB  =  a'b',  AC  =  a'c'. 

To  Prove:   AABC^Aa'b'c'. 

Proof:   Place  A  ABC  adjacent  to 
A  a'b'c',   with  AC 
on  its  equal  a'c'.   a. 


Then  a'bb'  is  an  isosceles  triangle. 

.'.  BC'  =  B'C'. 


BC=  B'c'. 


.'.  A  ABC  ^  A  A'B'C 


'o'^r 


(Why  ?) 
(Why  ?) 

(Why  ?) 


142.    Exercise.     1.    Prove   Theorem   XVII   by  placing 
A  ABC  adjacent  to  A  a'b'c',  with  AB  on  its  equal  a'b'. 
Suggestion.     Draw  CC. 

2.  Construct  a  right  triangle  when  the  hypotenuse  is  5 
units  and  one  side  is  4  units. 

3.  Summarize  the  different  conditions  under  which  two 
right  triangles  will  be  congruent. 


PARALLELS 

143.  Two  straight   lines    in   the  same  plane   that  will 
never  meet  however  far  extended  both  ways  are  parallel. 

144.  Postulate    8.       Two  intersecting  straight  lines  can- 
not both  be  parallel  to  the  same  line. 

145.  Definition.      A  straight  line  that  cuts  two  or  more 
other  straight  lines  is  a  transversal  of  those  lines. 
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146.  A  transversal  that  cuts   two  other  straight  lines 
forms  with  them   eight  angles. 
Of  these  angles,  1,  2,  7,  8,  are 
exterior  angles,  and  3,  4,  5,  6, 
interior  angles. 

The  pairs  of  angles  1  and  5, 
2  and  6,  3  and  7,  4  and  8,  are 
corresponding  angles.  3  and  6,  4  and  5,  are  alternate  in- 
terior angles.  2  and  7,  1  and  8,  are  alternate  exterior 
angles. 

THEOREM   XVIII 

147.  If  a  transversal  cuts  two  other  straight  lines, 
maTcing  the  alternate  interior  angles  equal,  the  two  lines 
are  parallel. 

E 


:>g 


Given:  Transversal  EF  cutting  AB  and  CD,  making  /.  a — 
Z  d. 

To  Prove  :  AB  II  CD. 

Proof:   If  AB  and  CD  are  not  II,  they  will  meet  if  produced 
far  enough  on  one  side  of  EF.      Let  them  meet  at  G. 
Then  MNG  is  a  A  and  Aa^Ad.  (§  125) 

But  Z  a=Ad.  (Why?) 

.*.  AB  and  CD  do  not  meet  however  far  they  are  extended. 
.*.  AB  II  CD.  (Why  ?) 

lyman's  plane  geom. 4 
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148.  Corollary  1 .  If  a  transversal  cuts  two  other  straight 
lines,  making  a  pair  of  corresponding  angles  equal,  the 
two  straight  lines  are  parallel. 

Suggestion.     Ze  =  Za  =  Zd. 

149.  Corollary  2.  If  a  transversal  cuts  two  other  straight 
lines,  making  the  two  interior  angles  on  the  same  side  of 
the  transversal  supplementary,  the  two  lines  are  parallel. 

Suggestion.   Z  a  is  a  supplement  of  Z  b. 
.-.  Zb  =  Zc. 

150.  Corollary  3.  Two  straight  lines  parallel  to  a  third 
straight  line  are  parallel  to  each  other. 


Proof.     If  m  and  n  are  not  paral- 


m 


lei  they  must  meet,  and  then  two  in-    n_ 

tersecting  lines  would  be  parallel  to  r. 


PROBLEM   VII 

151.   Through  a  given  point  to  draw  a  straight  line 
parallel  to  a  given  straight  line. 


\A 


Given:     Point    A    and  \ 

line  BC.  \y 

Required:      To      draw  \ 

through  A  a  straight     __ b/Nv 

line  II  BC.  B  Nv 


a 
V 


Construction :  Use  Problem  V. 
Proof :  Use  Theorem  XVIII. 

152.  Exercise.  1.  If  through  D,  the  point  of  intersec- 
tion of  the  bisectors  of  A  B  and  c  of  A  ABC,  EDF  is  drawn 
II  BC,  meeting  AB  and  AC  in  E  and  F,  making  Z\  edb  =  Z  dbc 
and  Z  FDC  =  Z  DCB,  prove  that  EF  =  EB  -f-  FC. 

2.  Through  a  point  1  in.  from  a  given  straight  line  draw 
a  straight  line  parallel  to  the  given  line. 
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THEOREM   XIX  (Converse  of  Theorem  XVIII) 

153.    If  two  parallel  straight  lines  are  cut  by  a  trans- 
versal, the  alternate  interior  angles  are  equal. 

E 


F 

Given :   Two  lis  AB  and  CD  cut  by  the  transversal  EF. 

To  Prove  :  Z  a  =  Zb. 

Proof :   Suppose  Z  a^=Z  b. 

Let  c'd'  be  drawn  through  G,  making  Z  hgd'  =  Z  a. 

Then                               c'd'  II  AB.  (Why  ?) 

But                                    CD  II  AB.  (Why  ?) 

.*.  two  intersecting  straight  lines  would  be  parallel  to 

AB,  which  is  impossible.  (§  144) 

.*.  Z  a  =  Z  b. 

154 .  Corollary  1 .  //  two  parallel  straight  lines  are  cut 
by  a  transversal,  any  pair  of  corresponding  angles  are 
equal. 

155.  Corollary  2.  If  two  parallel  straight  lines  are  cut 
by  a  transversal,  the  two  interior  angles  or  the  two  ex- 
terior angles  on  the  same  side  of  the  transversal  are 
supplementary- 

156.  Corollary  3.  If  a  straight  line  is  perpendicular 
to  one  of  two  parallel  straight  lines,  it  is  perpendicular 
to  the  other  edso. 
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157.  Corollary  4.  If  the  sides  of  one  angle  are  respec- 
tively parallel  or  perpendicular  to  the  sides  of  another, 
the  angles  are  either  equal  or  supplementary. 


Suggestions.     I.   Sides  parallel.     Compare  the  following  pairs  of 
angles:  Za  and  Zc,  Zc  and  Zb.     Also  Zc  and  Zd,  Zd  and  Ze. 


O 
\ 
\ 


B 


M 


II.  Sides  perpendicular.  Draw  OC  and  OD  parallel  respectively 
to  PN  and  PM.  Compare  Zb  and  Zc.  What  kind  of  an  angle  is 
ZBOD?  ZAOC?  Then  compare  Z a  and  Zc.  Also  compare  Z b  and 
Zd.     Then  compare  Za  and  Zd. 

158.    Exercise.     1.    AB  II  CD,  Z  1  =  120°.     Determine  all 
of  the  other  angles  formed 
by  the  transversal  and  the 
two  parallel  lines. 

2.  What  pairs  of  angles 
are  equal  and  why  ? 

3.  What  pairs  of  angles 
are  supplementary  and  why  ? 

4.  Prove  that  two  lines  _L  to  the  same  line  are  parallel. 

5.  If  two  line  segments  bisect  each  other,  the  lines 
joining  their  extremities  in  pairs  are  parallel. 
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THEOREM   XX 

159.  The  sum  of  the  angles  of  a  triangle  is  two  right 
angles. 

A 

Given :   A  ABC.  y\  P 

To  Prove  :    Za+Zb  s^        \  /' 

+  Z  l  =  two  right  yS  \         /'' 

angles.  p  /   lAi'jl z 

Proof  :     Through    C 

draw  CF  II  AB  and  produce  BC  to  e. 

How  does  Z  3  compare  with  Z  b  and  Z  2  with  Z  A  ? 

Complete  the  demonstration. 

160.  Corollary  1,  If  one  of  the  sides  of  a  triangle  is  ex- 
tended, the  exterior  angle  is  equal  to  the  sum  of  the  two 
opposite  interior  angles. 

161.  Corollary  2.  A  triangle  can  have  but  one  right 
angle  or  but  one  obtuse  angle. 

162.  Corollary  3.  The  sum  of  any  two  angles  of  a  tri- 
angle is  less  than  two  right  angles. 

163.  Exercise.  1.  In  a  right-angled  triangle  what  re- 
lation exists  between  the  two  acnte  angles  ? 

2.  What  is  the  value  of  the  angle  formed  by  the 
bisectors  of  the  acute  angles  of  a  right-angled  triangle? 

3.  How  many  degrees  are  there  in  an  angle  of  an 
equilateral  triangle  ? 

4.  If  the  vertical  angle  of  an  isosceles  triangle  is  40°  15', 
what  is  the  value  of  each  of  the  other  angles  ? 

5.  If  one  of  the  angles  at  the  base  of  an  isosceles 
triangle  is  45°,  what  is  the  value  of  each  of  the  other 
angles  ? 
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6.  Prove  Theorem  XX  by  draw-  D__      _A_ 
ing  DE  through  A  parallel  to  BC. 

7.  Are  two  triangles  necessarily 
congruent  if  the  three  angles  of  one  are 
equal  to  the  three  angles  of  the  other? 

8.  If   two   angles   of   two    triangles   are   respectively 
equal,  what  relation  exists  between  the  third  angles  ? 

9.  Trisect  a  right  angle  ;  a  straight  angle  ;  one  half 
of  a  right  angle. 

164-  Historical  Note.  To  bisect  an  angle  with  ruler  and  compasses 
is  an  easy  problem  ;  so,  also,  is  the  trisection  of  certain  special  angles, 
such  as  indicated  in  Ex.  9.  But  the  general  problem  of  trisecting 
an  angle  cannot  be  solved  by  means  of  these  instruments. 

The  trisection  of  an  angle  is  one  of  the  three  famous  problems  of 
antiquity.  The  other  two  are  the  duplication  of  the  cube,  i.e.  the 
determination  of  a  cnbe  whose  volume  is  double  that  of  a  given  cube, 
and  the  squaring  of  a  circle,  i.e.  the  determination  of  a  square  equal  in 
area  to  the  area  of  a  given  circle.  For  more  than  two  thousand  years 
geometricians  have  struggled  with  these  problems.  In  recent  years 
it  has  been  proved  that  these  problems  cannot  be  solved  by  the  use 
of  the  instruments  of  elementary  geometry. 

10.  A  triangle  is  completely  determined  if  three  parts, 
one  of  which  is  a  side,  are  known.  Give  five  cases  of 
congruence  of  two  triangles  included  in  this  statement. 

PROBLEM  VIII 

165.  To  construct  a  triangle  when  two  of  its  angles 
and  a  side  opposite  one  of  them  are  given. 

Given :   A  A  and  B  and  side  a. 

Required  :      To     construct 
the  A.  A 

Construction :    Subtract  the  '  /B  ^  - 

sum    of   Z  A   and    Zb    B-^— --^--A-- 
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from  a  straight  angle  to  determine  the  third  angle. 
The  problem  is  then  to  construct  a  A  with  two  A  and 
the  included  side  given. 

Proof :    Let  the  student  give  the  proof. 

Discussion.  When  will  the  construction  be  impossible  ? 
(Theorem  XX.)     Is  more  than  one  construction  possible  ? 

166.  Exercise.  1.  Construct  an  isosceles  triangle,  hav- 
ing given  the  base  and  the  vertical  angle. 

2.  Construct  a  right-angled  triangle,  having  given  the 
hypotenuse  and  one  acute  angle. 


a 


PROBLEM   IX 

167.   To  construct  a  triangle  when  tivo  of  its  sides  and 
an  angle  opposite  one  of  them  are  given. 

Given  :  Sides  a  and 
b,  and  Z  n. 

Required :   To  con- 
struct the  A. 

Construction : 

Draw  the  line 
AB  equal  to  b. 
At  A  draw  AC, 
making  an  an- 
gle equal  to 
Z  n  with  AB. 

With  B  as  a  center  and  a  radius  equal  to  #,  draw  an  arc 
cutting  AC  in  P  and  Q. 
Draw  PB  and  qb. 
Then  A  apb  and  aqb  will  satisfy  the  required  conditions. 

Proof:    These  triangles  have  the  given  sides  a  and  5,  and 
the  given  /_n  opposite  side  a. 
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Discussion.  Notice  that  the  given  parts  do  not  always 
determine  the  solution,  i.e.  the  solution  is  ambiguous. 
For  this  reason  this  is  called  the  ambiguous  case  in  the 
construction  of  triangles. 

If  the  given  angle  is  obtuse,  there  can  be  but  one  solu- 
tion.     (§  161)     s 

If  the  given  angle  is  a  right  angle,  can  there  be  more 
than  one  solution  ? 

If  the  given  angle  is  acute  and  the  side  opposite  this 
angle  is  less  than  the  other  given  side,  the  number  of  solu- 
tions may  be  tested  as  follows : 


NO    SOLUTION 


ONE    SOLUTION 


TWO    SOLUTIONS 


It  is  evident  from  the  figures  that  there  will  be  no  solu- 
tion if  the  side  a  opposite  the  given  angle  is  less  than  the 
perpendicular  p  ;  one  solution  when  a  —  p ;  and  two  solu- 
tions when  a> p. 

How  many  solutions  can  there  be  when  the  side  opposite 
the  given  angle  is  greater  than  the  other  given  side  ?  equal 
to  this  given  side  ? 

Let  the  student  construct  figures  and  prove  the  truth  of 
all  statements  made  in  the  discussion. 

168.  Exercise.  1.  Construct  A  abc  in  which  AB  =  2  in., 
Z  B  =  30°,  and  AC  =  1  \  in.  Construct  the  A  if  AC  =  1  in. ; 
2  in.;   3  in.     Give  the  number  of  solutions  in  eacli  case. 

2.  Construct  A  ABC  in  which  AB  =  3  in.,  Z  B  =  30°,  and 
Zc=  60°. 

3.  Construct  A  ABC  in  which  AB  =  2  in.,  AC.  =  4  in.,  and 
Z  A  =  45°. 
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POLYGONS 


169.  A  plane  figure  bounded  by  line  segments,  which 
inclose  a  portion  of  the  plane  surface,  is  a  polygon. 

170.  The  bounding  line  segments  are  the  sides,  the 
intersections  of  the  sides  the  vertices,  and  the  sum  of  the 
sides  the  perimeter  of  the  polygon. 

171.  The  angles  formed  by  consecutive  sides,  towards 
the  inclosed  surface,  are  the  interior  angles  of  the  polygon. 

172.  The  angle  between  any  side  and  an  adjacent  side 
produced  is  an  exterior  angle. 

173.  A  line  joining  any  two  non-adjacent  vertices  is 
a  diagonal. 

174.  A  polygon  of  three  sides  is  a  triangle ;  of  four  sides, 
a  quadrilateral ;  of  five  sides,  a  pentagon ;  of  six  sides, 
a  hexagon ;  of  seven  sides,  a  heptagon ;  of  eight  sides,  an 
octagon;  of  nine  sides,  a  nonagon ;  of  ten  sides,  a  decagon; 
of  twelve  sides,  a  dodecagon ;  of  fifteen  sides,  a  pentedeca- 
gon.      A  polygon  of  n  sides  is  an  n-gon. 

175.  A  polygon  with  all  sides  equal  is  equilateral,  and 
one  with  all  angles  equal  is  equiangular. 

176.  A  polygon  that  is  both  equilateral  and  equiangu- 
lar is  regular. 

177.  If  each  of  the  interior  angles  is  less 
than  a  straight  angle,  the  polygon  is  a  con- 
vex polygon. 

178.  If  one  of  the  interior  angles  is  reflex, 
the  polygon  is  a  concave  polygon. 

179.  In   elementary  geometry  the  word         concave 
polygon  is  understood  to  refer  to  a  convex  or  a  concave 
polygon,  although  the  perimeter  may  cross  itself  and  form 
a  more  complex  figure. 


is  a  con-      V_ 

CONVEX 
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THEOREM   XXI 

180.  The  sum  of  the  interior  angles   of  an  n-gon  is 

(2  n  —  4)  right  angles. 

F 
Given:    The  n-gon  ABCDEF  •••.  ^*^^*^*^ 

To  Prove:      ZA  +  Zb  +  Zc  +          /  /'  --"*^\ 

Zd  +  Z  e  +  Z  f  +  •••  =(2w     /,'''^~~~r~*  \ 

-4)  right  Z.  A4^:- \ 

Proof:  How  many  triangles  can       \      ^„  / 

be  formed  by  drawing  all  \  ^^       / 

of    the    diagonals    of    the  b  C 

w-gon  from  any  one  vertex? 

What  relation  exists  between  all  of  the  angles  of  the 
triangles  thus  formed  and  the  angles  of  the  n-gon  ? 
What  is  the  sum  of  all  of  the  angles  of  the  triangles  ? 
Let  the  student  give  a  full  demonstration. 

181.  Corollary  l.     The  sum  of  the  interior  angles  of  a 
quadrilateral  is . 

Let  the  student  complete  the  statement  and  give  proof. 

182.  Corollary  2.    Each  angle  of  an  equiangular  n-gon 


is 


Complete  and  prove. 

183.  Exercise.  1.  Find  the  sum  of  the  interior  angles 
of  a  pentagon.  Find  the  number  of  degrees  in  each  inte- 
rior angle  of  a  regular  hexagon  ;  of  an  equiangular  dodec- 
agon ;  of  a  regular  octagon. 

2.  Give  a  proof  of  Theorem  XXI,  by  drawing  lines 
from  any  point  within  the  polygon  to  each  of  the  vertices. 

3.  If  two  of  the  angles  of  a  quadrilateral  are  supple- 
mentary, what  is  true  of  the  other  two  ?     (Why  ?) 
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THEOREM   XXII 

184.  The  sum  of  the  exterior  an- 
gles of  a  polygon,  formed  by  produc- 
ing one  side  at  each  vertex,  is  four 
right  angles. 

The  proof  is  left  for  the  student. 

185.  Exercise.  1.  How  many  sides  has  the  equiangu- 
lar polygon  one  of  whose  exterior  angles  is  one  third  of 
a  right  angle  ? 

2.  How  does  the  exterior  angle  of  an  equilateral  tri- 
angle compare  in  size  with  an  interior  angle  ? 

3.  How  many  di- 
agonals can  be  drawn 
in  an  n-gon  ? 


4.  Prove  Theo- 
rem XXII  by  taking 
any  point  in  the  plane 
and  from  that  point 
drawing  lines  parallel  to  the  sides  of  the  polygon. 

186.  Definition.      A  quadrilateral  that  has  both  pairs  of 
opposite  sides  parallel  is  a  parallelogram. 

THEOREM   XXIII 

187.  The  opposite  sides  and  the  opposite  angles  of  a 
parallelogram  are  equal. 

Given:   CO  ABCD. 

To  Prove:    AB  =  DC    AD  =  BC. 

and  Za=/c,Zd  =  Zb, 

Proof :  Draw  the  diagonal  AC. 


1 


7 


What  relation  exists  between  A  ABC  and  ADC? 
Give  the  complete  proof, 
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188.  Corollary  1.  Either  diagonal  divides  a  parallelo* 
gram  into  two  congruent  triangles. 

189.  Corollary  2.  The  diagonals 
of  a  parallelogram  bisect  each 
other. 

Suggestion.     A  AOD  ^  A  BOC. 

190.  Corollary  3.  Parallel  line  segments  included  be- 
tween two  parallel  straight  lines  are  equal. 

191.  Exercise.  1.  What  relation  exists  between  Z  bad 
and  Z  ADC?  Are  there  any  other  pairs  of  angles  in  the 
figure,  §  189,  that  bear  the  same  relation  to  each  other? 

2.    State  and  prove  the  converse  of  Corollary  2. 

THEOREM    XXI  NT 

192.  //  both  pairs  of  opposite  sides  of  a  quadrilateral 
are  equal,  the  figure  is  a  parallelogram. 

Given:     A    quadrilateral    ABCD,    in        a g 

which  AB  =  DC  and  AD  =  BC.  /  ^^""     y 

To  Prove :    ABCD  is  a  O.  0'~  "  "3 'O 

Proof:    Draw  the  diagonal  DB. 

Then,  A  ADB  ^  A  DCB.  (Why  ?) 

.'.what  relation  exists  between  Z 1  and  Z  2 ?  Z  3  and  Z  4 ? 
What  conclusion  may  be  drawn  from  these  relations  ? 
Give  the  complete  demonstration. 

193.  Exercise.  1.  If  the  opposite  angles  of  a  parallelo- 
gram are  bisected  by  the  diagonal,  the  figure  is  equilateral. 

2.  If  the  diagonals  of  a  parallelogram  are  equal,  all  of 
the  angles  are  right  angles. 

194.  Definitions.  A  parallelogram  one  of  whose  angles 
is  a  right  angle  is  a  rectangle. 

195.  A  rectangle  with  two  adjacent  sides  equal  is  a  square. 


X)U^ /c 
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THEOREM   XXV 

196.  If  two  opposite  sides  of  a  quadrilateral  are  equal 
and  parallel,  the  figure  is  a  parallelogram. 

Given:    A    quadrilateral    ABCD,    in       &t yB 

which  AB  =  and  II  DC. 

To  Prove :  ABCD  is  a  O. 

Proof:  Draw  the  diagonal  DB. 

Then  A  adb  ^  A  CDB.  (§  79) 

Let  the  student  complete  the  demonstration. 

197.  Exercise.  1.  The  bisectors  of  two  adjacent  angles 
of  a  parallelogram  are  at  right  angles  to  each  other. 

THEOREM   XXVI 

198.  Two  parallelograms  are  corigruent  if  two  adjacent 
sides  and  one  angle  of  one  are  equal  to  the  corresponding 
parts  of  the  other. 

Given:  Two  JU  ABCD  and  a'b'c'd',  in       bj  c yC 

which  a  =  a',  b  =  b',  and  Z  d  =  Zd'.   y  ^_/d 

To  Prove:    DABCD^Da'b'c'd'.  "j 

Proof :  Since  Zd  =  Zd',Za  =  Za', 

O  ABCD    can   be    placed   upon         & 

Da'b'c'd'  so  that  a  coincides       ay 

with  a' .  &L . 

Then  b  will  take  the  direction  b 

of  V,  since  Z  A  =  Z  a',  and  D  will  fall  on  Df.     (Why  ?) 

c  will  take  the  direction  of  c',  since  c  II  b  and  c'  II  b\  and 

C  will  fall  on  c!  or  d  produced. 

Similarly,  c  must  lie  on  d'  or  d'  produced. 

.*.  C  must  coincide  with  c',  (Why?) 

and  O  ABCD  must  coincide  with  O  a'b'c'd'. 
.'.  O  ABCD  2*  O  A'B'C'D'. 
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199.  Exercise.     1.    Two    rectangles  are  congruent,    if 
two  sides .     Complete  and  prove. 

2.  Two  squares  are  congruent,  if  one  side .     Com- 
plete and  prove. 

3.  Two  quadrilaterals 
that  have  three  sides  and 
the  two  included  angles 
of  one  equal  to  the  cor- 
responding parts  of  the  other  are  congruent. 

4.  Two  quadrilaterals 
that  have  two  adjacent 
sides  and  any  three  angles 
of  one  equal  to  the  cor- 
responding parts  of  the 
other  are  congruent. 

200.  Definitions.     A  parallelogram  that 
has  two  adjacent  sides  equal  is  a  rhombus. 

201.  A  quadrilateral  that  has  one  pair  of 
opposite  sides  parallel  is  a  trapezoid. 

202.  The  parallel  sides  of  a  trapezoid 
are  its  bases.  They  are  distinguished 
as  upper  base  and  lower  base. 

203.  If  the  two  non-parallel  sides  are 
equal,  the  trapezoid  is  isosceles. 

5.  All  of  the  sides  of  a  rhombus  are  equal. 

6.  The  diagonals  of   a   rhombus  bisect  its  angles  and 
bisect  each  other  at  right  angles. 

7.  The  angles  at  either  base  of  an  isosceles  trapezoid 
are  equal. 

8.  The  diagonals  of  an  isosceles  trapezoid  are  equal. 

9.  State  and  prove  the  converse  of  Ex.  8. 


RHOMBUS 


Upper  base 


A — \ 

/    Lower    base  \ 


TRAPEZOID 
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THEOREM   XXVII 

204.  Parallel  straight  lines  intercepting  equal  seg- 
ments on  one  transversal  intercept  equal  segments  on 
every  transversal. 

Given:  The  parallels  AF,  BG,  CH, 

Dl,  etc.,    intercepting    equal 

segments  AB,  BC,  CD,  EF,  etc., 

on  xy. 
To  Prove:    FG  =  GH  =  Hl  =  IJ,  etc. 

Proof:    From  F,  G,  H,  I,  etc.,  draw 

FK,  GL,  HM,  IN,  etc.,  II  xy  and 

terminating  in  the  parallels. 
A  HMI  ^A  INJ,  etc. 

.-.  fg  =  GH  =  HI  =  U,  etc. 

205.  Exercise.  Use  Theorem  XXVII  to  show  how  to 
divide  a  given  line  into  any  number  of  equal  parts. 


Prove  AFKG^AGLH^ 

(§§  187,  85) 
(Why?) 


THEOREM  XXVIII 

206.  Trove  that  the  straight  line  joining  the  midpoints 
of  two  sides  of  a  triangle  is  parallel  to  the  third  side, 
and  equal  to  one  half  of  it. 

Given :  Any  A  ABC  and  the  midpoints 
D  and  E  of  sides  AB  and  AC. 

To  Prove:    DE  II  BC,  and  DE=J  BC.     D/ 

Proof:   Draw  CF  II  BA,  meeting  DE 
produced  in  F. 
Then  A  ECF  ^  A  ade.  (§  85) 
.*.  EF=DE  and  CF=  DA. 

But  DA=BD.      .\CF=BD.  (Why?) 

.*.  BCFD  is  a  O,  and  DE  II  BC.  (Why?) 

Let  the  student  prove  DE  =  \  BC. 
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207.  Corollary.  The  straight  line  drawn  through  the 
midpoint  of  a  side  of  a  triangle  parallel  to  the  base  bi- 
sects the  other  side. 

LOCI 

208.  It  is  frequently  necessary  in  geometry  to  find,  the 
position  of  one  or  more  points  that  satisfy  given  condi- 
tions. This  necessity  has  led  to  the  consideration  of 
the  locus  defined  in  §  111. 

If  the  points  are  confined  to  one  line  the  problem  is  inde- 
terminate, and  there  may  be  an  indefinite  number  of  points 
satisfying  the  given  condition. 

In  determining  the  locus  of  a  point  it  is  sufficient  to 
prove  the  following  : 

(1)  If  any  point  satisfies  the  given  conditions,  it  is  in  the 
locus. 

(2)  All  points  in  the  locus  satisfy  the  given  conditions. 

THEOREM   XXIX 

209.  The  locus  of  all  points  equally  distant  from  two 
given  points  is  the  perpendicular  bisector  of  the  straight 
line  joining  the  two  points. 

Given :    Two  points  A  and  B,   and  .  D 

EC  _L  AB  at  its  midpoint  C.  / 

To  Prove:    EC  is  the  locus  of  all  / 

points     equidistant     from    A    &J-. {-- Xg 

and  B. 

Proof :    Take  any  point  D,  equidistant  from  A  and  B.    Draw 
DA,  DB,  and  DC. 

Then  Aadc  =  Abdc.  (§  100) 

.-.Zacd  =Zbcd.  (Why?) 

.-.  DC  -L  ab  and  coincides  with  EC.      (§  48) 

•\  D  is  on  EC,  the  perpendicular  bisector  of  AB. 


\ 


\ 
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Also  every  point  on  this  perpendicular   satisfies   the 
given  condition. 

Let  D  be  any  point  on  the  perpendicular  bisector  of  AB. 
Then  A  adc  ^  A  BCD,  (§  79) 

and  DA=  DB. 

.'.all  points  on  the  perpendicular  bisector  satisfy  the 
given  conditions. 

.*.  the  locus  of  all  points  equally  distant  from  A  and  B 
is  the  perpendicular  bisector  of  AB. 

210.  If  the  points  lie  on  more  than  one  line,  they  are 
determined  as  the  points  of  intersection  of  these  lines.  - 

PROBLEM   X 

211.  To  filial  a  point  equally  distant  from  three  given 
points  not  in  the  same  straight  line. 

Given :    Three  points  A,  B,  and  c.  B 

Required:    To  find  a   point  O  q,''  \ 

equally  distant  from  A,  B,  ."  \  /vx    • 

and  c.  A''  \         / 

C 

Construction :  Draw  AB  and  BC.  \'0 

*       \ 

Also  draw  GH  and  ED,  the  D     H 

-L  bisectors  of  AB  and  BC. 

The  point  of  intersection  O  of  these  _L  bisectors  is  the 

required  point. 

Proof :    The  locus  of  all  points  equally  distant  from  A  and 
B  is  GH. 

Likewise  the  locus  of  all  points  equally  distant  from 
B  and  c  is  ED. 

.'.the  point  o,  which  is  on  both  loci,  is  equally  distant 
from  A,  B,  and  c. 

lyman's  plane  geom. — 5 
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THEOREM  XXX 

212.  The  locus  of  points  equally  distant  from  two  given 
intersecting  straight  lines  consists  of  the  two  bisectors  of 
the  angles  between  the  given  lines. 

H  ^D 


Given :  AB  and  CD,  two  straight  lines  intersecting  at  O,  and 
EF  and  GH,  the  bisectors  of  the  angles  between  AB  and 

CD. 

To  Prove:    EF  and  GH  form  the  locus  of  all  points  equally 
distant  from  AB  and  CD. 

Proof:    Let  p  be  any  point  such  that  PN,  the  perpendicular 
on  CD,  =  pm,  the  perpendicular  on  AB. 
Draw  op.     Then  Aopm^Aopn.  (§141) 

.\Z  pon  =  Zpom. 
.*.  P  is  in  one  of  the  bisectors  of  the  angle   between 
AB  and  CD. 

Also  every  point  in  either  bisector  is  equally  distant 
from  AB  and  CD. 

Let  P  be  any  point  in  either  bisector. 
Draw  pm   and   pn   perpendicular   respectively   to   ab 
and  CD. 
Then  Aopm^Aopn.  (Why?) 

.-.  pn  =  PM. 
.'.  the  two  bisectors  form  the  locus  of  all  points  equally 
distant  from  AB  and  CD. 
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213.  Exercise.  1.  Show  that  the  perpendiculars 
erected  at  the  midpoints  of  the  sides  of  a  triangle  meet 
in  a  point.  Where  does  the  point  of  intersection  fall  in 
the  case  of  a  right-angled  triangle  ?  an  obtuse-angled 
triangle  ? 

Suggestion.  Use  Problem  X.  In  the  figure,  GH  and  ED  intersect 
at  O.  Draw  OF  from  O  to  the  midpoint  of  AC,  and  prove  OF  is  the 
perpendicular  bisector  of  AC. 

2.  Show  that  the  bisectors  of  the  angles  of  a  triangle 
meet  in.  a  point. 

Suggestions.  Draw 
two  bisectors,  as  AO  and 
BO.  These  must  inter- 
sect. (Why?)  Join  O, 
the  point  of  intersection, 
with  the  third  vertex  C. 
Prove  that  OC  bisects  ZC. 

3.  Prove  that  the  perpendiculars  from  the  vertices  of 
a  triangle  to  the  opposite  sides  meet  in  a  point. 

Suggestions.  Through  the  vertices  of  the  triangle  draw  lines 
parallel     respectively    to    ^>  A 

the  opposite  sides,  form- 
ing AA'B'C.     Then  A  is 
the     midpoint    of    C'B', 
since    BCAC   and   BCB'A 
are  parallelograms.     Similarly, 
C  and  B  are  midpoints  of  B'A'  and  A'C. 
AD,  BE,  and  CF  are  then  perpendicular  to 
the  sides  of  AA'B'C  at  their  midpoints. 

214.  .  Definition.  The  lines  drawn  from  the  vertices  of 
a  triangle  to  the  midpoints  of  the  opposite  sides  are 
the  medians. 
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4.  The  medians  of  a  triangle  meet  in  a  point. 

Suggestions.  Draw 
the  medians  CF  and  BE. 
They  must  intersect. 
(Why?)  Draw       AD 

through  O.  Draw  BG 
parallel  to  FC,  meeting 
AD  produced  in  G.  Draw 
GC.  In  A  ABG,  AF  =  FB. 
.\AO  =  OG.  Prove  OE II  GC.  ThenBOCG 
is  a  parallelogram,  and  BD  =  DC,  etc. 

215.  Definition.  The  point  of  intersection  of  the  three 
medians  is  the  centroid,  or  the  center  of  gravity,  of  the 
triangle. 

5.  Carefully  construct  a  triangle  of  cardboard  and 
make  holes  as  near  each  vertex  as  possible.  Hang  the 
cardboard  on  a  pin  passed  through  one  of  the  holes.  Sus- 
pend from  the  pin,  by  a  cord,  a  ball,  and  mark  the  lower 
edge  of  the  cardboard  where  the  cord  touches  it.  Repeat 
the  process  for  each  of  the  vertices.  Draw  lines  from  each 
vertex  to  the  point  marked  on  the  opposite  side.  Do  the 
three  lines  intersect  in  a  point?  Measure  the  distances 
from  each  point  where  the  plumb  line  touches  the  edge  to 
the  vertices  adjacent  to  that  edge.  Compare  these  dis- 
tances. Measure  the  distances  from  the  point  of  intersec- 
tion of  the  three  lines  to  the  vertices.  Also  measure  the 
distances  from  the  point  of  intersection  to  the  point  where 
each  line  meets  the  sides  of  the  triangle.  Compare  the 
segments  of  each  line.  Make  a  complete  sketch  and  name 
all  parts.  What  conclusions  can  be  drawn?  State  a 
theorem  that  has  been  discovered  and  demonstrate  it. 

6.  Find  a  point  equally  distant  from  two  given  points, 
and  at  a  given  distance  from  a  third  given  point ;  equally 
distant  from  two  given  points  and  a  given  straight  line. 
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7.  Construct  A  ABC  in  which  the  sides  are  3,  4,  and  5 
units ;  3,  4,  and  6  units ;  3,  4,  and  2  units. 

8.  Construct  A  ABC  in  which  Za=00°,  ab  =  6  units, 
and  AC  =  8  units. 

9.  Construct  A  ABC  in  which  Z  a  =  45°,  AB  =  6  units, 
and  BC  =4  units  ;  Z  A  —  60°,  AB=  3  units,  and  BC=  6  units  ; 
Z  A  =  30°,  AB  =  4  units  and  BC  =  2  units. 

10.  Construct  A  ABC  in  which  Z  a  =  45°,  Z  B  =  60°,  and 
AB  =  10  units. 

11.  Prove  that  the  bisectors  of  two  interior  angles  on 
the  same  side  of  a  transversal  to  two  parallel  straight  lines 


meet  at  right  angles. 


SYMMETRY 


216.  Two  points  A  and  a' 
are  symmetrical  with  respect 
to  a  point  O,  when  o  is  the 
midpoint  of  the  line  joining 
A  and  a'.  The  point  o  is 
called  the  center  of  symmetry 
of  the  points  A  and  a'. 

217.  Two  points  A  and  a' 
are  symmetrical  with  respect 
to  a  line  mn,  when  mn  is 
the     perpendicular    bisector 

of    the   line    joining    A   and    ^ | | | n 

a';  the  line  MN  is  the  axis 
of  symmetry  of  the  points 
A  and  a'. 

218.  Two  figures  ABC  •••  and  a'b'c' 
•••  are  symmetrical  with  respect  to  a  point  o  or  a  line  mn 
when  the  points  of  the  one  are  symmetrical  to  the  points 
of  the  other  with  respect  to  the  point  o  or  the  line  MN. 
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THEOREM    XXXI 

219.  Two  triangles  symmetrical  with  respect  to  a  point 
or  a  straight  line  are  congruent. 


-~~~  O 


I.    Given:  Two  A  ABC  and  a'b'c'  symmetrical  with  respect 

to  O. 
To  Prove :  ABC  ^  a'b'c'. 

Proof:  Revolve  ABC  around  o,  in  the  plane  of  the  figure, 
through  180°. 

A  will  coincide  with  a',  b  with  b',  and  c  Avith  c'. 
.*.  AABC^the  Aa'b'c'.  (Why?) 

M 


N 
II.    Given :  Two  A  ABC  and  a'b'c'  symmetrical  with  respect 

to  MN. 

Revolve  ABC  about  MN  as  an  axis  through  180°. 
Then  A  will  coincide  with  a',  B  with  b',  and  c  with  cf. 
.-.  A abc ^Aa'b'c'.  (Why?) 
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THEOREM   XXXII 

220.  If  a  figure  has  two  axes  of  symmetry  perpen- 
dicular to  each  other,  their  inter  section  is  a  center  of 
symmetry. 

Given:     Aa'c'd'b'bdc,  which  is   sym metrical  with    respect 
to  the  two  axes  xx'  and  yy' . 

To  Prove:   That  O,  the  intersection  of   xx'  and   yy!,  is   a 
center  of  symme- 
try of  the  figure. 

Proof :  Let  P  be  any 
point  in  the  pe- 
rimeter. 

Draw   PEP'    _L  xx' 
and  PFR  J_  ////'. 

Draw  EF,  OP',  OR. 

Then  PE=  p'e. 

(Why?) 

PE=FO.    (Why?) 

.-.  p'e=  fo. 

.*.  EP'OF  is  a  O. 

.'.  EF  is  equal  and  parallel  to  P'o. 
Also  PF  =  FR,  and  pf  =  EO. 

.•    FR  =  EO. 
.'.  EORF  is  a  O. 
.*.  EF  is  equal  and  parallel  to  OR. 


B 


D 


B 


(Why?) 
(Why?) 
(Why?) 
(Why?) 
(Why?) 
(Why?) 
(Why?) 

.'.  p'or  is  a  straight  line  and  is  bisected  at  O. 

.*.  any  straight  line  through  o  joining  two  points  on 

the  figure  is  bisected  at  O. 
'.  O  is  a  center  of  symmetry. 
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PROBLEM   XI 

221.  To  construct  a  figure  symmetrical  to  a  given  fig- 
ure with  respect  to  a  given  axis  of  symmetry. 

Given :  Figure  ABCD, 
and  axis  of  sym- 
metry MN. 

Required :  To  con- 
struct the  sym- 
metrical figure  of 
ABCD  with  re- 
spect to  the  axis 

MN. 

Construction  :  Find  the  position  of  the  symmetrical  points 
a'b'c'd'  of  the  vertices  of  the  figure  abcd,  with  re- 
spect to  the  axis  MN. 

Join  a',  b',  c',  d',  in  the  same  order  as  their  symmetrical 
points  are  joined. 
Then  a'b'c'd'  is  symmetrical  to  the  figure  ABCD. 

Proof :  The  proof  is  left  for  the  student. 

222.  Exercise.  1.  What  is  the  figure  that  is  symmet- 
rical to  a  line  segment  with  respect  to  a  point  ? 

2.  What  is  the  figure  that  is  symmetrical  to  a  line  seg- 
ment with  respect  to  an  axis  ? 

3.  Has  an  equilateral  triangle  an  axis  of  symmetry  ?  a 
center  of  symmetry? 

4.  How  many  axes  of  symmetry  has  a  square  ?  a 
regular  hexagon?  Has  either  of  these  figures  a  center  of 
symmetry? 

5.  Prove  that  if  a  triangle  is  symmetrical  with  respect 
to  a  median,  it  must  be  isosceles. 
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METHOD  OF   ATTACK 

223.  The  suggestions  offered  in  §§  80,  91,  and  103 
should  be  reviewed.  In  addition  to  these  articles  the 
student  will  find  the  following  suggestions  useful : 

224.  In  discovering  a  demonstration  for  a  geometrical 
theorem  or  a  problem  the  student  should  first  carefully 
construct  an  accurate  figure  showing  what  is  to  be  proved. 
A  poorly  constructed  figure  is  often  misleading. 

Unless  the  construction  of  the  figure  demands  it: 

(1)  The  student  should  not  draw  lines  that  appear  to 
be  equal  or  at  right  angles  to  each  other. 

(2)  The  student  should  not  construct  triangles  that 
appear  to  be  isosceles  or  right-angled. 

(3)  The  student  should  not  construct  quadrilaterals 
that  appear  to  be  parallelograms  or  trapezoids. 

225.  In  all  cases  the  most  general  figure  possible  should 
be  constructed.  Otherwise  the  figure  deceives  the  eye,  and 
the  student  is  apt  to  jump  at  conclusions  that  lead  away 
from  the  demonstration. 

226.  After  the  construction  of  the  figure  the  student 
should  carefully  state  the  hypothesis  and  what  it  implies 
as  applied  to  the  figure. 

227.  He  should  carefully  examine  the  conclusion  and 
what  it  implies  and  note  the  relation  between  the  hypothe- 
sis and  the  conclusion. 

228.  Then  follows  the  demonstration,  every  step  of 
which  depends  upon  a  definition,  an  axiom,  a  postulate,  the 
hypothesis,  or  a  theorem  already  proved.  A  reason  should 
be  given  for  every  step  in  a  demonstration.  No  logical 
step  must  be  omitted  because  the  conclusion  seems  obvious. 
Such  omissions  form  a  very  fruitful  source  of  error. 
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229.  A  useful  method  in  proving  tlie  truth  of  a  theorem 
is  to  assume  the  theorem  true,  and  examine  the  consequences 
of  the  assumption  to  determine  whether  they  are  true  or 
false.  If  true,  then  try  to  prove  them  true  without  the 
assumption. 

Example.  The  bisectors  of  the  opposite  angles  of  a 
parallelogram  are  parallel. 

(1)  Assume  that  DE  and  FB,  the  bisectors  of  A  d  and  B, 
are  parallel. 

(2)  Then  it  follows  that  Zc  =  Zb.     (Why  ?) 

(3)  Hence,  if  we  can  prove  Z  c  =  Z.  5,  the  truth  of  the 
theorem  is  established. 

Without    the    assumption, 

Zc=Ze.      (Why?) 

Also       Ze  =  Zb.      (Why?) 

.'.Zc  =  Zb.     (Why?) 

.-.  DE  II  FB.         (Why  ?) 

230.  The  truth  of  a  theorem  may  often  readily  be 
proved  by  assuming  the  theorem  to  be  false.  The  reasoning 
is  then  based  upon  the  assumption  of  this  false  property 
till  a  conclusion  is  reached  that  is  known  to  be  false. 
Then,  since  the  assumption  is  not  consistent  with  the 
conditions  of  the  theorem,  both  cannot  be  true.  Conse- 
quently, if  the  assumption  is  proved  false,  the  theorem 
must  be  true. 

Example.  No  two  straight  lines  drawn  from  the  extrem- 
ities of  one  of  the  sides  of  a  triangle  to  the  other  sides  can 
bisect  each  other. 
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(1)  In  A  ABC  assume  that  BE  and  CD  can  be  drawn 
bisecting  each  other  at  O. 

(2)  Then  it  follows  that 
since  DO  =  CO,  and  BO  =  EO, 

(Why?) 
and      Zdob  =  Zeoc,     (Why?) 

.".  ADOB^AEOC.  (Why?) 

Z  dbo  =  Z  oec.  (Why  ?) 

But  since  A  dbo  and  OEC  are  alternate  interior  angles, 

.'.  AB  ||  AC. 

(3)  But  ab  cannot  be  parallel  to  AC  since  they  are  sides 
of  a  triangle  and  meet  at  A. 

.-.BE  and  CD  cannot  bisect  each  other  at  all. 

231.  In  the  solution  of  a  geometrical  problem  assume 
the  construction  of  the  figure,  and  see  what  results  follow. 
It  may  then  be  possible  to  reverse  the  process  of  reason- 
ing and  arrive  at  a  proof  of  the  construction. 

Example.  Find  a  point  in  a  given  straight  line  from 
ivhich  the  perpendiculars  upon  two  given  intersecting  straight 
lines  are  equal. 

Given  the  straight  line  EF, 
and  ab  and  CD  intersecting  at  o. 

(1)  Assume  that  p  is  the  re- 
quired point. 

Then  PM  and  PN  Js  from  P  to 
CD  and  ab  respectively  are 
equal. 

Draw  PO. 

(2)  It  follows  from  this  assumption  that  A  PMO  ^  A  PNO. 
.-.  Z  pon  =Z  POM. 

From  this  we  see  that  the  bisector  of  the  angle  at  o 
meets  the  line  EF  in  P. 
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(3)  This  suggests  the  construction  at  once. 
DraV  OP  bisecting  Z  AOD  and  meeting  EF  in  P. 
Then  P  is  the  required  point. 

(4)  The  proof  is  similar  to  the  reasoning  used  in  arriv- 
ing at  the  construction,  but  the  order  is  reversed. 

Draw  PM  _L  CD. 

Mark  off  ON  =  OM  and  draw  PN. 

Then  A  NOP^A  MOP.  (§  79) 

.'.  Z  pno  =  Z  pmo,  a  right  angle. 

.*.  PN  _L  AB. 

Also  PN  =  pm.  (Why?) 

Is  there  any  arrangement  of  the  given  lines  such  that 
the  construction  is  impossible? 

Is  there  more  than  one  solution  of  the  problem  ? 

MISCELLANEOUS   EXERCISES   ON  BOOK  I 

1.  Construct  a  square  on  a  given  line. 

2.  Construct  a  rectangle  with  given  sides  a  and  b. 

3.  Construct  an  angle  of  15°. 

4.  How  can  the  distance  between  two  objects  on  differ- 
ent sides  of  a  lake  be  found  ?  on  opposite  sides  of  a  river  ? 

5.  Carefully  cut  a  square  from  a  piece  of  cardboard. 
Balance  the  square  on  the  edge  of  a  ruler.  Mark  the 
edges  where  the  square  touches  the  ruler,  and  draw  a  line 
connecting  these  points.  In  the  same  way  locate  several 
lines  on  the  square.  Do  these  lines  meet  in  a  point  ? 
What  should  you  call  this  point  ?  Sketch  the  results. 
What  conclusions  can  be  drawn  ?  From  these  conclusions 
make  theorems  and  demonstrate  them.  Would  the  same 
conclusions  hold  true  for  a  rectangle?  for  a  parallelogram? 
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6.  Construct  an  angle  equal  to  the  difference  of  two 
angles  ;  equal  to  the  sum  of  two  angles. 

7.  If  two  sides  of  a  triangle  are  unequal,  the  bisector 
of  their  included  angle  will  divide  the  opposite  side  into 
unequal  segments,  and  the  greater  segment  will  be  adja- 
cent to  the  longer  side. 

8.  The  sum  of  the  three  lines  drawn  from  any  point 
within  a  triangle  to  the  three  vertices  is  less  than  the  sum 
of  the  three  sides. 

9.  The  three  lines  that  join  the  middle  points  of  the 
sides  of  a  triangle  divide  the  triangle  into  four  congruent 
triangles. 

10.  Construct  a  triangle,  having  given  the   midpoints 
of  its  sides. 

11.  If  the  midpoints  of  ad- 
jacent sides  of  any  quadrilat- 
eral are  joined,  the  figure  thus 
formed  is  a  parallelogram. 

12.  Show  that  the  lines 
which  join  the  midpoints  of 
the  opposite  sides  of  a  quadri- 
lateral bisect  one  another. 

Suggestion.  Use  Ex.  11  to  prove 
A  EON  =*  A  GOF,  or  use  §  189. 

13.  Construct  a  parallelo- 
gram, having  given  two  adjacent  sides  and  a  diagonal. 

14.  The  perimeter  of  a  quadrilateral  is  greater  than 
the  sum  of  its  diagonals. 

15.  Construct  a  square,  having  given  a  diagonal. 

16.  If  two  angles  of  a  quadrilateral  are  supplementary, 
the  other  two  are  supplementary. 
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17.  Construct  an  isosceles  triangle,  having  given  the 
base  equal  to  4  in.  and  the  vertical  angle  equal  to  30°. 

18.  The  medians  drawn  from  the  equal  angles  of  an 
isosceles  triangle  are  equal. 

19.  ABC  is  a  right-angled  tri- 
angle. CD  is  drawn  from  the 
right  angle  to  the  midpoint 
of  the  hypotenuse.  Prove  that 
A  ABC  is  divided  into  two  isos- 
celes triangles. 

20.  Prove  that  the  midpoint  of  the  hypotenuse  of  a 
right-angled  triangle  is  equally  distant  from  the  three 
vertices. 

21.  Construct  a  triangle,  having  given  the  perimeter 
and  the  two  base  angles. 

22.  The  median  drawn  from 
any  vertex  of  a  triangle  is  less 
than  half  of  the  sum  of  the  sides 
containing  the  angle. 

Suggestion.  Draw  DE  =  CD.  Draw 
BE.     Prove  A  ADC  ^  A  BDE. 


If  a  point  is  taken  within 
a  quadrilateral,  the  sum  of  its 
distances    from    the   vertices    is 

greater  than  one  half  and  less  than  three  halves  of  the 
perimeter. 

24.  If  a  straight  line  intersects  two  parallel  lines,  any 
straight  line  through  its  midpoint  and  terminated  by  the 
parallels  is  bisected  at  that  point. 
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25.  ABC  is  an  equilateral  triangle ;  BD  and  CD  bisect 
/-  B  and  Zc;  DE  and  DF  are  drawn  parallel  to  AB  and  AC 
respectively.      Prove  BE  =  EF  =  FC. 

26.  The  angle  formed  by  the  bisectors  of  two  adjacent 
angles  of  a  quadrilateral  is  equal  to  half  of  the  sum  of 
the  two  remaining  angles. 

27.  The  alternate  sides  of  a 
pentagon  are  produced  to  meet. 
Prove  that  the  sum  of  the  an- 
gles thus  formed  is  a  straight 
angle. 

28.  The  bisectors  of  the  in- 
terior angles  of  a  quadrilateral 

form  a  quadrilateral  whose  opposite  angles  are  supple- 
mentary. Investigate  the  special  cases  when  the  given 
quadrilateral  is  a  parallelogram  or  a  rectangle. 

29.  If  a  tile  floor  is  to  be  laid  with  tile  of  two  different 
kinds  in  the  shape  of  regular  polygons,  what  figures  must 
be  select ed  ? 

30.  The  bisectors  of  the  interior  angles  of  a  rectangle 
form  a  square. 

31.  The  sum  of  the  perpendiculars  let  fall  from  any 
point  in  the  base  of  an  isosceles  triangle  upon  the  sides  is 
constant. 

Examine  the  case  where  the  perpendiculars  are  let  fall 
from  a  point  on  the  base  produced. 

32.  The  line  joining  the  midpoints  of  the  non-parallel 
sides  of  a  trapezoid  is  equal  to  half  of  the  sum  of  the 
parallel  sides. 

33.  The  sum  of  the  perpendiculars  let  fall  from  any  point 
within  an  equilateral  triangle  upon  the  sides  is  constant. 


80  PLANE   GEOMETRY 

34.  Show  how  to  find  a  point  equally  distant  from  two 
straight  lines.     How  many  such  points  are  there  ? 

35.  If  the  vertices  of  one  parallelogram  lie  on  the 
sides  of  another,  the  diagonals  of  both  parallelograms 
pass  through  the  same  point. 

36.  If  the  exterior  angles  of  a  triangle  are  bisected,  the 
bisectors  form  with  the  sides  of  the  triangle  three  mutu- 
ally equiangular  triangles. 

37.  Find  the  locus  of  the  vertices  of  all  isosceles  tri- 
angles on  a  given  base. 

38.  Find  the  locus  of  the  middle  points  of  all  straight 
lines  drawn  from  a  fixed  point  to  a  fixed  straight  line  of 
unlimited  length. 

39.  The  radius  of  a  given  circle  is  10  inches.  Find 
the  locus  of  all  points  5  inches  from  the  circumference ; 
12  inches  from  the  circumference ;  10  inches  from  the 
circumference.  Will  the  locus  in  any  case  consist  of  more 
than  one  line  ? 

40.  In  a  right-angled  triangle,  if  one  of  the  acute  an- 
gles is  30°,  the  side  opposite  is  one  half  of  the  hypotenuse. 

41.  A  ladder  rests  with  one  end  against  a  vertical  wall 
and  the  other  on  a  horizontal  plane.  Find  the  locus  of 
the  midpoint  of  the  ladder  if  the  lower  end  is  moved 
along  the  horizontal  plane  in  a  line  at  right  angles  to  the 
wall. ' 

42.  How  many  points  are  there  that  are  equally  distant 
from  two  given  lines,  and  also  from  two  given  points  ? 
If  the  two  given  lines  are  parallel,  how  many  points  are 
there  ? 
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THE   CIRCLE 

232.  The  circle,  center,  radius,  circumference,  and  arc 
have  already  been  defined.  (See  §§  53-55.)  A  circle  is 
read  either  by  naming  its  center  as  "  the  O  O  "  or  by  nam- 
ing points  on  its  circumference  as  "the  O  RST." 

233.  A  straight  line  that  cuts  the  circumference  in  two 
points  is  a  secant. 

234.  A  line  segment  joining  any  two  points  in  a  cir- 
cumference is  a  chord.  A  chord  passing  through  the  cen- 
ter of  a  circle  is  a  diameter. 

235.  From  the  definition 
of  a  circle  it  follows  that  all 
its  radii  are  equal.  Since  a 
diameter  equals  two  radii, 
all  the  diameters  of  a  circle 
are  equal. 

236.  A  line  that  touches  a 
circumference    in   one  point 

only  is  a  tangent.      The  point  at  which  the  tangent  meets 
the  circumference  is  the  point  of  tangency. 

237.  One  half  of  a  circle  cut  off  by  a  diameter  is  a 
semicircle,  and  a  fourth  part  is  a  quadrant.  The  term 
quadrant  is  applied  also  to  a  fourth  part  of  a  circumference. 

238.  Any  angle  AOB,  whose  vertex  is  at  the  center,  is 
a  central  angle. 

lyman's  plane  geom.  —  6        81 
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THEOREM   I 

239.  The  diameter  of  a  circle  is  the  greatest  chord, 
and  it  bisects  the  circle  and  its  circumference. 

Given  :    A  chord  AB  and  a  diameter  AC  of  the  O  O. 
To  Prove :   AC  >  AB  and  arc  ADC  =  arc  ABC. 
Proof:    Draw  OB. 

Then     AO  +  OB  >  AB.       (Why?) 

.\AO  +  OC>AB.       (Why?) 

.\AC>AB.       (Why?) 

Also,   let   the   plane    containing 
the  arc  ADC  revolve  about  AC  till 
it  falls  on  the  plane  ABC. 
Since  every  point  in  arc  ADC  is  the  same  distance  from 
the  center  o  as  every  point  of  the  arc  ABC,  the  two  arcs 
will  coincide,  and  are  therefore  equal. 
.*.  the  circle  and  its  circumference  are  bisected  by  the 
diameter  AC. 

THEOREM   II 

240.  A  straight  line  can  intersect  a  circumference  in 
but  two  points. 

Given :  The  circumference  of  O  O 
intersected  by  the  line  MN. 

To  Prove:  That  MN  can  inter- 
sect the  circumference  in 
but  two  points. 

Proof:     All  straight  lines  join- 
ing the  center  to  points  on  the  circumference  are  equal. 
From  a  point  to  a  straight  line  how  many  equal  straight 
lines  can  be  drawn  ?     .-.in  how  many  points  can  MN  inter- 
sect the  circumference  ? 
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241  Exercise.  1.  Investigate  Theorem  IT  Avhen  the 
distance  of  MN  from  the  center  is  equal  to  the  radius; 
greater  than  the  radius ;   less  than  the  radius. 


THEOREM   III 

242.  Through  three  points  not  on  the  same  straight 
line  one  and  only  one  circumference  can  be  drawn. 

Given :  Three  points  A,  B,  and  C  not 
on  the  same  straight  line. 

To  Prove :  That  one  and  only  one 
circumference  can  be  drawn 
through  A,  B,  and  C. 

Proof:  The  locus  of  the  points 
equally  distant  from  A  and  B  is 
the  perpendicular  bisector  DE  of 
the  line  AB ;  the  locus  of  points 

equally  distant  from  B  and  c  is  the  perpendicular  bi- 
sector FG  of  the  line  BC. 

These  perpendiculars  must  intersect  as  at  o.  (Why?) 
.*.  O  is  equally  distant  from  A,  B,  and  C.  (Why?) 

.*.  the  circumference  drawn  with  radius  OA  and  center 
at  O  passes  through  A,  B,  and  c,  and  there  can  be  no 
other  circumference  through  these  points  since  o  is  the 
only  point  equally  distant  from  A,  B,  and  c. 

243.  Corollary.  Two  circumferences  cannot  intersect 
in  more  than  two  points. 

244.  Exercise.  1.  Show  how  to  find  the  center  of  a 
given  circle. 

2.  Through  a  given  point  draw  a  line  bisecting  a  given 
circle.  Is  there  any  point  through  which  more  than  one 
such  line  can  be  drawn? 
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3.  Show  how  to  draw  a  circumference  through  three 
points  not  on  the  same  straight  line. 

4.  How  many  circumferences  can  be  drawn  through 
two  given  points  ?  What  is  the  locus  of  the  centers  of  all 
circles  drawn  through  two  given  points  ? 

5.  Through  a  point  within  a  circle  draw  the  longest 
possible  chord. 

6.  Show  that  a  circle  has  only  one  center. 

7.  Show  that  a  parallelogram  has  a  center  of  symmetry 
at  the  point  of  intersection  of  its  diagonals. 

8.  Prove  Theorem  I,  §  239,  using  a  figure  in  which 
chord  AB  intersects  the  diameter  AC. 

THEOREM   IV 

245.  In  the  same  circle  or  in  equal  circles,  equal  cenfoal 
angles  intercept  equal  arcs,  and  of  two  unequal  central 
angles,  the  greater  angle  intercepts  the  greater  arc. 


Given:    Two    equal    ©  o  and  o',   in   which  central  Zaob 
=  central  Z  co'd,  and  central  Z  AOE  >  central  Z  co'd. 

To  Prove  :    Arc  AB  =  arc  CD,  and  arc  AE  >  arc  CD. 

Proof:    Place  0o  upon  0o'   SO  that   ZaOB  will  coincide 
with  its  equal  Z  co'd. 
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Then  arc  AB  will  coincide  with  arc  CD.  (Why  ?) 

/.  arc  AB  =  arc  CD. 
Also,  since  Z  AOE  >  Z  co'd,  it  is  >  Z  aob, 
.*.  E  is  not  within  Z  AOB. 

.*.  arc  AE  >  arc  AB.  (Why  ?) 

.'.  arc  AE  >  arc  CD. 

If  the  angles  are  in  the  same  circles,  the  demonstration 
is  similar. 

246.  Exercise.  1.  Through  two  given  points  draw  a  cir- 
cumference with  a  given  radius.  How  many  such  circum- 
ferences can  be  drawn  ?     Is  the  problem  ever  impossible  ? 

2.  If  the  diameter  of  a  circle  is  produced  to  meet  a  se- 
cant without  a  circle,  prove  that  the  external  segment  of 
the  secant  is  greater  than  the  extension  of  the  diameter. 

3.  How  do  two  circles  constructed  on  the  diagonals  of 
a  rectangle  compare  in  size  ? 

4.  What  fractional  part  of  the  circumference  does  a  cen- 
tral angle  equal  to  two  thirds  of  a  right  angle  intercept? 

5.  Are  two  equal  circles  necessarily  congruent  ?  Are 
equal  angles,  or  equal  line  segments  necessarily  congruent? 
Are  equal  squares  necessarily  congruent  ? 

247.  If  two  equal  figures  are  necessarily  congruent,  as 
illustrated  in  Ex.  5,  the  word  equal  may  be  used  instead  of 
congruent. 

6.  How  are  arcs  proved  to  be  equal  ?  Does  equal  mean 
congruent  in  this  case  ? 

7.  Can  arcs  of  unequal  circles  be  made  to  coincide  ? 
Explain. 

248.  Definition.  A  central  angle  is  subtended  by  the 
arc  intercepted  by  its  sides.  A  chord  subtends  the  arc 
whose  extremities  it  joins. 
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THEOREM   V.     (Converse  of  Theorem  IV) 

249.  In  the  same  circle  or  in  equal  circles,  equal  arcs 
subtend  equal  central  angles,  and  of  two  unequal  arcs, 
the  greater  subtends  the  greater  central  angle. 


Given:    Equal    (Do    and    o',    and    arc    AB  =  arc    CD,    arc 

AE  >  arc  CD. 
To  Prove:    Z  AOB  =  Z  CO'D,  Z  AOE  >  Z  CO'd. 
Proof:    Prove  by  superposition  as  in  §  245. 

250.  Exercise.  1.  Bisect  a  given  arc  of  a  circumfer- 
ence whose  center  is  given. 

2.  Divide  a  given  circumference 
into  four  equal  parts ;  into  eight 
equal  parts ;  into  six  equal  parts. 

3.  From  a  point  A  in  a  circumfer- 
ence draw  a  chord  AB  and  a  diameter 
AC.  From  o  draw  OD  II  AB.  Prove 
that  OD  bisects  arc  CB. 

4.  If  a  point  c  is  taken  equally 
distant  from  A  and  B,  two  points  on  a  circumference,  and 
a  radius  is  drawn  through  c,  the  radius  bisects  the  arc  AB. 

251.  Definition.  One  half  of  a  circumference  is  a  semi- 
circumference.  An  arc  less  than  a  semicircumference  is 
a  minor  arc  and  one  greater  than  a  semicircumference  is 
a  major  arc. 
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THEOREM   VI 

252.  In  the  same  circle  or  in  equal  circles,  (1)  equal 
chords  subtend  equal  arcs,  and  ( 2 )  of  two  unequal  chords, 
the  greater  subtends  the  greater  minor  arc. 


Given  :   Equal  (D  O  and  o'. 

also  (1)  chord  AB  =  chord  CD, 

and  (2)  chord  AB<  chord  c'd. 


To  Prove:    (1) 
and  (2) 


arc  AB  =  arc  CD, 
arc  AB  <arc  c'd. 


Proof:   Draw  radii  OA,  OB,  o'c,  o'd,  and  o'c'. 

(1)  Aaob^aco'd. 


.*.  arc  AB=  arc  CD. 


(2)    In  AAOB  and  c'o'D,  AB<c'd. 

.-.  Z  a<  Z.  c'o'D. 
.'.  arc  AB<arc  c'd. 


(§  100) 
(Why?) 

(§  132) 
(Why  ?) 
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THEOREM   VII 

253.  (1)  Equal  arcs  intercept  equal  chords,  and  (2)  in 
the  same  circle  or  in  equal  circles,  of  two  unequal  mi- 
nor arcs,  the  greater  intercepts  the  greater  chord. 

Suggestion.  In  the  figure  for  Theorem  VI  prove  (1)  A  AOB  ^ 
A  CO'D  and  (*2)  in  A  AOB  and  C'O'D  prove  A  a<Z  C'O'D.     .-.  etc. 

254.  Exercise.  1.  Why  in  Theorem  VII  is  it  necessary 
to  restrict  the  unequal  arcs  to  minor  arcs  ?  Why  in  Theo- 
rem VI  is  it  necessary  to  restrict  equal  chords  to  those  of 
the  same  circle  or  of  equal  circles  ?  Why  is  it  not  neces- 
sary to  make  a  similar  restriction  in  the  first  part  of 
Theorem  VII? 

2.  Draw  two  intersecting  diameters  of  a  circle.  Into 
how  many  arcs  is  the  circumference  divided  ?  How  do 
these  arcs  compare  with  each  other  two  and  two? 

3.  Draw  an  equilateral  triangle  with  its  vertices  in  the 
circumference  of  a  circle  and  compare  the  arcs  subtended 
by  the  sides.  In  the  same  way  draw  a  scalene  triangle 
and  compare  the  arcs  subtended  by  the  sides. 

THEOREM   VIII 

255.  The  diameter  perpendicular  to  a  chord  bisects 
the  chord  and  the  arc  which  it  subtends. 

Given :    In   the   O  O   diameter    AB  J_ 
chord  CD. 

To  Prove  :     CE  =  ED    and    arc    CB  = 
arc  BD. 

Proof:   Draw  the  radii  OC  and  OD. 

How   do  A  coe  and    DOE   com-  r 

pare? 

Give  a  complete  demonstration.  B 


O 

• 

^N 

X 

N 

s 

N 

s 

N 

s 

N 

s 

L   X 

E 
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256.  Corollary  1.  A  diameter  ivhich  bisects  a  chord  is 
perpendicular  to  it. 

Suggestion.     O  and  E  are  both  equally  distant  from  C  and  D. 

257.  Corollary  2.  The  perpendicu  far  bisector  of  a  chord 
passes  through  the  center  of  the  circle  and  bisects  both 
subtended  arcs. 

Suggestion.  The  perpendicular  bisector  of  CD  is  the  locus  of 
all  points  equally  distant  from  C  and  D.     .-.  etc. 


THEOREM   IX 

258.  In  the  same  circle  or  in  equal  circles,  equal  chords 
are  equally  distant  from  the  center;  and  of  two  unequal 
chords,  the  shorter  is  farther  from  the  center. 

Given:  CD  =  EF  and  AB<EF  in  the 
O  o.  Also  given  OH,  OM,  ON, 
perpendicular  to  AB,  CD,  and  EF, 

respectively. 

To  Prove  :     (1)     OM  =  ON, 
and  (2)  OH>ON. 

Proof:    Draw  the   radii    OC  and   OF. 

(1)  Prove  Aomc^Aonf. 
.".  OM  =  ON. 

(2)  Minor  arc  EF>  minor  arc  AB.  (Why?) 
From  F  mark  off  arc  FG  =  arc  AB  and  draw  chord  FG 
and  OR-L  FG. 

Then  chord  FG  =  chord  AB  and  OR  =  OH.  (Why  ?) 

Since  FE  lies  between  O  and  FG  by  construction,  OR 
must  cut  FE  as  at  s. 

.'.OR  >  OS.      (Why  ?)  But  OS  >  ON.         (§  140) 

.'.OR>ON,  or  OH>ON. 
The  demonstration  is  essentially  the  same  if  the  chords 
are  taken  in  equal  circles. 


E  D 
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259.  Exercise.    1.    State   and   prove    the    converse    of 
Theorem  IX. 

2.  Show  that  the  least  chord 
that  can  be  drawn  through  a  given 
rjoint  within  a  circle  is  the  chord 
perpendicular  to  the  radius  through 
that  point. 

Suggestion.  Draw  any  other  chord 
through  P  and  draw  OC  perpendicular  to 
it.     Prove  OP  >  OC. 

THEOREM   X 

260.  A  tangent  to  a  circle  is  perpendicular  to  the  radius 
at  the  point  of  tangeney. 


Given :     AB    tangent    to    the 

O  o  at  the  point  P,  and 

OP  a  radius  drawn  to  the 

point  of  tangeney. 
To  Prove :   AB  -L  OP  at  P. 
Proof:   Draw  OC  to  any  point 

of  AB  other  than  P. 

Then  oc>OP.     (Why?) 

.*.  op  _L  AB  since   it  is  the  shortest   line    that  can  be 

drawn  from  O  to  AB. 

261.  Corollary  1.  One,  and  but  one,  tangent  can  be 
drawn  to  a  circle  at  a  given  point  on  the  circle. 

Suggestion.  How  many  perpendiculars  to  a  line  can  be  drawn 
at  a  given  point? 

262.  Corollary  2.  A  straight  line  -perpendicular  to  a 
radius  at  its  extremity  is  tangent  to  the  circle. 

Suggestion.  From  the  center  of  the  circle  draw  any  oblique 
line  OC  to  any  point  in  A B  except  P.  Then  OC>OP.  .-.  C  is  with- 
out the  circle.     .*.  etc. 
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263.  Corollary  3.  The  perpendicular  to  the  tangent  at 
its  point  of  tangency  passes  through  the  center  of  the 
circle. 

264.  Exercise.  1.  Draw  two  concentric  circles  (circles 
with  a  common  center)  and  prove  that  all  chords  of  the 
greater  circle  that  are  tangent  to  the  smaller  are  equal. 

2.  Draw  a  circle  with  a  given  radius  that  shall  be  tan- 
gent to  two  given  intersecting  lines.  How  many  such 
circles  can  be  drawn?  How  many  solutions  will  there  be 
if  the  two  lines  are  parallel? 

Suggestion.  The  center  of  the  circle  must  lie  at  the  intersection 
of  what  loci  ? 

3.  Draw  a  secant  intersecting  two  concentric  circles 
and  prove  that  the  portions  intercepted  between  the  two 
circles  are  equal. 

4.  Draw  a  circle  with  a  given  radius  which  shall  touch 
a  given  circle  and  a  given  line.  How  many  such  circles 
can  be  drawn  ?  Under  what  conditions  will  there  be  but 
one  ?     Is  the  construction  always  possible  ? 

Suggestion.  The  center  of  the  circle  must  lie  at  the  intersection 
of  what  loci  ? 

THEOREM   XI 

265.  Two  tangents  drawn  . A 

to    a    circle  from   a   point    /  /  ^^s^ 

without  are  equal.  I  /  \     ^""^-^^ 

The  demonstration  is  left  I  ®K  "I  —^>P 

for  the  student.  \  \       J ~^^ 

266.  Exercise.    Show  that        ^- *■§ 

the    sum    of    two    opposite 

sides  of   a  quadrilateral  each  of  whose  sides  is   tangent 
to  a  circle  is  equal  to  the  sum  of  the  other  two  sides. 
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THEOREM   XII 

267.  Parallel  chords  intercept  equal  arcs  of  a  circle. 

Given :  the  parallel  chords  AB  and 
CD  of  0  O. 

To  Prove :  Arc  AC  =  arc  BD. 

Proof:  Draw  the  diameter  EF_Lto 
AB. 

ThenEFJ_CD.  (§156) 

•\  arc  EA  =  arc  EB, 
and  arc  EC  =  arc  ed.     (Why?) 

.*.  arc  AC  =  arc  BD.  (Why?) 

268.  Exercise.  1.  Investigate  the  relation  between 
the  arcs  intercepted  by  a  chord  and  a  tangent  parallel  to 
the  chord ;  by  two  parallel  tangents. 

2.  Is  the  converse  of  Theorem  XII  true  ? 

3.  If  two  circles  are  tangent  to  each  other,  their  point 
of  tangency  is  in  the  straight  line  joining  their  centers, 
and  the  distance  between  their  centers  is  the  sum  of  their 
radii,  if  they  are  tangent  externally,  and  the  difference  of 
their  radii,  if  they  are  tangent  internally. 

4.  When  two  circles  are  wholly  exterior  to  each  other, 
the  distance  between  their  centers  is  greater  than  the  sum 
of  their  radii. 

5.  When  two  circles  intersect,  the  distance  between 
their  centers  is  less  than  the  sum  of  their  radii. 

6.  When  one  circle  is  wholly  within  another,  the  dis- 
tance between  their  centers  is  less  than  the  difference  of 
their  radii. 

7.  Prove  that  a  trapezoid  inscribed  in  a  circle  is 
isosceles. 
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MEASUREMENTS   AND  LIMITS 

269.  Measurement  of  geometrical  magnitudes  consti- 
tutes an  important  part  of  geometry ;  it  is  therefore 
necessary  that  the  student  should  understand  the  principles 
used  in  the  measurement  of  quantities. 

270.  To  measure  a  magnitude  of  any  kind  is  to  express 
that  magnitude  in  terms  of  another  magnitude  of  the 
same  kind,  called  the  unit  of  measure. 

Thus,  to  measure  a  line  is  to  express  its  length  in 
terms  of  another  line  of  given  length.  To  measure  a 
surface  is  to  express  its  area  in  terms  of  a  given  unit 
area,  etc. 

271.  The  number  which,  prefixed  to  the  unit  of  meas- 
ure, tells  the  magnitude  of  the  quantity  measured  is  the 
numerical  measure  of  that  quantity. 

272.  The  ratio  of  one  magnitude  to  another  of  the  same 

kind  is  their  quotient.     The  ratio  is  usually  written  in 

the  form  of  a  fraction. 

Thus,  the  ratio  of  a  to  b  is  - ;  it  is  written  also  a  :  b. 

b 

273.  The  ratio,  therefore,  expresses  the  measure  of  the 
first  quantity  by  the  second  as  a  unit  of  measure,  since 
the  ratio  of  one  quantity  to  another  is  the  quotient  of  the 
first  divided  by  the  second. 

274.  The  ratio  of  two  quantities  is  the  same  as  the 
ratio  of  their  numerical  measures. 

Thus,  the  ratio  of  A  to  B  is  -,  and  if  mx  expresses  the 

B 

measure  of  A  in  terms  of  the  unit  of  measure  m  and  my, 

A      mx      x 


the  measure  of  B  in  terms  of  m,  then 


B      my     y 
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275.  Two  magnitudes  are  commensurable,  i.e.  have  a 
common  measure,  when  a  unit  of  measure  is  contained  in 
each  an  integral  number  of  times. 

Thus,  the  two  lines    ^ g 

AB   and  CD   are    com- 

mensurable,  since  each 

of   them  contains  the      —22 — i 

line  m  an  integral  number  of  times,     m  is  contained  in  AB 

9  times  and  in  CD  6  times. 

276.  The  ratio  of  two  commensurable  quantities,  called 
a  commensurable  ratio,  may  therefore  be  exactly  expressed 
either  as  a  fraction  or  as  an  integer. 

Inus,  — = =  -  =  -  •        Again,  it  a  line  AB  contains 

CD      6  ra      6      2 

m  12  times  and  a  line  CD  contains  m  6  times,  their  ratio 

.     12  m      0 

is  — —  =  2. 

6  m 

277.  Two  magnitudes  are  incommensurable  when  they 
have  no  common  unit  of  measure.  The  ratio  between  two 
incommensurable  magnitudes  is  called  an  incommensurable 
number. 

278.  An  incommensurable  number  cannot  be  expressed 
exactly  in  fractions  and  integers,  but  can  be  approximated 
to  any  required  degree  of  accuracy. 

279.  It  will  be  shown  later  that  the  ratio  of  a  diagonal 
d  to  the  side  a  of  a  square  is  V2.  V2  =  1.414218o+. 
This  lies  between  1.414213  and  1.414214.  Therefore, 
the  ratio  of  a  diagonal  to  the  side  of  a  square  will  lie 
between  1-iiA.ai^  anc{  .1414211  an(j  wju  (]iffer  from  either 

of  these  ratios  by  less  than  one  millionth.  If  the  root  is 
extracted  one  place  further,  the  true  ratio  will  differ  from 
either  of  the  ratios  by  less  than  one  ten-millionth,  if  it 
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is  extracted  one  place  further,  the  difference  will  be  less 
than  one  hundred-millionth,  and  so  on.  Since  the  square 
root  of  2  can  be  extracted  to  any  number  of  decimal 
places,  these  ratios  may  be  made  to  differ  from  each  other 
by  a  quantity  less  than  any  assignable  quantity,  and 
therefore  the  ratio  of  the  lines  may  be  expressed  to  any 
required  degree  of  accuracy. 

280.  A  constant  is  a  quantity  that  does  not  change  in 
value  during  the  same  discussion. 

281.  A  variable  is  a  quantity  that  changes  in  value 
during  the  same  discussion. 

282.  A  limit  of  a  variable  is  a  constant  that  the  vari- 
able may  approach  and  remain  indefinitely  near  in  value. 

Thus,  when  a  variable  changes  in  value  so  that  the  dif- 
ference between  it  and  a  given  constant  may  be  made  as 
small  as  we  please,  the  variable  approaches  the  constant 
as  a  limit  and  the  constant  is  the  limit  of  the  variable. 

283.  Suppose  a  point   . , , o 

to  move  from  A  to  B  in 

such  a  way  that  during  the  first  second  of  time  it  covers 
AC  =  J  AB ;  during  the  second  second  of  time  it  covers 
CD  =  A  CB ;  during  the  third  second,  one-half  of  the  re- 
maining distance;  and  so  on  indefinitely.  It  is*  evident 
that  the  distance  between  the  moving  point  and  B  will 
finally  become  and  therefore  remain  smaller  than  any 
assignable  distance.  Hence,  the  distance  from  A  to  the 
moving  point  is  a  variable  distance  that  is  approaching 
nearer  and  nearer  to  the  constant  distance  AB  as  a  limit. 

284.  The  distance  between  the  moving  point  and  the 
point  B  in  the  diagram  is  a  variable  that  approaches  the 
limit  0. 


96  PLANE   GEOMETRY 

285.  Suppose  the  length  AB  to  be  two  inches.  Let  the 
variable  distance  from  A  to  the  moving  point  be  denoted 
by  x  and  the  variable  distance  from  the  moving  point  to 

B  by  y.  , „ , , 

rp,  A  C  D      E  F  B 

1  hen, 

at  the  end  of  the  first  second  #  =  AC  =  1,  y  =  cb  =  1; 

at  the  end  of  the  second  second 

x  =  AD  =1  +  J,  y=DB=^; 
at  the  end  of  the  third  second 

X  =  AE  =  1  +  \  +  J,   V  =  EB  =  \ ; 
at  the  end  of  the  fourth  second 

X  =  AF  =  1  +  I  +  {  +  i,   y  =  FB  =  1  , 
and  so  on  indefinitely. 

286.  The  sum  of  the  first  n  terms  in  the  series 
1  +  J  +  J  +  J-+?  etc.,  is  a  variable  that  approaches  2  as  a 
limit,  when  the  number  of  terms  is  increased  indefinitely ; 
while  the  last  term  y  is  a  variable  that  approaches  0  as  a 
limit  when  the  number  of  terms  is  increased  indefinitely. 

Example.     -  =  0.3333  ...  =  A  _j_  JL  +  JL  +  JL  +  ... 
*         3  10      102^103     1U4 

.  .  the  series hz-^H ;H :H =  «• 

10      102      103      104  3 

287.  A  rigid  treatment  of  incommensurable  magnitudes 
is  too  difficult  for  an  elementary  text-book  in  geometry, 
consequently  it  will  be  assumed  that  connected  with  every 
line,  angle,  arc,  area,  etc.,  there  exists  a  number  which  will 
be  called  the  numerical  measure  of  the  line,  angle,  arc, 
area,  etc. 

288.  In  actual  measurements  all  ratios  may  be  regarded 
as  commensurable,  since  the  unit  of  measure  may  be  selected 
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so  that  the  difference  between  the  ratio  of  two  incommen- 
surable magnitudes  and  the  ratio  of  two  commensurable 
magnitudes  may  be  made  less  than  any  assignable  quantity. 
We  shall  define  and  use  the  ratio  of  two  incommensurable 
magnitudes  in  this  sense. 

289.    As  a  general  illustration  of  what  is  meant  in  §  288 

let  two  incommensurable  magnitudes  be  represented  by 

P  .  . 

two  line  segments  p  and  Q.      Then  —  is  a  ratio  between 

two  incommensurable  magnitudes. 


i        i        i        i 1 '        ■        ■        ■        ■        ■ 

i 


Q 

-i 1 1 1 '       ' 


m 


Divide  Q  into  x  parts  each  equal  to  m.     Then  Q.  =  xm. 

Suppose  m  can  be  applied  toPy  times  but  not  y  -f-  1  times. 

Then  p  will  lie  between  ym  and  (jj  -\-  V)m. 

P       .„   ,.     ,  ym        ,    (y  +  V)m         ,  y 

.-.  —  will  lie   between  ^—  and  -^-     — — -,  or  between  - 

Q  xm  xm  x 

and  £±i.     But  V-  and  ^±1  differ  by  -• 

X  XX  X 

p  y  1 

.*.  —  and  -  differ  by  less  than  -. 
Q  X  J  x 

By  making  the  unit  of  measure  m  small  enough,  x  can 

be  made  as  large  as  we  please,  and  hence  '■'-  as  small  as  we 
please. 

.-.  a  fraction  -,  with  numerator  and  denominator  both 

x 

integers,  can  always  be  found  that  differs  from  the  ratio 
between  the  two  incommensurable  magnitudes,  P  and  Q,  by 
a  quantity  less  than  any  assignable  quantity. 
lyman's  plane  geom.  —  7 
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The  variable  fraction  '     approaches  a  limit,  and  the  limit 

Jb 

is   defined   as    the    ratio    between    the    tivo    incommensurable 
magnitudes  p  and  Q. 

290.  Exercise.  1.  Have  two  lines  1  yd.  and  17  in. 
long,  respectively,  a  common  unit  of  measure? 

2.  Have  the  pound  troy  and  the  pound  avoirdupois  a 
common  unit  of  measure  ? 

3.  Have  the  hypotenuse  and  a  side  of  an  isosceles  right- 
angled  triangle  a  common  unit  of  measure  ?  (The  square 
on  the  hypotenuse  of  a  right-angled  trimgle  is  equal  to 
the  sum  of  the  squares  on  the  two  sides.) 

4.  Express  the  ratio  between  the  two  magnitudes  in 
each  of  the  three  preceding  exercises. 

5.  What  is  the  limit  of  the  circulating  decimal  0. 9999  •  •  •  ? 

THEOREM    XIII 

291 .  In  the  same  circle  or  in  equal  circles,  two  angles  at 
the  center  are  in  the  same  ratio  as  their  intercepted  arcs. 

Given :  Two  central 
A  aob  and 
CO'd  of  equal 
CD,    and    their 

intercepted   \/  j  \  \/    *■— *  cV"   /   !    \   ^/o 
arcs     AB     and 
CD. 

m    ^  t     Zaob       arc  AB      ■,        ,■•      , 

To  Prove:  1.    = when  the  two  arcs  are  com- 

Zco'd      arc  CD 
mensurable. 

Proof:   Suppose  that  m  is  the  common  measure  of  the  two 
arcs  and  is  contained  in  arc  AB  3  times  and  in  arc  CD 

4  times-  arc  AB      3 


arc  CD      4 


(Why?) 
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Draw  radii  to  the  points  of  division  of  the  arcs  AB 
and  CD.  Then  ZAOB  will  be  divided  into  3  angles  and 
Z  co'd  into  4  angles,  all  equal.  (Why  ?) 

.    Zaob       3  Zaob       arc  AB 

Zco'd      4         '  Zco'd      arc  cd 

II.    When  the  two  arcs  are  incommensurable. 


(Why?) 


arc  CD 


Proof:  In  any  case,  even  if  the  ratios  between  the  two 
arcs  and  between  the  two  angles  are  incommensurable, 
it  is  clear  by  §§  288  and  289  that  by  selecting  a  suffi- 
ciently small  measure 

Z  AOB        arc  AB 

. i    -  —  • 

Z  co'd 

292.  Historical  Note. 
Eratosthenes  (276-196  B.C.) 
determined  a  method  for 
measuring  the  circumference 
of  the  earth.  He  assumed 
that  the  rays  from  the  sun  to 
two  points  on  the  earth's  sur- 
face are  parallel  and  that  at 
Syene,  in  Southern  Egypt, 
the  sun  is  in  the  zenith  at 
the  time  of  the  solstice.  He 
observed  that  at  this  time  the 
sun's  rays  strike  the  bottom 
of  a  well  AC,  dug  with  the  aid 


viB 
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of  a  plumb  line,  toward  the  center  of  the  earth,  and  he  measured  the 

distance  from  Syene  to  Alexandria,       He  also   measured  the  angle 

EHD  between  the  direction  of  the  sun's  rays  and  a  perpendicular  post 

erected  at  Alexandria.    This  angle  equals  the  angle  between  the  sun's 

rays  at  Syene  and  the  radius  drawn  from  the  center  of  the  earth  to  E 

at  Alexandria.     (Why?)     Knowing  the  angle  at  B  and  the  distance 

AE,  he  computed   the  circumference  of  the  earth  from  the  relation 

circ.  of  earth      360°      „.  i,  ,     ,  .,  ,     , 

= His  result  was  not  accurate,  but  it  marked  an 

AE  Z  B 

advance  in  the  applications  of  geometry.     He  is  said  also  to  have  in- 
troduced the  calendar  in  which  every  fourth  year  contained  366  days. 

293.  Since  the  sum  of  all  of  the  angles  about  a  point  is 
equal  to  360°,  it  follows  from  Theorem  IV  that  a  central 
angle  of  1°  will  intercept  -3^  of  the  circumference  ;  a  central 
angle  of  1'  will  intercept  -^  of  g^  of  the  circumference ; 
and  so  on.  Therefore,  the  circumference  may  be  divided 
into  360  arc  degrees,  or  simply  degrees;  each  arc  degree 
is  divided  into  60  minutes  and  each  arc  minute  into  60 
seconds,  as  in  the  case  of  angles.  It  will  thus  be  seen 
that  the  central  angle  and  its  subtended  arc  have  the 
same  numerical  measure  expressed  in  degrees,  minutes,  and 
seconds.  This  is  usually  stated  as  follows  :  A  central  angle 
is  measured  by  its  intercepted  arc,  i.e.  the  central  angle  is  the 
same  proportional  part  of  the  four  right  angles  as  its  inter- 
cepted arc  is  of  the  whole  circumference.  "  Is  measured 
by  "  is  thus  used  for  "  has  the  same  numerical  measure  as." 

294.  Exercise.  1.  A  central  angle  is  J  of  a  straight 
angle .  Find  its  supplement  in  terms  of  a  straight  angle 
and  a  right  angle ;  also  the  arc  it  intercepts  in  terms  of  a 
quadrant  and  a  semicircumference.  How  many  degrees 
are  there  in  the  angle?  in  the  intercepted  arc? 

2.  A  central  angle  intercepts  an  arc  equal  to  \  of  a 
circumference.  How  many  degrees  are  there  in  the 
angle?     in  its  complement?    in  its  supplement? 
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295.  Definitions.  An  angle  not  reflex  formed  by  two 
chords  that  meet  on  the  circumference  is  an  inscribed  angle. 

296.  The  figure  formed  by  a  chord  and  its  subtended 
arc  is  a  segment  of  a  circle. 

297.  The  figure  formed  by  two  radii  and  their  inter- 
cepted arc  is  a  sector. 

298.  An  angle  formed  by  two  chords  drawn  from  the 
same  point  in  the  arc  of  a  segment  to  the  extremities  of  its 
chord  is  inscribed  in  the  segment. 

Thus,  Z  DEC  is  an  inscribed 
angle,  cegf  is  a  segment,  AOB  is  a 
sector,  and  Z  EFC  is  inscribed  in 
the  segment  CEGF. 

299.  A  polygon  is  inscribed  in 
a  circle,  or  a  circle  is  circumscribed 
about  a  polygon,  if  the  vertices  of 
the  polygon  are  in  the  circum- 
ference. 

300.  A  polygon  is  circumscribed  about  a  circle,  or  a  circle 
is  inscribed  in  a  polygon,  if  the  sides  of  the  polygon  are 
tangent  to  the  circle. 

301.  Exercise.  1.  Perpendiculars  erected  at > the  mid- 
points of  the  sides  of  a  triangle  inscribed  in  a  circle  pass 
through  the  center.    Is  this  true  for  all  inscribed  polygons  ? 

2.  Draw  two  circles  so  that  they  can  have  but  one  com- 
mon tangent;  two  common  tangents;  three  common  tan- 
gents; four  common  tangents;   no  common  tangent. 

3.  State  the  circumstances  under  which  two  arcs  are 
equal. 

4.  The  bisectors  of  the  angles  of  a  circumscribed  poly- 
gon pass  through  the  center  of  the  circle. 
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THEOREM   XIV 

302.    An  inscribed  angle  is  measured  by  one  half  of  its 
intercepted  arc. 

Given:  Z  BAC  inscribed  in  the  O  O. 

To  Prove :  Z  BAC  is  measured  by  ^  arc  BC. 

Proof :    I.    Let  one  side  of  the  angle  be  a 
diameter.    Draw  the  radius  OC. 
Then  Z  BOC  is  measured  by  arc 
BC.  (§  293) 

But  Z  BAC  =  \  Z  BOC. 

(§§  89  and  160) 
.'.Zbac  is  measured  by  ^  arc 
BC.  (Why?) 

II.  Let  the  center  of  the  circle 
fall  within  the  angle. 

Draw  the  diameter  AD. 
Then   Z  bad    is  measured  by  ^ 
arc  BD,  and  Z  dac  is  measured 
by  I  arc  DC.  (Why  ?) 

.•.Zbac   is  measured  by   |  arc 
BC.  (Why  ?) 

III.  Let  the  center  of  the  circle 
fall  without  the  angle. 

Draw  the  diameter  AD. 
Then   Z.  DAB   is   measured  by  | 
arc  DB.  (Why  ?) 

Also  Z  DAC  is  measured  by  |  arc 
DC.  (Why?) 

.'.Zbac   is    measured   by  ^  arc 
BC.  (Why  ?) 
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303.  Corollary  l.  Any  angle  inscribed  in  a  semicircle 
is  a  right  angle. 

304.  Corollary  2.  Any  angle  inscribed  in  a  segment 
greater  than  a  semicircle  is  acute,  and  any  angle  inscribed 
in  a  segment  less  than  a  semicircle  is  obtuse. 

305.  Corollary  3.  All  angles  inscribed  in  the  same 
segment  are  equal. 

306.  Exercise.  1.  Prove  by  Theorem  XIV  that  the 
sum  of  the  angles  of  a  triangle  is  two  right  angles. 

2.  Divide  a  circumference  into  four  equal  arcs  and  join 
their  extremities  by  chords.  What  kind  of  a  figure  is 
formed  ?  State  the  conclusion  as  a  theorem  and  demon- 
strate. 

3.  Prove  that  the  opposite  angles  of  an  inscribed  quad- 
rilateral are  supplementary. 

4.  State  and  prove  the  converse  of  Ex.  3. 

Suggestion.  Draw  a  circumference  through  three  of  the  vertices 
and  prove  that  the  fourth  must  lie  on  the  circumference. 

5.  Zz  =  42°30'.  If  ab  is  a  diam- 
eter, how  many  degrees  are  there  in 
Z  ABC  ?  in  Z  c  ?  in  Z  D  ?  in  Z  e  ? 

6.  What  is  the  locus  of  the  ver- 
tices of  all  right-angled  triangles 
having  the  same  base? 

T.  Show  that  the  hypotenuse  is 
the  greatest  side  of  a  right-angled 
triangle. 

8.  Prove  that  a  triangle  can  have  but  one  obtuse  angle 
and  one  right  angle. 

9.  If  one  side  of  a  triangle  is  shorter  than  another, 
show  that  the  angle  opposite  the  shorter  side  must  be  an 
acute  angle. 
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THEOREM   XV 

307.  An  angle  formed  by  a  tangent  and  a  chord  is 
jroeasured  by  one  half  of  the  intercepted  arc. 

Given :     Z  BAC    formed    by    the 
tangent  AC  and  the  chord  AB. 

To  Prove :   Z  BAC  is  measured  by 
1  arc  AMDB. 

Proof:    Draw  the  diameter  AD. 
Then  Zcad  is  a  right  angle. 

(§260) 
.*.  Zcad  is  measured  by 
J  arc  AMD.  (Why?) 

And  Z  dab  is  measured  by  J  arc  DB.  (Why?) 

.*.  Z  cab  is  measured  by  J  arc  AMDB.  (Why?) 

By  a  similar  course  of  reasoning,  it  can  be  shown  that 
Z  EAB  is  measured  by  J  arc  ANB. 

308.  Exercise.  1.  If  in  the  figure  for  Theorem  XV 
arc  ANB  =  120°,  how  many  degrees  are  there  in  Z  EAB?  in 
Z  CAB  ? 

2.  Prove  Theorem  XV  by  drawing  from  B  a  chord  par- 
allel to  the  tangent  at  A. 

3.  If  a  tangent  is  drawn  at  the  vertex  of  an  inscribed 
square,  how  many  degrees  are  there  in  the  angle  included 
between  the  tangent  and  a  side  of  the  square  ? 

4.  If  a  tangent  is  drawn  at  the  vertex  of  an  inscribed 
equilateral  triangle,  how  many  degrees  are  there  in  the 
angle  included  between  the  tangent  and  a  side  of  the 
triangle  ?  How  many  degrees  are  there  in  the  angle  in- 
cluded between  the  tangent  and  the  altitude  of  the  tri- 
angle  drawn  from  the  point  of  tangency  ? 
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THEOREM   XVI 

309.  An  angle  formed  by  two  secants  intersecting 
within  a  circle  is  measured  by  one  half  of  the  sum  of  the 
arcs  intercepted  between  its  sides  and  between  the  sides  of 
its  vertical  angle. 

Given :  Z  APC  formed  by  the 
secants  AB  and  CD  inter- 
secting within  the  circle. 

To  Prove:  Z  APC  is  measured 
by  ^  arc  AC  +  ^  arc  BD. 

Proof:    Draw  AD. 

What  relation  exists  be- 
tween Z  APC  and  the  sum 
of  Z  A  and  Z  d  ?     How  are  A  A  and  D  measured  ? 

.  .  eic« 

THEOREM   XVII 

310.  An  angle  formed  by  two  secants  intersecting  with- 
out a  circle,  by  two  tangents,  or  by  a  tangent  an  d  a  secant, 
is  measured  by  one  hal f  of  the  difference  of  the  intercepted 
arcs. 


Suggestion.     In  each  case  Z  P  =  Z  ABC  —  Z  PAB. 


(§  160) 
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311.    Exercise.     1.    Demonstrate  Theorem  XVII,  using 
the  following  figures : 


2.  How  is  the  statement  of  Theorem  XVI  changed  if 
the  secants  intersect  on  the  circle?  How  is  the  statement 
changed  as  the  point  of  intersection  moves  from  a  posi- 
tion within  the  circle  to  a  position  without  the  circle  ? 

3.  Prove  that  the  circle  de- 
scribed on  one  of  the  sides  of  an 
isosceles  triangle  as  a  diameter 
bisects  the  base. 

4.  AB  is  a  chord  and  AC  a  tan- 
gent to  the  circle  o.  Prove  that 
AD  drawn  from  the  point  of  tan- 
gency  to  the  midpoint  of  the  arc  AB  bisects  Z  cab. 

5.  If  in  the  figure  to  Theorem  XVII  Z  p  =  25°  and 
arc  BD  =  20°,  how  many  degrees  are  there  in  Z  cba  ?  in 
Za? 

6.  If  in  the  figure  to  Theorem  XVII  arc  BC  contains 
160°,  arc  BD  20°,  and  arc  bda  170°,  how  many  degrees  are 
there  in  Z  P  ? 

7.  Two  tangents  form  an  angle  of-  60°.  How  many 
degrees  are  there  in  each  of  the  two  intercepted  arcs  ? 
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PROBLEM   I 

312.  Through  a  given  point  to  draw  a  tangent  to  a 
given  circle. 

I.  When  the  given  point  P  is  on  the  circumference. 

Given :    The  O  O  and  the  point  P  on  the 

circumference. 
Required:    To  draw  a   tangent  to  the 

circle  through  P. 

Construction  :  Draw  the  radius  OP.  At 
P  draw  AB  perpendicular  to  OP. 
Then  AB  is  the  required  tangent. 

Proof:    The  proof  is  left  to  the  student. 

II.  When  the  given  point  P  is  not  on  the  circumference. 
Draw  OP.     On  OP  as 

a  diameter  construct  a 
circumference  cutting 
the  circumference  of 
0  O  in  A  and  B. 
Join  PA  and  PB.  Then 
PA  and  PB  are  both 
tangent  to  O  o. 

Proof:    The  proof  is  left  to  the  student.      (§  303)^ 

Discussion.  How  many  tangents  can  be  drawn  when 
the  point  is  without  the  circle?  on  the  circumference? 
within  the  circle  ? 

313.  Exercise.  1.  From  a  point  without  a  circle  draw 
a  secant  so  that  the  portion  within  the  circle  is  equal  to  a 
given  line. 

2.  Draw  a  line  tangent  to  a  given  circle  and  (a)  parallel 
to  a  given  line  ;  (&)  perpendicular  to  a  given  line. 
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PROBLEM   II 

314.  To  inscribe  a  circle  in  a  given  triangle. 
Given :    A  ABC.  A 
Required:    To  inscribe                                      iJL^---C/  \ 

a  circle  in  A  ABC.  ^^/^x        '^v 

Construction:         Draw  ^^^*         I  \    '  \G 

the    bisectors    ad  B<^-- 1- -/q ~A~~  E 

and  BE  of  A  A  and  -^^^    V         //  J\ 

B.   AD  and  BE  must  ^S>*^Z/'        ^/      \ 

intersect  as  at  o.     (Why  ?)  /r^^         \ 

From  o   draw  OF  ±  BC   and  b  "^    \\ 

meeting  BC  in  F. 

With  o  as  a  center  and  radius  OF  draw  a  circle. 
Then  the  circle  FGH  is  the  required  circle. 

Proof :    The  proof  is  left  to  the  student. 

Discussion.  If  the  sides  of  the  triangle  are  produced 
and  the  exterior  angles  are  bisected,  the  intersection  of- 
the  bisectors  will  form  the  centers  of  three  circles,  each 
one  of  which  is  tangent  to  a  side  of  the  triangle  and  the 
other  two  sides  produced. 

315.  Definition.  The  three  circles  whose  centers  are  at 
the  intersections  of  the  bisectors  of  the  exterior  angles  of 
the  triangle  are  escribed  circles.  The  circle  whose  center 
is  the  intersection  of  the  bisectors  of  the  angles  of  the  tri- 
angle is  the  inscribed  circle.   Draw  the  three  escribed  circles. 

316.  Exercise.  1.  Draw  a  circle  with  a  radius  1  inch  ; 
draw  radii  making  angles  of  120°  with  each  other;  draw- 
tangents  at  the  extremities  of  these  radii  forming  a  trian- 
gle. What  relation  exists  between  the  sides  of  the  trian- 
gle ?    How  many  degrees  are  there  in  each  of  its  angles  ? 
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2.  Draw  a  circle  with  a  radius  1  \  inches  ,•  draw  diame- 
ters making  angles  of  60°  with  each  other ;  draw  tangents 
at  the  extremities  of  these  diameters  forming  a  polygon. 
Flow  many  sides  are  there  in  the  polygon  ?  How  do  the 
sides  compare  in  length  ?  How  many  degrees  are  there  in 
each  angle  of  the  polygon  ? 

PROBLEM   III 

317.  On  a  given  straight  line  to  construct  a  segment  of 
a  circle  in  which  a  given  angle  can  be  inscribed. 

Given  :    The  line  AB  and  Z  a. 

Required :   To  construct  on  AB  a  segment  of  a  circle  in  which 
Z  a  can  be  inscribed. 


Construction :    Construct  Z  ABC  =  Z  a. 

Draw  ED  J_  AB  at  its  midpoint  D. 

Draw  FB-Lcb  at  B  and  meeting  ED  in  o. 

Draw  a  circle  with  center  o  and  radius  OB. 

Then  ARB  is  the  segment  required. 
Proof:  Zarb  =  Zabc  =  Z«.  (§§302,307) 
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318.  Exercise.  1.  On  a  line  1  inch  long  construct  a 
segment  of  a  circle  in  which  an  angle  of  120°  can  be  in- 
scribed ;  an  angle  of  45°. 

2.  On  a  line  2  inches  long  construct  a  segment  of  a 
circle  in  which  an  angle  of  60°  can  be  inscribed ;  an  angle 
of  90°;  an  angle  of  30°;   an  angle  of  135°. 

3.  Construct  the  locus  of  the  vertices  of  all  triangles 
having  a  common  base  1  inch  long  and  angles  opposite 
the  common  base  equal  to  45°. 

4.  Construct  a  triangle,  having  given  the  base,  the  alti- 
tude, and  the  angle  at  the  vertex. 

Suggestion.  The  vertex  must  be  on  the  arc  forming  with  the 
given  base  a  segment  in  which  the  given  vertical  angle  can  be  in- 
scribed. The  vertex  must  also  lie  on  the  line  parallel  to  the  base  and 
a  distance  from  it  equal  to  the  altitude. 

How  many  solutions  will  there  be  ?  Will  there  ever  be 
but  one  solution  ?    no  solution  ? 

5.  Construct  a  triangle,  having  given  the  base,  the  cor- 
responding median,  and  the  angle  at  the  vertex. 

Suggestion.  The  vertex  must  lie  at  the  intersection  of  what  two 
loci  ? 

6.  Construct  a  right  triangle,  having  given  the  hypot- 
enuse and  the  altitude  on  the  hypotenuse. 

How  many  solutions  will  there  be  ?  Will  there  ever  be 
but  one  solution  ?  no  solution  ? 

319.  The  method  of  intersection  of  loci  illustrated  in 
Ex.  4  above  is  very  useful  in  solving  geometrical  problems. 
Points  are  not  definitely  determined  if  they  are  known  to 
lie  on  but  one  line  ;  but  if  they  are  known  also  to  lie  on  a 
second  line,  then  their  positions  are  determined  by  the 
intersections  of  the  two  lines. 
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MISCELLANEOUS   EXERCISES   ON   BOOK   II 

1.  Draw  two  concentric  circles  with  radii  1  inch  and  2 
inches  respectively,  and  draw  a  circle  tangent  to  both  of 
them. 

2.  Draw  three  circles  with  radii  2  inches,  3  inches,  and 
2J  inches  respectively,  so  that  each  is  tangent  to  the  other 
two. 

3.  Draw  two  circles  tangent  internally  at  P.  Draw  the 
line  PAB,  meeting  the  circumferences  in  A  and  B.  Draw 
radii  to  A  and  B.  What  conclusion  can  be  drawn  as  to  the 
position  of  the  radii  with  reference  to  each  other  ?  State 
the  conclusion  as  a  theorem  and  demonstrate  it. 

4.  Draw  two  circles  tangent  externally.  Draw  parallel 
diameters.  From  the  opposite  ends  of  these  diameters 
draw  lines  to  the  point  of  tangency.  What  conclusion 
can  be  drawn  as  to  the  position  of  these  lines  with  refer- 
ence to  each  other  ?  State  the  conclusion  as  a  theorem 
and  demonstrate  it.  Draw  lines  from  corresponding  ends 
of  the  diameters.  What  conclusion  can  be  drawn  ?  State 
the  conclusion  as  a  theorem  and  demonstrate  it. 

5.  AB  and  CD  are  two  chords  of  a  circle  ;  lines  AC  and  BD 
are  drawn  joining  their  extremities  and  intersecting  in  E. 
Prove  that  triangles  ABE  and  DCE  are  equiangular/ 

6.  Circles  with  centers  at  o  and  or  intersect  at  c. 
Through  c  draw  ACB  parallel  to  00 '  and  terminated  by 
the  circumferences.     Prove  ACB=  2  oo'. 

7.  If  two  equal  chords  intersect  at  a  point  P  within  a 
circle,  show  that  the  diameter  through  P  bisects  the  angle 
between  the  chords. 

8.  Determine  the  locus  of  the  midpoints  of  a  series  of 
equal  chords  of  a  circle. 
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9.    Draw  a  circumference  that  shall  be  tangent  to  a 
given  line  and  pass  through  a  given  point. 

10.  If  two  circles  are  tangent  either  inter  nail  v  or  ex- 
ternally  and  two  lines  are  drawn  through  the  point  of 
tangency  terminating  in  the  circumferences,  the  chords 
joining  their  ends  are  parallel. 


11.  Prove  that  the  perpendiculars  erected  at  the  mid- 
points of  the  sides  of  an  inscribed  quadrilateral  meet  in  a 
point. 

12.  If  two  circumferences  intersect  in  A  and  B,  and 
from  c  lines  are  drawn 
through  A  and  B  termi- 
nating in  D  and  E,  DE  is 
parallel  to  the  tangent 
at  c. 

13.  In     any     right- 
angled  triangle  the  sum 
of  the  two  sides  is  equal 
to  the  sum  of   the  hypotenuse  and  the  diameter  of  the 
inscribed  circle. 

14.  Find  a  point  equally  distant  from  three  intersect- 
ing lines.      How  many  solutions  are  there? 

15.  Find  the  locus  of  the  centers  of  all  circles  that  have 
a  given  radius  and  pass  through  a  given  point. 

16.  Find  the  locus  of  the  centers  of  all  circles  that  have 
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a  given  radius  and  are  tangent  to  a  given  circle.      How 
many  solutions  are  there? 

17.  Find  the  locus  of  the  centers  of  all  circles  that  have 
a  given  radius  and  cut  a  given  line  so  that  the  intercepted 
chord  has  a  given  length.     How  many  solutions  are  there? 

18.  Tangents  drawn  to  two  intersecting  circles  from 
any  point  on  their  common  chord  produced  are  equal. 

19.  Show  how  to  find  a  point  in  a  given  line  such  that 
lines  drawn  from  this  point  to  two  given  points  are  per- 
pendicular to  each  other.  Is  this  problem  always  possible  ? 
May  it  have  more  than  one  solution? 

20.  Find  the  locus  of  the  centers  of  all  circles  that  are 
tangent  to  two  concentric  circles.  How  many  solutions 
are  there? 

21.  From  two  given  points  draw  two  lines  meeting  in  a 
given  line  and  making  a  given  angle  with  each  other. 
Solve  the  problem  when  the  two  points  are  both  on  the 
same  side  of  the  given  line  and  when  they  are  on  opposite 
sides  of  the  line.  When  is  the  problem  impossible?  In- 
vestigate the  case  where  the  given  angle  is  a  right  angle ; 
a  straight  angle. 

22.  If  a  circle  is  described  on  the  radius  of  another  circle 
as  a  diameter,  any  chord  to  the  larger  circle  drawn  from 
the  point  of  tangency  is  bisected  by  the  smaller  circle. 

23.  Draw  a  circle  having  a  given  radius  and  tangent 
to  two  given  circles. 

24.  The  altitude  of  an  equilateral  triangle  is  |  of  the 
radius  of  the  circumscribed  circle,  and  3  times  the  radius 
of  the  inscribed  circle. 

25.  The  distance  of  a  point  p  from  the  center  of  a  cir- 
cle is  equal  to  the  diameter.  Find  the  angle  between  the 
tangents  to  the  circle  from  P. 
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26.  If  a  chord  of  one  circle  is  equal  to  a  chord  of  an- 
other, are  the  circles  necessarily  equal  ?  If  not,  what  other 
conditions  must  be  satisfied? 

27.  If  through  the  points  of  intersection  of  two  circles 
parallel  lines  are  drawn  to  meet  the  circles,  these  parallels 
are  equal. 

28.  Draw  a  circle  tangent  to  three  given  lines,  two  of 
the  lines  being  parallel. 

29.  Draw  a  common  tangent  to  two  given  circles. 

(a)   When  the  circles  are  wholly  exterior  to  each  other. 


Let  O  and  o'  be  the  two  circles  and  r  and  r'  their  radii. 

Draw  a  circle  with  center  at  o  and  radius  =  r  —  r'. 

From  o'  draw  the  tangent  o't. 

Draw  the  radius  OT. 

From  o'  draw  a  radius  parallel  to  OT,  and  from  the 
point  where  this  radius  meets  the  circle  o'  draw  a  line  to 
the  point  where  the  radius  OT  meets  the  circle  o. 

This  line  is  a  common  tangent  to  the  two  circles. 

Give  proof. 

Also  draw  a  circle  with  center  o  and  radius  =r  +  rf. 

Finish  the  construction. 

How  many  common  tangents  can  be  drawn  when  the 
circles  are  wholly  exterior  to  each  other? 
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(5)  If  the  two  circles  are  tangent  to  each  other  exter- 
nally, how  many  common  tangents  will  there  be  ? 

(<?)  If  the  two  circles  are  tangent  to  each  other  inter- 
nally, how  many  common  tangents  will  there  be  ? 

(d)  If  one  circle  is  wholly  within  the  other,  how  many 
common  tangents  will  there  be  ? 

30.  The  bisectors  of  all  angles  inscribed  in  a  given 
segment  of  a  circle  meet  in  a  point. 

31.  A  parallelogram  inscribed  in  a  circle  is  a  rectangle. 

32.  A  tangent  at  the  midpoint  of  an  arc  is  parallel  to 
the  chord  subtending  the  arc. 

33.  The  angle  between  two  tangents  to  a  circle  is 
twice  the  angle  between  the  chord  joining  the  points  of 
tangency  and  the  radius  drawn  to  the  point  of  tangency. 

34.  The  exterior  angle  of  an  inscribed  quadrilateral  is 
equal  to  the  opposite  interior  angle  of  the  quadrilateral. 

35.  If  two  circles  are  tangent  internally,  and  chords  of 
the  outer  circle  are  drawn  tangent  to  the  inner  circle, 
that  chord  is  the  greatest  which  is  parallel  to  the  common 
tangent.  Is  this  statement  true,  if  the  diameter  of  the  in- 
ner circle  is  less  than  the  radius  of  the  outer  circle  ? 

36.  Two  circles  are  tangent  externally  at  T,  and  a 
common  tangent  touches  them  at  A  and  B.  Prove  that 
ATB  is  a  right  angle. 

37.  Two  chords  perpendicular  to  a  third  chord  at  its 
extremities  are  equal. 

38.  If  the  inscribed  and  circumscribed  circles  of  a  tri- 
angle are  concentric,  the  triangle  is  equilateral. 

39.  Divide  a  given  circle  into  two  segments  such  that 
the  angle  inscribed  in  one  may  be  double  that  in  the  other. 

40.  AB,  AC,  and  AD  are  chords  of  a  circle ;  if  Z  BAC  is 
the  supplement  of  Z  BAD,  the  subtended  arcs  are  together 
equal  to  360°. 
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41.  If  one  inscribed  angle  is  the  supplement  of  a  see* 
ond  angle  inscribed  in  the  same  circle,  the  sum  of  the 
intercepted  arcs  is  180°. 

42.  Prove  that  if  two  circles  intersect,  their  common 
chord  produced  bisects  their  common  tangent. 

43.  Tangents  drawn  to  two  intersecting  circles  from 
any  point  in  their  common  chord  are  equal. 

44.  Show  that  lines  drawn  from  the  same  point  tangent 
to  two  concentric  circles  cannot  be  equal. 

45.  Prove  that  the  bisector  of  the  vertical  angle  of  an 
inscribed  isosceles  triangle  passes  through  the  center  of 
the  circle. 

46.  ABCD  is  an  inscribed  quadrilateral ;  AB  and  CD  are 
produced  to  meet  at  P.  Prove  that  triangles  PBC  and  PDA 
are  equiangular. 
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PROPORTION   AND   SIMILAR   FIGURES 

320.  A  proportion  is  an  equality  of  ratios  and  is 
expressed  in  the  following  ways : 

-  =  — ,  a  :  b  =  c  :  d,  a:  b  : :  c:  d. 
o      d 

The  proportion  is  read,  "  the  ratio  of  a  to  b  equals  the 

ratio  of  e  to  <#,"  or  "  a  is  to  b  as  c  is  to  c?." 

321.  The  four  quantities  a,  5,  c,  d  are  the  terms  of  the 
proportion.  The  first  and  fourth  terms  (a  and  d)  are  the 
extremes,  and  the  second  and  third  terms  (b  and  c)  the 
means.  The  first  and  third  terms  (a  and  c)  are  the  ante- 
cedents, and  the  second  and  fourth  terms  (b  and  d~)  the 
consequents. 

322.  The  fourth  term  d  is  a  fourth  proportional  to  the* 
other  three,  and  in  the  proportion  a :  b  =  b :  c,  c  is  a  third 
proportional  to  a  and  5,  while  b  is  a  mean  proportional 
between  a  and  £. 

323.  A  series  of  equal  ratios  in  which  the  consequent 
of  one  ratio  is  the  antecedent  of  the  next  following  ratio, 

as  -  =  -  =  -  =  -,  is  a  continued  proportion. 

o      c      d      e 

324.  Euclid  treats  proportion  geometrically,  but  since  a 
purely  geometrical  treatment  is  too  difficult  for  the  begin- 
ner, it  will  be  here  assumed  that  a  geometric  magnitude 
may* be  represented  by  a  number  and  the  fundamental 
properties  of  proportion  will  be  proved  by  algebra. 
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THEOREM   I 

325.  If  four  quantities  are  in  proportion,  the  product 
of  the  means  is  equal  to  the  product  of  the  extremes. 


a      c_ 
V'd 


Given : 

To  Prove :  ad  =  be. 

Proof:  Since  by  hypothesis 

Clearing  of  fractions,  we  have     ad  -  -  be. 


a      c 
V'd 


326.   Corollary.     A    mean     proportional    between    two 
quantities  equals  the  square  root  of  their  product. 


THEOREM   II  (Converse  of  Theorem  I) 

327.  If  the  product  of  two  numbers  is  equal  to  the  prod- 
uct of  two  other  numbers,  either  pair  may  be  made  the 
means  and  the  other  pair  the  extremes  of  a  proportion. 

Suggestion.     Let  ad  =  be.     Divide  both  members  by  bd. 

328.  Exercise.  1.  What  is  the  geometrical  test  of 
correctness  of  a  proportion  among  lines  ?  What  is  the 
test  of  correctness  of  a  proportion  among  numbers  ? 

2.  If  -  =  -  and  -  =  — ,  what  is  the  relation  between  c 

-,    / ,,  b      d  b      d 

and  c'  I 

3.  If  -  =  -  and  a  =  c,  what  is  the  relation  between  b 

b      d 

and  d  ?     If  a  =  6,  what  relation  exists  between  c  and  d  ? 

4.  Find  a  mean  proportional  between  2  and  32. 

5.  Find  a  third  proportional  to  4  and  16. 

G.    Find  a  fourth  proportional  to  2,  4,  and  8. 
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THEOREM   III 

329.  If  four  quantities  are  in  proportion,  they  are  in 
proportion  by  inversion,  i.e.  the  second  term  is  to  the  first 
as  the  fourth  is  to  the  third. 

Given :  7  =  —  • 

0      a 

b      d 
To  Prove :  -  =  —  • 

a      c 

Proof:  bc  =  ad.      /.-  =  —•         (Why?) 

a      c  v        J    J 

THEOREM   IV 

330.  If  four  quantities  are  in  jjrojiortion,  they  are  in 
proportion  by  alternation,  i.e.  the  first  term  is  to  the  third 
as  the  second  is  to  the  fourth. 

The  proof  is  left  for  the  student.  Notice  that  in  taking 
a  proportion  by  alternation,  the  quantities  a,  5,  <?,  and  d 
must  be  of  the  same  kind.     (Why  ?) 

THEOREM   V 

331.  If  four  quantities  are  in  propoi*tion,  they  are  in 
proportion  by  composition,  i.e.  the  sum  of  the  first  two 
terms  is  to  the  second  term  as  the  sum  of  the  last  tivo 
terms  is  to  the  last  term. 


Given : 


a      c 
b~d 


To  Prove:  a_±b  =  c±d^ 

b  d 

Proof:           j  =  -.  Then      ^+1  =  ^  +  1.          (Why?) 

0      d  b             d 

.   a  +  b      c  +  d  A1                  .i    .  a  +  b      c  +  d 

•  .  — 7 —  =  — - —        Also  prove  that  — = —  = —  • 

0            d  a             c 
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THEOREM   VI 

332.  If  four  quantities  are  in  proportion,  they  are  in 
proportion  by  division,  i.e.  the  difference  between  the  first 
two  terms  is  to  the  second  term  as  the  difference  between 
the  last  two  terms  is  to  the  last  term. 

Suggestion.  -  -  1  =  -  -  1. 

b  d 

THEOREM   VII 

333.  If  four  quantities  are  in  proportion,  they  are  in 
proportion  by  composition  and  division,  i.e.  the  sum  of  the 
first  two  terms  is  to  their  difference  as  the  sum  of  the 
last  two  terms  is  to  their  difference. 

The  proof,  which  can  be  deduced  directly  from  Theorems 
V  and  VI,  is  left  for  the  student. 

THEOREM   VIII 

334.  In  a  series  of  equal  ratios  the  sum  of  the  ante- 
cedents is  to  the  sum  of  the  consequents  as  any  antecedent 
is  to  its  consequent. 

a  _    c      e  _ 
~b~d~f~'"' 

a-\-  c  -{-  e  -\ 


Given : 
To  Prove: 


b+d+f+ 


Proof:    Let  -  =  —  =  -=  ...  =  k. 

b     d     f 

Then  a=bk,  c—  dk,  e  =fk,  etc. 

g  +  e  +  e+  •>•  _bk  +  dk +  fk  + 
b  +  d+f+  .»"     b  +  6?+/+  •• 

a  +  e  +  e  +  •••      a _    c      e _ 

•'•       b    +    d+f+:.ZZV'~d~f~ 


a 
V 

e 

e 
(Why  ?) 

k. 

(Why  ?) 

(Why  '.') 


BOOK    III  121 

335.  Exercise.  1.  What  is  meant  by  taking  a  propor- 
tion by  inversion  ?  by  alternation  ?  by  composition  ?  by 
division  ?  by  composition  and  division  ? 

2.    Solve  the  proportion    0     '   =  — —  for  x. 

z*  —  5        2 

6.    It  -  =  -,  prove — -  =  -.     Also  prove  -—  =  — . 
b      d  mb      d  bn      dn 


(3) 


A     J£  a      e  .-,x2#      2  c     ^ox  a  +  nb      c  -\-nd 

4.    If  _  =  _,  prove  (1)-  =  -;  (2) -_— _ 

2  a  +  3  6      2  c  +  3  rf 


2a-36~   2e-3d 

•    Ji   t  =  -i  and  ■—  =  —-,  prove  — -  = — - 


a      c         i  a'       cr  aa!       ccr 


b      d  b'      d'    L  bb'      dd' 

6.  What  number  bears  the  same   ratio   to    10   as  2 
bears  to  3  ? 

7.  If   -=  25  and  -=  32,  find  the  value  of  -. 

be  o 

.    It  -  =  -,  prove  that  -=—. 
be  e      b2 

9.    Find  a  mean  proportional  between  a  +  b  and  a  —  b. 

10.  If  — ±—=  -— ,  find  the  value  of  — . 

n  o  w 

11.  If   =  — ,  find  the  value  of  — . 

m  —  no  n 

12.  If  *  =  !  =  <=*    find  the  value  of  "  +  g  +  g. 

6      6?     /     11  b  +  d+f 

13.  Are  the  numbers  5,  6,  15,  18  in  proportion  ? 

14.  Show  that  if  if  =  f,  (1)  ff  =  JgL;  (2)  fV  =  -J: 
(3)  -2/  =  if ;  (4)  f  f  =  ig1- ;  (5)  ^  =  f  State  the  theorem 
illustrated  in  each  case. 
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THEOREM   IX 

336.    A  straight  line  parallel  to  the  base  of  a  triangle 
divides  the  other  two  sides  proportionally. 

Given:   DE  II  base  BC  of  A  ABC. 

A 
™    ^  AD       AE 

To  Prove :     —  =  = — . 

DB       EC 
Proof:    I.    When  AD  and  DB 

are  commensurable.  Dx 

Let  the  common  unit  of 
measure  m  be  contained 

in  AD  5  times  and  in  DB  4   gz_ 
times. 

m,  AD  5 

I  hen  —  =  -  • 

DB       4 

Divide  AD  into  5  parts  and  DB  into  4  parts,  each  equal 
to  w,  and  through  the  points  of   division  draw  lines 

II  BC.  These  parallels  will  intercept  equal  distances 
on  AE  and  EC.  (§  204) 
.*.  AE  is  divided  into  5  parts  and  EC  into  4  parts  all 
equal. 

.:^  =  L     .-.*?_«.  (Why?) 

EC       4  DB        EC 


II.    When  AD  and   DB  are  in- 
commensurable. 

Proof :  J  n  any  case,  even  if  no  com- 
mon measure  exists,  it  is  clear  by 
§§  288  and  289  that  by  select- 
ing a  sufficiently  small  measure 


AD 
DB 


AE 
EC 
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PROBLEM   I 

337.    To  divide  a  given  line  into  parts  proportional  to 
any  number  of  given  lines. 

a J ! d _B 

%*  \  \  \  \ 

\  \        \  \ 

-         \        X  \ 


\ 
I 

\ 


Given  :   The  line  AB. 


\\ 


Required:  To  divide  AB  into  parts  proportional  to  a,  £>,  £, 
and  d. 

Construction  :   Draw  AC  making  any  Z  with  AB. 

Measure  AG  =  a,  GF  =  6,  FE  =  <?,  and  ED  =  d. 

Join  D  and  B,  and  through  E,  F,  and  G  draw  ||s  to  BD. 

Then  AB  is  divided  as  required. 

r>       *                                      AJ         Jl         IH        HB  .Wl      QN 

Proof :  —  =  —  =  —  = (Why  ?) 


AG  " 

'  gf" 

'  FE 

ED 

AJ 

Jl 

IH 

HB 

a 

V 

c 

d 

338.  Exercise.  1.  Divide  a  given  line  AB  into  parts 
that  are  to  each  other  as  3:4:5. 

2.  In  a  given  line  AB  find  a  point  c  such  that 

™  =  l;  such  that  **=?. 
CB      3  CB      3 

3.  Through  a  given  point  within  an  angle  draw  a 
straight  line  terminated  by  the  sides  of  the  angle  and 
bisected  by  the  point. 
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PROBLEM   II 

339.    To  find  a  fourth  proportional  to  three  given  lines. 
Let  the  student  give  the  solution. 


a     b  b 

Show  that  if  b  =  c,  x  is  a  third  proportional  to  a  and  c. 

340.    Exercise.     1.    In  the  figure  to  Theorem  IX  prove 

AD       AE 
AB~"  AC 

2.  Prove  that  Theorem  IX  is  true 
when  de  is  drawn  parallel  to  BC,  as 
in  the  figure. 

3.  If  two  given  lines  are  cut  by 
several  parallels,  the  intercepts  on 
one  are  proportional  to  the  corre- 
sponding intercepts  on  the  other. 

Examine  the  case  where  the  two 
given  lines  are  parallel. 

4.  Any  line  drawn  parallel  to  the  parallel  sides  of  a 
trapezoid  cuts  the  other  two  sides,  or  these  sides  produced, 
proportionally. 

5.  Use  Problem  I  to  divide  a  given  line  into  any  num- 
ber of  equal  parts. 

6.  Divide  a  line  2 J  in.  long  into  9  equal  parts  ;  into  3 
equal  parts  ;  into  4  equal  parts  ;  into  2  equal  parts. 
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THEOREM   X  (Converse  of  Theorem  IX) 

341.    If  a  straight  line  divides  two  sides  of  a  triangle 
■proportionally,  it  is  parallel  to  the  thivrl  side. 

Given  :  A  ABC  and  DE  dividing  sides  AB  and  AC  proportionally. 

To  Prove  :    DE  II  BC. 

Proof:     If    DE    is   not  II  to    BC,    draw  A 

DE'  II  BC. 

Then 


AD 
AB 


AE' 
AC 


But 


AD 
AB 


AE 
AC 


AE'  =  AE. 


(Why  ?) 


(Why?)    B 
(Why  ?) 


Then  de'  coincides  with  DE, 


.*.  DE  U  BC. 


(Why?) 


342.    Exercise.     1.    In  the  figure  to  Theorem  X,  if  AD  = 
12,  DB  =  6,  AE  =  10  and  EC  =  5,  is  DE  II  BC? 

2.  Construct  the  lines  a  and  6,  if  a  +  b  =  10,  and  -  =  4. 

b 

3.  Construct  two  lines  when  their  difference  and  their 


ratio  are  given. 

4.    Construct  x,  if  x  —  -  -  where  J,  c,  and  a  are  given  lines. 


be 


a 


b2 
5.    Construct  a?,  if  x  =  —  where  b  and  c  are  given  lines. 

c 

343.  Definitions.  Two  polygons  are  mutually  equi- 
angular if  the  angles  of  one  of  them  taken  in  order  are 
equal  respectively  to  the  angles  of  the  other  taken  in  the 
same  order. 

Two  polygons  are  similar,  if  they  are  mutually  equi- 
angular and  their  corresponding  sides  are  proportional. 
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THEOREM   XI 

344.    Mutually  equiangular  triangles  are  similar. 

Given  :   A  ABC  and  DEF  mutually  equiangular. 

To  Prove  :   A  ABC  ~  A  DEF. 

Proof:  Measure  AG  =  DE  and 
AH  =  DF,  and  draw  GH. 

Then  Aagh  ^  A  DEF. 

(Why?) 

Z  AGH  =Z  B. 

(Why  ?) 


AB 
AG 


GH 
AC 


BC. 


AB       AC 

^ ,  or  —  =  - 

AH  DE 


DF 


(Why  ?) 

(Why  ?) 


In  the  same  way  it  can  be  proved  that 

AB        BC 
DE_"  EF 

.'.  A  ABC  ~  A  DEF. 


(§  343) 


345.  Corollary.  Two  triangles  are  similar,  if  two  angles 
of  one  are  equal  respectively  to  two  angles  of  the  other. 

346.  Exercise.  1.  How  much  of  the  definition  of  simi- 
lar triangles  is  given  in  Theorem  XI  ?  Therefore,  what 
remains  to  be  proved  in  order  to  show  that  the  two 
triangles  are  similar  according  to  this  definition  ? 

2.  Are  all  equilateral  triangles  similar  ?  Are  all  isos- 
celes triangles  similar,  if  the  angles  at  the  base  of  one  are 
equal  to  the  angles  at  the  base  of  the  other  ?  Are  all 
isosceles  triangles  that  have  equal  angles  at  the  vertex 
similar  ? 
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3.  AB  is  a  perpen- 
dicular stake.  From 
C,  a  point  on  the  level 
of  the  ground,  the  top 
of  a  pole  DE  can  just 
be  seen  by  sighting- 
over  A.  What  measurements  must  be 
made  to  determine  the  height  of  DE  ? 

4.  B  and  A  are  two  points  on  the 
opposite  sides  of  a  stream.  How  can 
a  small  equilateral  triangle  made  of 
wood  be  used  to  determine  the  dis- 
tance  BA  ?  E-  G 

5.  Triangles  that  have  their  sides  parallel  or  perpendic- 
ular each  to  each  are  similar. 

6.  Two    right-angled    triangles    are    similar,   if   . 

Complete  this  statement,  making  two  separate  theorems, 
and  demonstrate  both  of  them. 

THEOREM   XII 

347     Triangles  that  have  an  angle  in  each  equal,  and 
the  skies  including  these  angles  proportional,  are  similar. 

Given:    Two    A  ABC    and    DEF    in    which    Z /\  =  Z  D    and 
AB       AC 

DE~"  DF 

To  Prove  :  A  ABC  and  DEF  similar. 

Proof :     Measure    AG  =  DE    and 
AH  =  DF  and  draw  GH. 

Then       GH  ||  BC.       (§  341)    B 

.••Zahg  =  Zc.  (Why?) 

and                              Z  AG  H  =  Z  B,  (Why  ?) 

Let  the  student  complete  the  demonstration.  (§  344) 


128  PLANE   GEOMETRY 

THEOREM   XIII 

348.    Triangles  that  have  three  sides  respectively  pro- 
portioned  are  similar. 

m  i  .  ,    .     ,       AB  AC  BC 


'J1VCU    •         -L    VV  KJ    ^!A    «DV 

j  chili    L/cr  in  wniuji 

DE 

"  DF 

EF 

_  • 

To  Prove  :  A  ABC 
similar. 

and    def 

A 

D 

A 

Proof :     Measure 

AG  =  DE                   / 

/\ 

and  AH  =  DF  and  draw          n/ 

V 

E> 

'       \ 

GH. 

c_ 

V 

rp,          AB        AC 

Inen  —  =  — 

rv 

^C 

AG       AH 

u 

.'.A  AGH  ~  A  ABC. 

(§  347) 

AB        BC 

•                     _ 

AG       GH 

(Why?) 

But 

AB        BC 

de"~  ef' 

(Why?) 

and 

AG  =  DE. 
.'.GH  =  EF. 
.*.  A  AGH  ^A  DEF. 
.*.  A  DEF  ~  A  ABC. 

(Why?) 

(Why?) 

(§  100) 

(Why?) 

349.    Exercise. 

1.    If   in    two    tr 

ian< 

^les 

ABC 

and   DEF, 

AB         AO 

Zb  =  Ze  and  Z  c  is  a  supplement  of  Z  f,  '  —  = 

DE        DF 

2.  Prove  by  means  of  similarity  of  triangles  that  the 
line  joining  the  middle  points  of  two  sides  of  a  triangle  is 
parallel  to  the  third  side  and  equal  to  half  of  it. 

3.  If  in  any  triangle  lines  are  drawn  parallel  to  the 
base,  all  lines  from  tne  vertex  will  divide  the  base  and 
the  lines  parallel  to  it  proportionally. 
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THEOREM   XIV 

350.  The  bisector  of  an  angle  of  a  triangle  divides  the 
ojjposite  side  into  segments  proportional  to  the  sides  of  the 
angle. 

Given  :  A  ABC  and  the  bisector  f 

AD  of  Z  A.  ,*''* 

AB        BD 

To  Prove  :    —  = 

AC       DC 

Proof:  Draw  CE  II  AD  and 
meeting  BA  produced 
in  E. 

Then  !£  =  -•  (Why?) 

DC       AE  \  J     J 

£  2  =  Z  4.  (§  154) 

Z  2  =  Z  1,  (Why  ?) 

Z1  =  Z3,  (§153) 

.\Z3  =  Z4.  (Why?) 

.-.ae  =  ac.  (§95) 


BD        BA 


DC       AC 


(Why?) 


351.  Exercise.     If  in  A  abc  in  the  figure  of  §.  350,  AB 

=  10  in.,  AC=  8  in.  and  BC  =  13  in.,  what  are  the  lengths 

of  the  two  segments  into  which  the  bisector  of  Z  A  divides 
BC? 

352.  Definition.     The  line  segment  AB  is  divided  inter- 
nally into  two  segments 

AC  and   CB   by  c,    any    a — — 5 — 

point    between   A    and 

B.     D,  any  point  outside  of  AB,  divides  AB  externally  into 

two  segments  AD  and  DB. 

lyman's  plane  geom.  —  9 
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THEOREM   XV 

353.  The  bisector  of  an  exterior  angle  of  a  triangle 
divides  the  opposite  side  externally  into  segments  propor- 
tional to  the  sides  of  the  angle. 


C  w 

Given  :  A  ABC  and  the  bisector  AD  of  exterior  Z.  FAC. 

m  AB       BD 

To  Prove:   —  = 

AC      DC 

Let  the  student  give  the  proof,  which  is  practically  iden- 
tical with  the  proof  of  Theorem  XIV. 

354.  Exercise.  1.  What  is  a  converse  of  Theorem  XIV? 
of  Theorem  XV  ?    Are  these  converse  theorems  true? 

2.  Apply  Theorem  XIV  to  show  that  the  bisector  of 
the  vertical  angle  of  an  isosceles  triangle  bisects  the  base. 

3.  If  one  of  the  sides  of  a  triangle  is  double  another, 
what  is  the  relation  between  the  segments  into  which  the 
bisector  of  the  angle  between  the  sides  divides  the  third 
side  of  the  triangle  ? 

4.  Can  the  construction  used  in  Ex.  3  be  used  to  trisect 
a  given  line  segment  ? 

5.  Show  how  to  divide  a  given  line  into  segments  pro- 
portional to  two  given  lines.  Is  more  than  one  solution 
of  this  problem  possible  ? 

6.  State  a  general  theorem  that  will  include  both 
Theorem  XIV  and  Theorem  XV. 


BOOK   III 


131 


THEOREM  XVI 

355.  If  two  polygons  are  composed  of  the  sam^e  num- 
ber of  triangles,  similar  each  to  each  and  similarly 
placed,  the  polygons  are  similar. 


Given:  ABCDEF  and  GHIJKL,  two  polygons  composed  of 
the  same  number  of  similar  triangles  similarly 
placed. 

To  Prove:  Polygons  ABCDEF  and  GHIJKL  similar. 

Proof :  Z  a  =  Z  g,  Z  b  =  Z  h,  Zc  =  Zl,  Z  d  =  Z  j,  Z  e  =  Z  k, 

(Why?) 


and  Z  f  =  Z  l. 

.'.the  polygons  are  mutually  equiangular. 

Also 


and 


CB       CA 

Th  '   Tg' 

CD       CA 
IJ      '  IG 

CB       CD 


IH         IJ 
CB       CD        DE        EF 


FA        AB 


Likewise 

IH         IJ         JK       KL       LG       GH 
.'.  the  corresponding  sides  are  proportional. 
.'.  the  polygons  are  similar. 


(Why?) 
(Why  ?) 
(Why?) 
(Why?) 
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THEOREM   XVII  (Converse  of  Theorem  XVI) 

356.  If  two  polygons  are  similar,  they  can  be  separated 
into  the  same  number  of  triangles,  similar  each  to  each 
and  similarly  placed. 


r j 

Given:  ABCDEF  and  GHIJKL,  two  similar  polygons. 

To  Prove :  That  the  polygons  can  be  divided  into  the  same 
number  of  triangles,  similar  each  to  each  and  similarly 
placed. 

Proof :  From  the  corresponding  vertices  A  and  G  draw  all 
diagonals  possible. 


Then 


A  CAB  ~ 

-  AlGH. 

.'./.  a  = 

^b, 

CB 

CA 

Th  " 

IG* 

CB 

CD 

7h  ' 

:  — i 
IJ 

Zc  = 

-.Zd. 

•  CA_ 

CD 

•      •      ■                — 

IG 

IJ 

.*.  A  ACD  ~  A( 

(§  347) 


(Why?) 


and 

Also 

IH         IJ 

and  Zc--=Zd.  (Why?) 

(Why  ?) 

(Why?) 

Likewise  A  ade  and  aef   are  respectively  similar  to  A 
GJK  and  GKL. 


BOOK    III 


133 


THEOREM    XVIII 

357.    The  perimeters  of  two  sim  ilar  polygons  are  in  the 
same  ratio  as  any  two  corresponding  sides. 

Given  :   P  and  p',  two  simi- 

A 


lar  polygons. 

A 

To  Prove : 

perimeter  of  p       AB 

<£^ 

c        o 

perimeter  of  p'      FG 

AB        BC 
Proof  :                    —  =  —  = 

FG       GH 

CD        DE       EA 
HI          IJ         JF 

AB+  BC  +  CD+  •••       AB 

FG-f-  GH  +  HI  +  '••        FG 

perimeter 

of  P         AB 

perimeter  of  p'      FG 

(Why?) 
(§  334) 


358.  Exercise.  1.  What  are  the  two  classes  of  conditions 
under  which  two  rectilinear  figures  are  similar  ?  If  one  of 
these  conditions  exists  in  the  case  of  two  triangles,  must 
the  other  exist  ?  If  one  of  these  conditions  exists  in  the 
case  of  two  quadrilaterals,  must  the  other  exist  ? 

2.  An  equilateral  triangle  is  inscribed  in  a  circle  and 
diameters  are  drawn  parallel  to  the  sides  of  the  triangle. 
What  is  the  relation  between  the  segments  into  which  the 
diameters  divide  the  sides  of  the  triangle  ?  State  the 
conclusion  as  a  theorem  and  demonstrate  it. 

3.  The  sides  of  a  polygon  are  4,  6,  8, 10,  and  12  units. 
Find  the  perimeter  of  a  similar  polygon  if  the  side  corre- 
sponding to  4  units  is  7  units. 

4.  The  perimeters  of  two  similar  polygons  are  20  in. 
and  30  in.  If  the  longest  side  of  the  larger  is  1  ft.,  find 
the  longest  side  of  the  smaller. 
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THEOREM   XIX 

359.  If  in  a  right-angled  triangle  a  -perpendicular 
is  drawn  from  the  vertex*  of  the  right  angle  to  the 
hypotenuse: 

I.    The  two  triangles  thus  formed  are  similar  to  each 
other  and  to  the  given  triangle. 

II.    The  perpendicular  is  a  mean  proportional  between  the 
segments  of  the  hypotenuse. 

III.  Each  side  of  the  right-angled  triangle  is  a  mean 
proportional  between  the  hypotenuse  and  the  segment  adjacent 
to  that  side. 

Given :  ABC  a  right-angled  A  and 
CD  the  _L  from  the  right  Z  c  to 
the  hypotenuse  AB. 

To  Prove :  ^ 

I.    A  ADC,  CDB,  and  ABC  similar. 

Proof :    These  triangles  are  mutually  equiangular  and  are 
therefore  similar.  (§  344) 

II    ^P_--9P. 

CD       DB 

Proof:     A  ADC  and  CDB  are  similar. 

AD      CD 


CD       DB 

TTT     AB       AC  i   AB        CB 

111.  —  =  —  and  —  =  — 


(Why  ?) 


AC       AD  CB        DB 

Proof:     A  ADC  and  CDB  are  each  similar  to  A  ABC. 

(Why  ?) 
Let  the  student  complete  the  demonstration. 

360.    Exercise.     1.   Name  the  corresponding  parts  of  the 
three  similar  triangles  in  the  figure  to  Theorem  XIX. 
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2.  If  a  perpendicular  is  drawn  from  any  point  in  a 
circle  to  a  diameter,  what  relation  exists  between  the 
perpendicular  and  the  segments  into  which  the  perpen- 
dicular divides  the  diameter  ? 

3.  If  one  of  the  sides  of  a  right-angled  triangle  is  three 
times  the  other,  in  what  ratio  does  the  perpendicular 
divide  the  hypotenuse  ? 

4.  Summarize  the  conditions  under  which  two  triangles 
are  similar  and  compare  them  with  the  conditions  under 
which  two  triangles  are  congruent. 


PROBLEM   III 

361.     To  construct  a  mean  proportional  between  two 
given  straight  lines. 

D 

Let  the  student  give 
the  complete  solution, 
using   Theorem  XIX. 

A 


THEOREM   XX 

362.    The  product  of  the  segments  of  all  chords  drawn 
through  a  fixed  point  within  a  circle  is  constant. 

Given :  AB  and  CD,  any  two  chords 
of  the  O  O  drawn  through  the 
fixed  point  P. 

To  Prove  :    AP  X  PB  =  CP  X  PD. 

Proof :     Draw  AD  and  CB.  q\ 

Then  A  ADP  and  BCP  are  similar. 

(§§  122,  302) 

AP        PD 
.-.  _  =  _,  or  AP  X  PB  =  CP  X  PD. 

CP       PB 
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363.  Exercise.  If  two  line  segments  intersect  so  that 
the  product  of  the  segments  of  one  is  equal  to  the  product 
of  the  segments  of  the  other,  their  four  extremities  lie  on 
a  circumference. 

Suggestion.  Pass  a  circumference  through  three  of  the  extremi- 
ties and  prove  that  the  fourth  cannot  lie  within  nor  without  the 
circumference. 

THEOREM   XXI 

364.  If  from  a  fixed  point  without  a  circle  any  secant 
is  drawn,  the  product  of  the  whole  secant  and  its  external 
segment  is  constant. 

Given :  ABC  and  ADE 
any  two  secants  of 
the  O  O  drawn 
from  the  fixed 
point  A. 

To  Prove : 

AC  X  AB  =  AE  X  AD. 

Proof:  Draw  CD  and  EB. 

Then  A  ADC  and  ABE  are  similar. 
.    AC       AD 

AE 


= ,  or  AC  X  AB  =  AE  X  AD. 


AB 


(Why?) 
(Why  ?) 


365.  Exercise.     Use  Theorem  XXI  to  find  a  fourth  pro- 
portional to  three  given  lines. 

THEOREM   XXII 

366.  If   a    tangent    and    a 
secant  intersect,  the  tangent  is  a 
mean  proportional  between  the 
whole  secant  and  its   external   € 
segment. 

Prove  A  ABP   and  ACP  similar   (§  344). 


BOOK   III  137 

Let  the  student  complete  the  demonstration. 

367.  Exercise.  1.  Prove  Theorem  XXI  by  means  of 
Theorem  XXII. 

2.  If  two  circumferences  intersect,  prove  that  their 
common  chord  produced  bisects  their  common  tangent. 
State  and  demonstrate  the  corresponding  theorem  when 
the  two  circles  are  tangent  to  each  other. 

3.  If  two  circumferences  intersect  and  through  any 
point  in  their  common  chord  two  other  chords  are  drawn, 
one  to  each  circumference,  the  product  of  the  segments  of 
one  of  the  chords  is  equal  to  the  product  of  the  segments 
of  the  other.  Also  the  four  extremities  of  the  two  chords 
lie  on  a  circumference. 

Suggestion  to  the  last  part.  Pass  a  circumference  through  three 
of  the  extremities  and  by  Theorem  XX  show  that  the  other  extremity 
must  lie  on  the  circumference. 

4.  Use  Theorem  XXII  to  find  a  mean  proportional  be- 
tween two  given  lines ;  to  find  a  third  proportional  to  two 
given  lines. 

5.  In  the  figure  of  §  366,  if  PB  =  2  in.  and  PC  =  5  in., 
find  the  length  of  PA. 

6.  Of  two  secants  meeting  without  a  circle,  one  is  1  ft. 
long  and  its  external  segment  is  4  in.  long.  The  other  se- 
cant is  16  in.  long.     Find  the  length  of  its  external  segment. 

7.  If  the  diameter  of  the  earth  is  7926  miles,  how  far 
can  a  lighthouse  120  ft.  high  be  seen  ? 

8.  Use  §  361  to  find  a  mean  proportional  between  two 
lines  1  in.  and  |-  of  an  in.  long;  between  two  lines  1.5  in. 
and  1.75  in.  long. 

368.  Definition.  A  straight  line  is  divided  in  extreme 
and  mean  ratio  when  one  segment  is  a  mean  proportional 
between  the  whole  line  and  the  other  segment. 
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PROBLEM    IV 

369.    To  divide  a  given  straight  line  in  extreme  and 
mean  ratio. 

Given:      The  line  AB.  ^-- ^ 

Required  :      To  divide  AB  in  ex-  f  ^D 

treme  and  mean  ratio.  /  s"*  \ 

Construction :     At  B  draw  BO  _L  \     ^^  iu  j 

AB  and  =  i  AB.                                        ^ -  \  / 

With    O    as    a    center  and    A  ^^ '  N^ 


B 


radius  OB  draw   a  circum- 
ference. 

Draw  AO  meeting  the  circumference  in  c  and  D. 
On  AB  measure  off  AE  =  AC. 
Then  AB  is  divided  at  E  in  extreme  and  mean  ratio. 

Proof:  AD^AB  (Why?) 

AB       AC  V  J 

.    AD-AB  =  AB-AC  §  g3 

AB  AC 

But  AB  =  CD  and  AC  =  AE.  (Why  ?) 

AE        EB  AB       AE  ^\xru     o\ 

.*.  —  =  — ,  or   —  =  — .  (Whyr) 

AB        AE  AE        EB 

If  BA  is  extended  to  the  left  of  A  to  a  point  e'  so  that 
ae'  =  AD,  then  the  line  AB  is  divided  externally  at  e' 
in  extreme  and  mean  ratio. 

Proof  :    AB2  =  AD  X  AC  =  E'A  (AD  —  CD  )  =  E'A  (e'a  —  AB) 

=  E'A2  —  E'A  X  AB. 

.*.  AB2  =  E'A2  —  E'A  X  AB, 

Or  AB(AB+  E'A)  =  E'A2. 

.-.  ABX  E'B=E'A2,  or  —  =  — 

E'A       E'B* 
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370.  Exercise.  1.  Divide  the  line  AB  into  extreme  and 
mean  ratio  by  drawing  AO.LAB  at  A  and  =  J  AB. 

2.  The  radius  of  a  circle' is  one  inch  in  length.  Divide 
this  radius  into  extreme  and  mean  ratio  and  compute  the 
value  of  the  segments. 

3.  If  AB  (=  a)  in  the  figure  of  §  369  is  known,  find  the 
length  of  AE  (=#)  and  EB  (  =  #  —  x)  from  the  relation 
a(a  —  x)  =  x*. 

4.  Construct  x  =  Vo  ab. 

371.  Historical  Note.  The  division  of  a  line  into  extreme  and 
mean  ratio  was  called  by  the  ancients  the  golden  section,  sometimes  the 
(Urine  section,  on  account  of  its  many  wonderful  properties. 

PROBLEM   V 

372.  On  a  given  straight  line  to  construct  a  polygon 
sin  hilar  to  a  given  polygon. 

Given:  The  polygon 
abcde  and  the  line 
MN. 

Required:  To  construct 
on  MN  a  polygon 
similar  to  polygon  ABCDE. 

>  • 

Construction :   Let  AB  be  the  side  of  the  given  polygon  cor- 
responding to  MN.      Draw  the  diagonals  AC  and  AD. 
At  M  draw  Z  NMR  =  Z  BAC  and  at  N  draw  Z  RNM  =  Z  CBA. 
Also  at  M  draw  Z  rms  =  Z  cad,  and  at  R,  the  intersec- 
tion of  lines  NR  and  MR,  draw  Z  MRS=  Z  ACD. 
Also  at  M  draw  Z  smt  =  Z  DAE,  and  at  s,  the  intersec- 
tion of  lines  RS  and  MS,  draw  Z  MST  =  Z  ADE. 
Then  MNRST  is  the  required  polygon. 

Proof:  The  proof  is  left  to  the  student. 
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MISCELLANEOUS  EXERCISES  ON  BOOK  III 

1.,  A  circle  is  inscribed  in  an  isosceles  triangle.  Prove 
that  the  triangle  formed  by  joining  the  points  of  contact 
is  isosceles. 

2.  With  three  given  points  as  centers  draw  three  cir- 
cles that  are  tangent  to  one  another.  Show  that  there  are 
four  solutions  to  this  problem. 

3.  The  angles  of  a  triangle  are  30°,  60°,  and  90°.  Find 
the  ratio  of  the  segments  into  which  the  bisector  of  the 
angle  of  60°  divides  the  side  opposite  this  angle. 

4.  Draw  an  isosceles  trapezoid  and  its  diagonals.  Are 
any  similar  triangles  formed  ?  What  relation  exists  be- 
tween the  segments  of  the  diagonals  ? 

5.  Two  rectangles  are  similar,  if .     Complete  and 

demonstrate. 

6.  Two  parallelograms  are  similar,  if .     Complete 

and  demonstrate. 

7.  AD  and  BC  are  tangents  to 
the  circle  o  at  the  ends  of  a 
diameter  AB,  CD  is  tangent  at  E. 
Prove  that  the  radius  is  a  mean 
proportional  between  DE  and  EC. 

How.  does  the  radius  compare 
with  Vad  x  CB  ? 

8.  In  an  inscribed  quadrilateral,  the  product  of  the 
diagonals  is  equal  to  the  sum  of  the  products  of  the  oppo- 
site sides. 

9.  If  two  circles  are  tangent  internally,  all  chords  of 
the  greater,  drawn  from  the  point  of  contact,  are  divided 
proportionally  by  the  smaller  circle. 

State  and  prove  the  corresponding  theorem  if  the  circles 
are  tangent  externally. 
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10.  Two  circles  are  tangent  either  externally  or  inter- 
nally at  P,  and  through  P  three  lines  are  drawn  meeting 
one  circle  in  A,  B,  c,  and  the  other  in  D,  E,  F.  Prove 
A  ABC  and  DEF  similar. 

11.  If  three  circles  intersect,  the  common  chords  of  the 
circles  taken  in  pairs  meet  in  a  point. 

12.  Show  how  to  find  three  fourths  of  a  given  line; 
three  fifths ;  five  sevenths. 

13.  Divide  a  line  4  inches  long  into  parts  proportional 
to  2,  3,  and  5. 

14.  Divide  a  line  5  inches  long  both  internally  and  ex- 
ternally in  the  ratio  3:4. 

15.  Inscribe  in  a  given  circle  a  triangle  similar  to  a 
given  triangle.  Circumscribe  about  a  given  circle  a  trian- 
gle similar  to  a  given  triangle. 

16.  If  a  line  tangent  to  two  circles  cuts  the  line  joining 
their  centers,  the  segments  of  the  latter  are  proportional  to 
the  diameters  of  the  circles. 

17.  Draw  a  circle  through 
two  given  points  and  tangent 
to  a  given  line. 

Suggestion.  Draw  a  line 
through  the  given  points  A  and  B, 
meeting  the  given  line  in  C.  Then 
find  a  mean  proportional  between 
AC  and  BC.     (Why?) 

Show  that  two  circles  can 
be  drawn  satisfying  the  conditions  of   the  problem. 

18.  If  two  circles  are  tangent  externally,  and  through 
the  point  of  contact  a  line  is  drawn  terminating  in  the 
circles,  the  chords  formed  are  proportional  to  the  radii  of 
the  circles.  State  and  prove  the  corresponding  theorem 
if  the  circles  are  tangent  internally. 
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19.    Draw   a   circle   tangent   to   two   given   lines  and 
through  a  given  point. 

A- 


Suggestions.  Draw  BD  bisecting  Z.  ABC.  Draw  PD  ±  BD  and 
extend  it  to  E,  making  DE  =  PD.  By  Ex.  17  draw  a  circle  through 
P  and  E  and  tangent  to  BC.     This  is  the  required  circle. 

How  many  circles  can  be  drawn  satisfying  the  con- 
ditions of  the  problem  ?  Investigate  the  case  when  the 
two  given  lines  are  parallel. 

20.  Draw  a  circle  tangent  to  two  given  lines  and  to  a 
given  circle. 


Suggestions.  Draw  lines  m  and  s  parallel  to  AB  and  BC  re- 
spectively and  at  a  distance  from  them  equal  to  the  radius  of  the 
given  circle.  Then  by  Ex.  19  draw  a  circle  through  O  and  tangent 
to  m  and  s. 

Can  more  than  one  circle  be  drawn  satisfying  the  given 
conditions  ? 
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21.  Draw  a  circle 
through  two  given 
points  and  tangent  to 
a  given  circle. 

Suggestions.  Draw 
circle  ABDE  through  the 
given  points  and  cutting 
the  given  circle.  Draw  ED 
meeting  the  line  through 
AB  in  C.  Then  CF,  the 
tangent  to  the  given  circle 
at  F,  will  also  be  tangent 
to  the  required  circle  at  F.  ^ 

Can  more  than  one  circle  be  drawn  satisfying  the  given 
conditions  ? 

22.  If  one  of  the  sides  of  a  right-angled  triangle  is 
double  the  other,  in  what  ratio  is  the  hypotenuse  divided 
by  the  perpendicular  from  the  right  angle  upon  it? 

23.  If  a  chord  is  bisected  by  another,  either  segment  of 
the  first  is  a  mean  proportional  between  the  segments  of 
the  other. 

24.  Draw  two  tangents  at  the  extremities  of  a  diameter 
AB  of  a  circle  O,  and  from  A  draw  a  line  cutting  the  cir- 
cumference in  C  and  the  tangent  at  B  in  D ;  from  B  draw 
a  line  through  C,  cutting  the  tangent  at  A  in  E.  Prove 
that  three  similar  right-angled  triangles  are  formed,  and 
that  the  diameter  of  the  circle  is  a  mean  proportional 
between  the  segments  of  the  tangents. 

25.  If  two  circles  are  tangent  at  P,  either  internally  or 
externally,  and  a  line  PAB  is  drawn  cutting  the  circles  in 
A  and  B,  the  tangents  at  A  and  B  are  parallel. 

26.  Give  a  geometrical  construction  for  cutting  off  twTo 
fifths  of  a  given  line. 
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27.  If  the  feet  of  the  perpendiculars  from  the  vertices 
of  a  triangle  upon  the  opposite  sides  be  joined,  the  tri- 
angle thus  formed  will  have  its  angles  bisected  by  the 
perpendiculars. 

28.  Use  Theorem  XIV  to  trisect  a  given  line  segment 
2  in.  long. 

29.  Is  it  always  possible  to  divide  a  given  line  inter- 
nally and  externally  in  a  given  ratio  ? 

30.  The  radii  of  the  two  equal  escribed  circles  of  an 
isosceles  triangle  are  equal  to  the  altitude  of  the  tri- 
angle. 

31.  Any  equilateral  figure  inscribed  in  a  circle  is  also 
equiangular. 

32.  The  perpendicular  from  any  point  of  a  circle  upon 
a  chord  is  a  mean  proportional  between  the  perpendiculars 
from  the  same  point  upon  the  tangents  drawrn  at  the 
extremities  of  the  chord. 

33.  Construct  a  fourth  proportional  to  lines  2  in.,  3  in., 
and  4  in.  long. 

34.  Construct  a  mean  proportional  between  lines  that 
are  1.5  in.  and  2.25  in.  long. 

35.  If  a  given  circle  is  cut  by  circles  that  pass  through 
two  given  points,  the  common  chords  produced  pass 
through  a  fixed  point. 

Suggestion.     See  Ex.  21. 

36.  Divide  a  line  2  in.  long,  both  internally  and  exter- 
nally, into  extreme  and  mean  ratio. 

37.  Find  a  third  proportional  to  two  lines  1.5  in.  and' 
1.25  in.  long. 

38.  Circles  are  described  on  the  sides  of  a  triangle  as 
diameters :  show  that  their  points  of  intersection  all  lie 
on  the  sides  of  the  triangle. 
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If  two  circles 
are  tangent* externally, 
the  portion  of  their 
common  tangent  in- 
cluded between  the 
points  of  contact  is  a 
mean  proportional  be- 
tween the  diameters  of 
the  circles. 

Suggestion.     OPO'  is  a  right-angled  triangle. 

40.  To  inscribe  a  square 
in  a  given  semicircle. 

Suggestions.  Draw  AB_LEA 
and  equal  to  it.  Draw  OB  cut- 
ting the  semicircle  in  C,  and  draw 
CD  II  BA.  Then  CD  is  a  side  of  the 
required  square. 

41.  To   inscribe   a   square 

in  a  given  triangle. 

Suggestions.  On  the  altitude 
AD  construct  a  square  AFED, 
and  draw  BF  cutting  AC  in  G. 
From  G  draw  Gl  and  GH  paral- 
lel respectively  to  FE  and  FA. 
Prove  HG  =  Gl  are  the  sides  of 
the  square. 

42.  A    pair    of    corre 
•jponding  medians  divide  two  similar   triangles   into  tri- 
tngles  that  are  similar  each  to  each. 

43.  Two  circles  intersect  in  A  and  B.  AC  and  AD  are 
drawn  tangent  to  the  two  circles  at  A,  and  terminate  in 
the  circles  at  c  and  D  respectively.  Prove  A  ABC  and  ABD 
similar. 

lyman's  plane  geom.  — 10 
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44.  Construct  a  third  proportional  to  lines  2cm  and  3cm 
long. 

45.  ABCD  is  a  parallelo- 
gram, and  E  a  point  on  AD 
produced.  Prove  BG2  = 
GF  X  GE. 

Suggestion.     Compare  the  similar  triangles  AGB  and  GFC.     Also 
similar  triangles  BGC  and  AGE. 

46.  Divide  a  line  6  in.  long  into  two  parts  in  the  ratio 
of  3  :  5. 

47.  Divide  a  line  11  in.  long  into  5  equal  parts. 

48.  Show  how  to  divide  one  side  of  a  triangle  into  seg- 
ments proportional  to  the  other  two  sides. 

49.  Construct  a  line  #,  if  x  =  V6  in. 

50.  Construct  x,  if  x=  3v/2  in. 

51.  Construct  a  parallelogram  similar  to  a  given  paral- 
lelogram and  having  a  given  base. 

52.  Construct  a  parallelogram  similar  to  a  given  paral- 
lelogram and  having  a  given  altitude. 

53.  Construct  a  parallelogram  similar  to  a  given  paral- 
lelogram and  having  a  given  perimeter. 


BOOK  IV 

AREAS  OF  POLYGONS 

373.  The  area  of  a  plane-closed  figure  is  the  portion  of 
the  surface  inclosed  within  the  figure. 

Thus,  the  area  of  a  circle  is  the  surface  inclosed  by  the 
circumference.  The  area  of  a  triangle  is  the  surface  in- 
closed by  the  sides  of  the  triangle. 

374.  To  measure  a  surface  a  unit  of  surface  must  be 
adopted. 

375.  The  unit  of  surface  is  usually  a  square  whose  side 
is  some  unit  of  length. 

Thus,  if  the  unit  of  length  is  one  inch,  the  unit  of  sur- 
face is  one  square  inch,  the  surface  inclosed  by  a  square 
each  of  whose  sides  is  an  inch.  If  the  unit  of  length  is 
a  foot,  the  unit  of  surface  is  a  square  foot.  If  the  unit 
of  length  is  a  meter,  the  unit  of  surface  is  a  square  meter, 
and  so  on.  A  unit  12  feet  square,  or  10  rods  square,  may 
as  well  be  selected  if  more  convenient. 

376.  The  measure  of  the  area  of  a  surface  is  the  num- 
ber which  expresses  the  magnitude  of  its  area  in  terms  of 
the  adopted  unit  of  surface. 

377.  Two  surfaces  are  equal  or  equivalent  if  they  have 
the  same  area. 

378.  The  altitude  of  a  parallelogram  is  the  perpendicu- 
lar distance  between  the  side  selected  as  a  base  and  the 
opposite  side. 
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379.  The  altitude  of  a  triangle  is  the  perpendicular 
distance  to  the  side  selected  as  a  base  from  the  vertex 
opposite. 

380.  If  two  figures  are  so  placed  as  to  have  a  segment; 
of  their  perimeter  common,  they  are  adjacent. 

381.  Disregarding  the  common  seg- 
ment of  the  perimeters  of  the  two  adja- 
cent polygons,  a  polygon  is  formed  which 
is  the  sum  of  the  two  polygons. 

382.  If  the  sum  of  two  polygons  is  defined  as  in  the 
preceding  article,  the  difference  between  the  polygon 
which  is  the  sum  of  M  and  N,  and  the  polygon  N  is  the 
polygon  M.  Also  the  difference  between  the  polygon 
M  +  N  and  the  polygon  M  is  the  polygon  N. 

THEOREM   I 

383.  Parallelograms  on  the  same  base  and  between  the 
same  parallels  are  equal. 

D  CD'        C'  D      D'     C     C'       D C  D'  r-' 

\ZSZ    V~X7    \y\y 

F *B  £ yB  A^ ^B 

Given:    UJ  ABCD    and    ABC'd',   on    the    same    base   AB   and 
between  the  same  parallels  AB  and  DCf. 

To  Prove  :    O  ABCD  =  O  ABC'd' . 

Proof :    Polygon  ABC' D  =  O  ABCD  +  A  BC'c. 

Likewise  polygon  ABC'd  =  O  abc'd'  +  A  AD'd. 
.'.O  ABCD  4- A  bc'c=  Dabc'd'  +  Aad'd.  (Why?) 

But  Abc'c^Aad'd.  (§  79) 

.*.Oabcd  =  Dabc'd'. 

The  demonstration  applies  to  any  of  the  three  figures. 
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384.  Exercise.  1.  Use  the  following  figure  to  prove 
that  parallelograms  on  equal  bases  and  between  the  same 
parallels  are  equal. 

m R £ — ^ 3 N 


B 


2.  How  clo  a  rectangle  and  a  parallelogram  with  the 
same  base  and  altitude  compare  with  each  other  in  area  ? 

3.  Parallelograms  having  equal  bases  and  equal  alti- 
tudes are .     Complete  and  demonstrate. 

4.  If  two  parallelograms  have  equal  bases  but  unequal 
altitudes,  how  do  they  compare?  If  they  have  equal 
altitudes  but  unequal  bases,  how  do  they  compare  ? 

5.  How  do  the  altitudes  of  equal  parallelograms  on 
equal  bases  compare  with  each  other  ?  Compare  the  bases 
of  equal  parallelograms  with  equal  altitudes. 

6.  If  a  triangle  and  a  parallelogram  have  the  same 
base,  or  equal  bases,  and  are  between  the  same  parallels, 
the  triangle  is  equal  to  one  half  of  the  parallelogram. 

7.  If  one  diagonal  of  a  quadrilateral  bisects  the  other 
diagonal,  the  quadrilateral  is  divided  into  two  congruent 
triangles  by  either  diagonal. 

8.  Show  that  any  number  of  parallelograms  can  be 
described  each  equal  to  a  given  parallelogram  ABCD,  and 
each  having  either  a  side  of  ABCD  for  a  diagonal  or  a 
diagonal  of  ABCD  for  a  side. 

9.  Construct  a  parallelogram  double  a  given  parallelo- 
gram and  equiangular  to  it. 

10.    Construct  a  parallelogram  double  a  given  parallelo- 
gram and  having  one  of  its  angles  equal  to  a  given  angle. 
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THEOREM   II 

385.    The  areas  of  two  rectangles  having  equal  altitudes 
are  proportional  to  their  bases. 


D 


H 


d 


B 

Given:  The  two  rectangles  ABCD  and  EFGH  having  the  same 

altitude  a. 

_    _  area  of  ABCD      AB 

To  Prove  :  — = 

area  01  EFGH      EF 

Proof:  I.    When  AB  and  EF  are  commensurable. 

Let  m  be  a  common  measure  of  AB  and  EF,  and  let  m 
be  contained  in  AB  7  times  and  in  EF  4  times. 

Then  —  =  I  •  (Why  ?) 

EF      4  v        J    J 

Divide  AB  and  EF  into  segments  each  equal  to  m,  and 
at  each  point  of  division  erect  a  perpendicular  dividing 
ABCD  and  EFGH  into  7  and  4  rectangles  respectively. 
These  rectangles  are  all  equal.  (Why?) 

area  of  ABCD      7 
=  4 


area  of  EFGH 
area  of  ABCD 


AB 
EF 


(Why  ?) 
(Why  ?) 


area  of  EFGH 
II.    When  AB  and  EF  are  incommensurable. 

n  M  R,C 

a 

A  b'  s   B 

Proof  :   In   any   case,  even  if  no  common  measure  exists, 


i 
i 
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it  is  clear  by  §§  288  and  289  that  by  selecting  a  sufficiently 
small  unit  of  measure 

area  of  ABCD      AB 
area  of  efgh      ef 

Since  either  side  of  a  rectangle  may  be  taken  as  its 
base,  the  areas  of  two  rectangles  having  equal  bases  are 
proportional  to  their  altitudes. 

386.  Corollary.  The  areas  of  tivo  triangles  having  equal 
altitudes  are  proportional  to  their  bases;  the  areas  of  two 
having  equal  bases  are  proportional  to  their  altitudes. 

387.  Exercise.  1.  The  area  of  a  rectangle  is  900  sq. 
ft.  and  its  altitude  is  10  yd.  What  is  the  area  of  a 
rectangle  whose  base  is  the  same  and  whose  altitude  is 
12  yd.? 

2.  The  areas  of  two  rectangles  with  equal  altitudes  are 
100  sq.  ft.  and  85  sq.  ft.  respectively.  If  the  base  of  the 
first  rectangle  is  12  ft.,  find  the  length  of  the  base  of  the 
second.  If  the  altitude  of  the  first  rectangle  is  9  ft.,  find 
the  altitude  of  the  second,  the  bases  being  equal. 

3.  The  bases  of  two  rectangles  with  equal  altitudes  are 
m  and  n  respectively.  If  the  area  of  the  first  rectangle  is 
6  m,  find  the  area  of  the  second. 

388.  Note.  By  the  product  of  two  line  segments  is 
meant  the  product  of  the  numbers  that  represent  the  line 
segments  when  they  are  measured  by  a  common  unit.  The 
number  of  square  units  of  area  in  the  area  of  a  rectangle 
equals  the  product  of  the  measures  of  the  adjacent  sides  of 
the  rectangle.  The  number  of  square  units  of  area  in  the 
area  of  a  square  equals  the  square  of  the  measure  of  one  of 
its  sides. 
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THEOREM   III 

389.   The  areas  oftivo  rectangles  have  the  same  ratio  as 
the  products  of  their  bases  and  their  altitudes. 


Given :  Two   rectangles,  A  and  B,  their  altitudes,  a  and  <?, 

and  their  bases,  b  and  d. 

_    _  A      a  x  b 

To  Prove :  -  = =  • 

B      c  x  a 

Proof:  Construct  a  rectangle  C  with  base  d  and  altitude  a. 
Then 


A      b  i  c      a 

—  =  — ,  and  -  =  -• 

C       d  B       c 


AXC      a  xb  A      a x  b 

■,  or  -  = 


B  X  C       CXd 


B      cxd 


(Why?) 
(Why  ?) 


THEOREM   IV 

390.   The  area  of  a  rectangle  is  equal  to  the  product  of 
its  base  and  its  altitude. 

Given :  A  rectangle  A,  its  base  5,  and 
its  altitude  a,  and  a  square  M 
whose  side  is  the  unit  of  meas- 
ure. 

To  Prove:  A  =  a  x  b. 

A      a  xb 
M 


Proof : 


MM 
7 


(Why  ?) 


lxl 

But  since  M  is  the  unit  of  surface,  A  -s-  M  =  area  of  A. 

.-.  a=  a  x  b. 
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THEOREM   V 

391.  The  area  of  a  parallelogram  is  equal  to  the  product 
of  its  base  and  its  altitude. 

Compare    the    area     of  p d 

parallelogram   ABCD    with 


the     area     of 
ABEF. 


rectangle 


Let  the  student  give  a  complete  demonstration. 


THEOREM   VI 

392.  The  area  of  a  triangle  is  equal  to  half  of  the  prod- 
uct  of  its  base  and  alti-    D  . 
tude. 

Compare  the  area  of 
A  ABC  with  the  area  of 
parallelogram  BCAD. 

Let  the  student  give  a 
complete  demonstration. 

393.  Exercise.  1.  Compare  the  areas  of  two  triangles 
formed  by  drawing  any  median. 

2.  How  do  triangles  with  equal  bases  and  altitudes 
compare  with  each  other?  State  as  a  theorem  and  demon- 
strate. 

3. ,  How  do  triangles  on  the  same  base  and  between 
the  same  parallels  compare  with  each  other  ?  State  as  a 
theorem  and  demonstrate.  State  the  converse  of  the 
theorem.     Is  this  converse  true  ? 

4.  Of  two  triangles  with  unequal  bases  and  equal 
altitudes,  which  lias  the  greater  area?  Of  two  triangles 
with  unequal  altitudes  and  equal  bases,  which  has  the 
greater  area? 
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5.  If  in  Theorem  IV  a  =  b,  what  does  the  figure  be- 
come?    What  is  its  area? 

6.  State  and  prove  in  the  case  of  parallelograms  theo- 
rem corresponding  to  Theorems  II  and  III. 

7.  Compare  two  triangles  with  equal  altitudes,  if  the 
base  of  the  first  is  two  thirds  of  the  base  of  the  second. 

8.  Show  that  the  diagonals  of  a  parallelogram  divide 
it  into  four  equal  triangles. 

9.  Show  that  the  area  of  a  rhombus  is  equal  to  one 
half  of  the  product  of  its  diagonals. 

10.  Show  that  the  area  of  a  triangle  is  equal  to  one 
half  of  the  product  of  its  perimeter  and  the  radius  of  the 
inscribed  circle. 

11.  Find  the  area  of  a  rectangle  whose  base  and  alti- 
tude are  8  ft.  and  14  ft.  respectively. 

12.  Find  the  area  of  a  triangle  whose  base  and  altitude 
are  12  ft.  and  9  ft.  respectively.  Find  the  area  of  a  par- 
allelogram Avith  the  same  altitude  and  base  18  ft. 

THEOREM   VII 

394.  The  area  of  a  trapezoid  is  equal  to  the  product  of 
its  altitude  and  one  half  of  the  sum  of  its  parallel  sides. 

Draw  the  diagonal    DB  and  compare  the    area  of    the 

trapezoid    with  the    sum  ^ r^B 

of  the  areas  of    the  two  > 

triangles  ABD  and  DBC.  / 

Let  the  student  give  a  n/-" 
complete    demonstration. 

395.  Exercise.  1.  Prove  that  the  line  joining  the  mid- 
points of  the  non-parallel  sides  of  a  trapezoid  is  equal  to 
half  of  the  sum  of  the  parallel  sides.  Use  this  theorem 
to  prove  Theorem  VII. 
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2.  Prove  that  the  line  joining  the  midpoint  of  one  of 
the  non-parallel  sides  of  a  trapezoid  to  the  extremities  of 
the  opposite  side,  forms  with  that  side  a  triangle  equal  in 
area  to  one  half  of  the  trapezoid. 


3.  In  the  figure,  xx'  is  _L  yy'  at  o.  Lines  aa',  bb', 
etc.,  are  drawn  II  yy;  from  the  vertices  of  the  polygon 
abcde.  Find  the  area  of  abcde,  know  ing  that  oa'  =  3.1, 
OB' =  6.25,  oc'  =  10.75,  od'=  U,  oe'  =  5.5.  Also  aa'  = 
7,  bb'  =  3.5,  cc'  =  4.75,  dd' =  10,  ee'  =  9.5. 

4.  The  area  of  any  polygon  may  he  computed  by  find- 
ing the  areas  of  the  triangles  into  which  it  is  divided  by 
drawing  all  of  the  diagonals  from  any  one  of  its  vertices. 

The  diagonals  of  the  poly- 
gon abcdef  by  careful 
measurement  will  be  found 
to  be  AC  =  1.25  in.,  ad  =  1.5 
in.,  AE  =  1  in.  The  altitudes 
of  the  triangles  upon  these 
diagonals  will  be  found  to  be 
a  =  0.25  in.,  6  =  0.5  in.,  c  = 
0.55  in.,  d=0.15  in.  Find 
the  area  of  the  polygon. 
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5.  A  better  method  of  finding  the  area  of  a  polygon 
abcdef  is  to  draw  its  longest  diagonal  and  draw  perpen- 
diculars upon  this  diag- 
onal from  the  vertices, 
dividing  the  polygon  into 
triangles  and  trapezoids. 

By  careful  measure- 
ment, AD  =  4.5  centime- 
ters, a  =  1.75  centimeters, 
5  =  2  centimeters,  c  =  2 
centimeters,  c?  =  1.25  cen- 
timeters, AM  =  1  centime- 
ter, AN  =  1.5  centimeters, 
RD  =  1  centimeter,  sd  =  0.5  centimeter.  Find  the  area  of 
the  polygon. 

6.  Find  the  area  of  a  trapezoid  whose  parallel  sides  are 
5  in.  and  8  in.  and  whose  altitude  is  equal  to  the  distance 
between  the  midpoints  of  the  non-parallel  sides. 


THEOREM   VIII 

396.  The  areas  of  two  triangles  having  an  angle  of  one 
equal  to  an  angle  of  the  other  are  in  the  same  ratio  as  the 
product  of  the  sides  including  the  equal  angles. 

Given :    Two    A  ABC  and 
DFE  with  Z  A=Z  D. 

To  Prove : 

area  of  ABC      AB  x  AC 


area  of  DFE 

Proof :     Place 
A  ABC     so 


DF  X  DE 

A  DEF     on 
that    Z  D 


will  coincide  with  its 

equal  Z  A  and  DF  =  af',  DE  =  ae'.     Draw  f'c. 


Then 
And 


or 


BOOK 

IV 

area  of  ABC 

AB 

area  of  f'ac 

AF' 

area  of  f'ac 

AC 

area  of  f'ae' 

AE' 

area  of  ABC 

AB  XAC 

area  of  f'ae' 

AF'  X  AEr 

area  of  ABC 

AB  X  AC 

area  of  dfe 

DF  X  DE 

157 

(§  386) 

(Why?) 

(Why?) 

(Why?) 


397.  Exercise.  If  the  midpoints  of  two  adjacent  sides 
of  a  parallelogram  are  joined,  how  does  the  area  of  the 
triangle  thus  formed  compare  with  the  area  of  the  paral- 
lelogram ? 

THEOREM   IX 

398.  The  areas  of  two  similar  triangles  are  in  the  same 
ratio  as  the  squares  of  any  two  corresponding  sides. 


Given :   Two  similar  A  ABC  and  DEF. 

^   _>  area  of  ABC      AB2 

To  Prove : 


Proof : 


But 


area  of  def      de2 

area  of  ABC      AB  x  AC 

area  of  def      de  x  df 

AB 

AC             area  of  ABC      AB2 

DE 

DF             area  of  DEF      DE2 

(Why?) 


(Why?) 


Prove  that  the  areas  of  two  similar  triangles  are  in  the 
same  ratio  as  the  squares  of  any  two  corresponding  lines. 
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399.    Corollary.      The  ureas  of  two  similar  polygons  are 
in  the  same  ratio  as  the  squares  of  any  two  corresponding 

sides. 

Suggestions.     Divide  the  polygons  into  the  same  number  of  simi- 
lar triangles,  then  use  Theorem  VIII,  Book  III. 


THEOREM   X 

400.   The  (trea,  of  the  square  described  on  the  hypotenuse 
of  a  right-angled  triangle  is  equal  to  the  sum  of  the 

/(reus  of  the  squares  described,  on   I  he  other  t  ico  sides. 

Given:     A  right-angled  A  abc. 

To  Prove:  That  the  area  of  the  square  on  ab  is  equal  to  the 
sum  of  the  areas  of  the  squares  on  ac  and  cb. 

Proof:    Construct     the 
squares    abed,    bcgf, 

and    ACHI     on    AB,     CB, 

and  ac  respeel  i\  pely. 

Draw    CJ    _L    DE    and    ' 

join  cd  and  Bi.  Then 
A  abi  is  equal  to  one 
half  of  the  square 
achi.  (§  392) 

A  dac  is  equal  to  one, 
half  of  the  rectangle 

ADJK.  But    A  ABI   £< 

A  DAC.  (§79) 

.•.the  area  of   the  square  achi  is   equal    to   the  area 
of  the  rectangle  adjk.  (  Why  ?) 

In  the  same  \va\  by  joining  af  and  ce  prove  that  the 
square  bcgf  is  equal  to  the  rectangle  bejk. 

.*.  the  area  of  the  square  abed  is  equal  to  the  sum  of 
tin:  areas  of  the  squares  achi  and  bcgf.  (Why  ?) 
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401.  Exercise.      1.    Prove  A  cbe^A  abf. 

2.  Prove  that  AF  _L  CE. 

3.  Prove  A  AOK  ~  A  COQ. 

4.  Prove  that  the  lines  Bl,  AF,  and  CJ  meet  in  a  point. 

Suggestion.  Draw  CO  and  OJ  and  prove  sum  of  A  on  one  side 
bi  COJ  =  sum  of  A  on  the  other  side. 

5.  Prove  that  BG  and  AH  are  parallel. 

402.  Historical  Notes.  Theorem  X  is  called  the  Pythagorean  Theo- 
rem because  it  is  supposed  to  have  been  first  proved  by  the  Greek 
mathematician  Pythagoras,  who  died  about  500  b  c.  There  are  a 
great  many  proofs  of  this  theorem.  The  one  given  in  the  text  is  found 
in  Euclid's  Elements  and  is  supposed  to  be  due  to  Euclid  himself. 
It  is  therefore  more  than  2200  years  old.  No  one  has  been  able  to  dis- 
cover just  what  proof  Pythagoras  himself  gave,  though  it  is  suggested 
that  it  might  have  been  the  following: 

A  ABC  -  ACDA.        (Why?) 

.-.  AB:  AC  =  AC:  AD.      (Why?) 

Also  AB:CB  =  CB  :  DB.      (Why?) 

AC-  +  CB-  =AB(AD  +  DB)  =  AB -. 

Pythagoras  traveled  and  studied  in  Egypt  and  other  countries. 
He  probably  learned  from  the  Egyptians  the  truth  of  the  theorem 
in  the  case  of  a  triangle  whose  sides  are  proportional  to  3,  4, 
and  .1,  respectively,  for  the  Egyptians  constructed  right  triangles 
with  sides  in  the  ratio  of  3,  4,  and  5  more  than  2000  years  B.C.  They 
were  careful  to  locate  their  temples  and  other  public  buildings  on 
north  and  south,  and  east  and  west  lines.  The  north  and  south  line 
th>w  determined  by  means  of  the  stars.  The  east  and  west  line  was 
then  determined  at  right  angles  to  the  other  by  stretching  around 
three  pegs  driven  in  the  ground,  two  of  them  along  the  north  and 
south  line,  a  rope  measured  into  three  parts,  proportional  to  3,  4,  and 
5.  Since  32  +  42  =  .'>-.  they  had  a  right  triangle,  one  side  of  which 
was  along  the  north  and  south  line  and  the  other  perpendicular  to  it 
east  and  west. 
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After  returning  to  Greece,  Pythagoras  went  to  Italy  and  located 
at  Crotona.  Here  he  founded  the  Brotherhood  of  Crotona.  This 
was  a  secret  organization  devoted  to  the  study  of  mathematics 
and  philosophy.  Members  were  bound  by  oath  not  to  reveal  the 
teachings  and  discoveries  of  the  school, 
which  were  intended  for  the  initiated 
only. 

The  pentagram,  or  five -pointed  star, 
was  one  of  the  emblems  of  the  organ- 
ization. 

The  Pythagoreans  contributed  a 
large  part  of  the  first  two  books  of  Eu- 
clid's Elements.  They  contributed 
something  also  on  the  doctrine  of  pro- 
portion, discovered  the  irrational  number,  constructed  certain  regular 
polygons,  and  the  regular  solids. 

The  name  mathematics  is  said  to  have  been  invented  by  the  Pythag- 
oreans. 

403.  Exercise.  1.  Find  the  hypotenuse  of  a  right- 
angled  triangle  whose  sides  are  6  in.  and  8  in.  respectively. 

2.  If  the  hypotenuse  of  a  right- 
angled  triangle  is  36  ft.  and  one 
side  is  18  ft.,  what  is  the  length 
of  the  other  side  ? 

3.  Show  how  the  proof  of  the 
Pythagorean  Theorem  may  have 
been  suggested  to  the  ancient 
Egyptians  by  the  tiles  in  the  floors 
in  the  case  of  the  isosceles  right 
triangle. 

4.  Show  that  a  right  angle  can  be  formed  by  measuring 
off  distances  of  6  ft.  and  8  ft.  in  such  a  way  that  a  ten- 
foot  pole  will  complete  the  triangle. 

5.  How  does  the  square  described  on  the  diagonal  of  a 
square  compare  in  area  with  the  original  square  ? 
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6.  The  Hindu  mathematician  Bliaskara 
(born  1114  a.d.)  arranged  the  figure  as 
in  the  annexed  diagram,  the  small  square 
in  the  middle  having  a  side  equal  to  the  dif- 
ference of  the  two  sides  of  the  triangle. 
His  proof  consisted  of  the  one  word  "  Be- 
hold/' Prove  the  Pythagorean  Theorem 
by  means  of  this  figure. 

7.  Prove  the  Pythagorean  Theorem 
by  means  of  the  annexed  figure,  which 
it  is  thought  Pythagoras  may  have 
used  in  his  proof. 

8.  Show  that  if  similar  polygons 
are  similarly  drawn  on  the  three  sides 
of  a  right-angled  triangle,  the  area  of 
the  polygon  constructed  on  the  hypotenuse  is  equal  to 
the  sum  of  the  areas  of  the  polygons  constructed  on  the 
other  two  sides. 

9.  Show  that  a  diagonal  and  a   side    of  a  square  are 
incommensurable. 

404.    Definitions.     The  projection  of  a  point  on  a  straight 

line  is  the  foot  of  the  perpendicular  from  the  point  to  the 

line. 

B 


M 


N 


R      M 


N 


M 


N 


405.  The  projection  of  a  given  line  segment  on  a  straight 
line  is  the  segment  included  between  the  projections  of 
its  extremities  on  the  line. 

Thus,  MN  is  the  projection  of  line  segment  AB  on  rs. 

lyman's  plane  geom. 11 
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THEOREM   XI 

406.  In  any  triangle,  the  square  on  the  side  opposite 
an  acute  angle  is  equal  to  the  sum,  of  the  squares  on  the 
other  two  sides  minus  twice  the  product  of  one  of  tlisse 
sides  and  the  projection  of  the  other  side  upon  it. 

A  A 


Given :  A  ABC,  an  acute  Z  C,  and  the  projection  DC  of  AC 
on  BC. 

To  Prove  :  AB2  =AC2  +  BC2  —  2  BC  x  DC. 

Proof:  AB2=  AD2  +  BD2  (Why?) 

=  AD2  +  (  BC  —  DC)2,  or  AD2  +  (DC  —  BC)2  (Why  ?) 

=  AD2  +  BC2  —  2  BC  X  DC  +  DC2.  (Why  ?) 

(Why?) 


>2  _  a<-2 


,\  ABJ  =  AC*  +  BC4  —  1  BC  X  DC. 


o 


THEOREM   XII 

407.  In  any  obtuse-angled  triangle,  the  square  on  the 
side  opposite  the  obtuse  angle  is  equal  to  the  sum  of  the 
squares  on  the  other  two  sides  plus  twice  the  product  of 
one  of  these  sides  and  the  projection  of  the  other  side 
upon  it. 

Given:   A  ABC,  an  obtuse  Z  B,  A 

and  the  projection  BD  of 
AB  on  CB. 

To  Prove  :    AC2  =  AB2  +  BC2  + 
2  BC  X  BD. 


BOOK  IV  163 

Proof  :   AC2  =  AD2  +  DC2  (Why  ?) 

=  AD2  +  (DB  +  BC)2  (Why  ?) 
=  AD2  +  BC2  +  2  BC  X  DB  +  DB2 

=  AB2  +  BC2  +  2  BC  X  DB.  (Why?) 

408.  Exercise.  1.  What  does  Theorem  XI  become  if 
one  of  the  angles  of  the  triangle  is  a  right  angle?  What 
does  Theorem  XII  become  if  instead  of  an  obtuse-angled 
triangle  we  have  a  right  triangle? 

2.  How  does  the  square  on  any  side  of  a  triangle  oppo- 
site an  acute  angle  compare  with  the  sum  of  the  squares 
on  the  other  two  sides? 

3.  How  does  the  square  on  a  side  opposite  an  obtuse 
angle  compare  with  the  sum  of  the  squares  on  the  other 
two  sides? 

4.  How  does  the  square  on  the  side  opposite  a  right 
angle  compare  with  the  sum  of  the  squares  on  the  other 
two  sides? 

5.  Show  that  the  sum  of  the  squares  on  the  diagonals 
of  a  rectangle  is  equal  to  the  sum  of  the  squares  on  the 
four  sides.  Show  that  this  theorem  is  true  also  in  the 
case  of  a  parallelogram. 

6.  The  sides  of  a  triangle  are  8,  6,  and  5  units/  Is  its 
greatest  angle  acute,  right,  or  obtuse? 

7.  Find  the  area  of  an  equilateral  triangle  whose  side 
is  15  in.  Find  the  area  of  an  isosceles  triangle  whose 
side  is  10  in.  and  base  6  in. 

8.  If  the  midpoints  of  the  sides  of  a  triangle  are  joined, 
how  does  the  area  of  the  triangle  thus  formed  compare 
with  the  area  of  the  original  triangle? 

9.  Prove  that  two  similar  polygons  are  to  each  other  as 
the  squares  of  any  two  corresponding  diagonals. 
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THEOREM    XIII 


409.   The   area    of   a    triangle    is   ^s(s—a)(s—b)(s  —  c), 
where  a,  b,  and  e  represent  A 

the  lengths  of  the  sides  and 
%  s  their  sum. 

Given :     Any     A  ABC     with 


sides  a,  b,  and  c. 


a       D 


To  Prove  :   Area  of  A  ABC  =  Vs(s  —  a)(s  —  b)(s  —  g). 

Proof  :    b2=a2  +  c2-2ax  BD,  or  BD  =  a2  +  c2~h2.  (Why?) 


2a 


AD2  =  AB2  -  BD2  =  c2  -  fa2  +  C2-b2Y2 

V        2a        J 
4  a2c2  —  (a2  +  e2  —  b2)2 
4  a2 


(Why?) 
(Why?) 


.  \2  ac  +  ( «2  +  e2  -  62)1  f2  ag  -  (a2  +  g2  -  62)] 

4  a2 

=  (2ae  +  a2  +  g2-fi2)(2a6»-a2-e2  +  52)      ^Wh    ?. 

4  a2 
=  [(a  +  g)2  _  ft2-|  r^,2  _  (a  _  ^2-| 

4  a2 


(Why?) 


_  (a  -{-  c  —  b)(a  -{-  c  +  b)(b  —  a  -{-  c)(b  -\-  a  —  c) 
~  4a2 

=  2  8  ■  2(8  -  a)2(s  -  6)2(*  -  g) 

4  a2 

_  4  s(s  —  a)(s  —  fl)(s  —  g) 


a' 


2 


.«.    AD  =  -V*(* —  «)(«  — 6)  (*  — c). 

But  area  of  A  ABC  =  .}  BCXAD  =  |axAD  (Why?) 


—  Vs(s  —  a)(«  —  b)  (s  —  g). 
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410.  Exercise.  1.  What  does  the  formula  for  the 
area  of  the  triangle  become  if  a=b?  if  a  =  b  =  c?  if 
Zb  is  a  right  angle  ? 

2.  Construct  a  square  having  given  its  diagonal. 

3.  If  a,  5,  and  c  are  the  sides  of  a  triangle,  show  that 
the  lengths  of  the  medians  are  respectively  JV2  a2-\-2  b2  —  c2, 
±-V2a2~+2c2-b2,  l V2  b2  +  2  c2  -  a2. 

4.  The  sides  of  a  triangle  are  6,  8,  and  12  inches. 
Compute  the  area,  the  altitude,  and  the  medians. 

PROBLEM   I 

411.  Construct  a  square  equal  to  the  sum  of  two  given 
squares. 

Given :   Squares  M  and  N,  and  a  and  b  a 

side  of  each.  M  N 

Required  :   To  construct  a  square  equal    I J  b 

to  M  +  N. 

Construction  :   Construct  a  right  triangle  with  sides  a  and  b. 

On  the  hypotenuse  c,  construct  a  square.  ^ 

This  is  the  required  square.  ^ —     |b 

a 
Proof :   The  proof  is  left  for  the  student. 

412.  Exercise.  1.  Construct  a  square  equal  to  the 
sum  of  three  given  squares ;  of  four  given  squares ;  of 
any  number  of  given  squares. 

2.  Construct  a  square  equal  to  the  difference  of  two 
given  squares. 

3.  Construct  a  square  equal  to  a  given  rectangle. 

Suggestion.  A  side  of  the  square  is  a  mean  proportional  between 
the  sides  of  the  rectangle. 

4.  Construct  a  square  equal  to  a  given  parallelogram. 
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5.  Construct  a  rectangle  equal  to  a  given  square,  the 
sum  of  the  base  and  altitude  of  the  rectangle  being  given. 

6.  Construct  on  a  given  line  a  rectangle  equal  to  a 
given  rectangle. 

Suggestion.  If  the  given  line  is  taken  as  the  base  of  the  required 
rectangle,  the  altitude  will  be  a  fourth  proportional  to  the  base  and 
the  base  and  altitude  of  the  given  rectangle.     (Why?) 

7.  Construct  a  square  equal  to  a  given  trapezoid. 

8.  Construct  the  line  x,  if  x=  V18. 

9.  Construct  a  square  whose  diagonal  is  V5. 

PROBLEM   II 

413-    Construct  a  triangle  equal  to  a  given  polygon. 

Given  :   The  polygon  ABCDE. 

A 

Required :   To  construct  a  triangle  yf^v. 

equal  to  ABCDE.  // /     \  n\^  _ 

/ '    i  K       \  ^>E 

Construction :    Join    AC,    and    draw       /V    /    .        \      )\\ 

BF  II  AC,  meeting   DC  produced     £     \ \J_      ^\ 

„  F""C  D         "G 

in  F. 

Draw  AF. 

Then  the  polygon  AFDE  has  one  side  less  than  the  poly- 
gon ABCDE  and  is  equal  to  it. 
This  process  may  be  continued  till  a  triangle  is  reached. 

Proof:  A  CAB  =  A  CAF,  since  they  have  the  same  base  and 

equal  altitudes. 

.-.  adding  polygon  ACDE  to  both  members  of  this  equa- 
tion, we  have  polygon  AFDE  =  polygon  ABCDE.         (Why?) 

By  a  similar  course  of  reasoning  it  can  be  shown  that 

polygon  AFDE  =  A  AFG. 

.*.  AFG  is  the  triangle  required. 
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MISCELLANEOUS  EXERCISES  ON  BOOK  IV 

1.  Find  the  area  of  an  isosceles  right  triangle,  if  the 
hypotenuse  is  c. 

2.  Find  the  area  of  an  isosceles  triangle  with  base  b 
and  side  a. 

3.  Find  the  area  of  an  equilateral  triangle  with  side  a. 

4.  Construct  a  square  equivalent  to  four  times  a  given 
square. 

5.  The  straight  line  bisecting  the  bases  of  a  trapezoid 
bisects  the  trapezoid. 

6.  How  does  the  area  of  the  square  on  the  hypotenuse 
of  an  isosceles  right-angled  triangle  compare  with  the  area 
of  a  square  on  one  of  its  sides  ? 

7.  Prove  that  the  area  of  the  equilateral  triangle  de- 
scribed on  the  hypotenuse  of  a  right-angled  triangle  is 
equivalent  to  the  sum  of  the  areas  of  the  equilateral  tri- 
angles described  on  the  two  sides. 

8.  The  square  on  the  hypotenuse  of  an  isosceles  right- 
angled  triangle  is  equivalent  to  four  times  the  triangle. 

9.  If  P  is  the  intersection  of  the  medians  of  A  ABC, 
how  does  the  area  of  A  APB  compare  with  the  area  of 
A  ABC? 

10.  Find  the  side  of  a  square  with  an  area  equal  to  the 
area  of  an  equilateral  triangle  whose  side  is  10  in.  Which 
will  have  the  greater  perimeter  ? 

11.  If  two  parallelograms  have  equal  areas,  but  the 
altitude  of  one  is  twice  the  altitude  of  the  other,  how  do 
their  bases  compare  ? 

12.  Bisect  a  given  parallelogram  or  a  trapezoid  by  a  line 
drawn  parallel  to  a  given  line. 
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H 


B 


B 


13.  The  square  on  the  sum  of  two 

lines  is  equivalent  to  the   sum  of  the 

squares   on    the   two   lines   plus    twice 

their    rectangle.       (The    rectangle    of 

two  lines  is  their  product.) 

Suggestion.     Let  AB  and  BC  be  the  given 
lines. 

14.  The  square  on  the  difference  of  two  lines  is  equiva 
lent  to  the  sum  of  the  squares  on  the 
two  lines  minus  twice  their  rectangle. 

15.  The  difference  of  the  squares 
on  two  lines  is  equivalent  to  the  rec- 
tangle of  the  sum  and  difference  of  the 
lines.  A 

16.  To  what  three  algebraic  formu- 
las do  the  last  three  exercises  correspond? 

17.  Prove  geometrically  that  (a  +  b)2  —  (a  —  5)2  =  4  ah. 

18.  If  D  and  E  are  the  midpoints  of  the  sides  AC  and 
AB  of  a  triangle,  and  F  is  any  point  in  BC,  prove  that 
quadrilateral  ADFE  is  equivalent  to  one  half  of  the  triangle 
ABC. 

19.  If  the  midpoints  of  the  sides  of  a  quadrilateral  are 
joined,  a  parallelogram  equivalent  to  one  half  of  the  quad- 
rilateral is  formed. 

20.  BE  and  CD  are  medians  of  the  triangle  ABC  and 
F  is  their  point  of  intersection.  Prove  A  BFC  equivalent 
to  quadrilateral  ADFE. 

21.  If  E,  F,  G,  H,  are  the  midpoints  of  the  sides  of  a 
square  ABCD,  prove  that  the  lines  AG,  BH,  CE,  DF,  form  a 
square  equivalent  to  one  fifth  of  the  original  square. 
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BOOK  V 

REGULAR  POLYGONS  AND   CIRCLES 

414.  A  polygon  that  is  both  equilateral  and  equi- 
angular is  a  regular  polygon. 

415.  Review  the  definitions  on  p.  57. 

416.  Exercise.  1.  Is  an  equilateral  triangle  a  regular 
polygon  ? 

2.  Is  a  square  a  regular  polygon  ? 

3.  Is  any  equilateral  quadrilateral  a  regular  polygon  ? 
Is  any  equiangular  quadrilateral  a  regular  polygon  ? 

4.  What  two  conditions  are  necessary  that  a  polygon 
may  be  regular  ? 

5.  Construct  a  quadrilateral  that  is  equilateral  but  not 
equiangular  ;  equiangular  but  not  equilateral. 

6.  Construct  a  regular  polygon  of  four  sides. 

7.  Construct  a  quadrilateral  that  is  neither  equilateral 
nor  equiangular. 

417.  Note.  A  circle,  or  a  circumference,  cannot  always  be  divided 
into  a  given  number  of  equal  parts  by  the  method  of  elementary 
geometry.  Euclid,  however,  knew  how  to  divide  the  circle  into  2.  1. 
8,  etc. ;  3,  6,  12,  24,  etc. ;  5,  10,  20,  etc. ;  15,  30,  60,  etc.  equal  parts  by 
the  use  of  the  ruler  and  compasses.  In  1796  Gauss,  the  eminent  Ger- 
man mathematician,  found  further  divisions  of  the  circle,  but  his 
general  proof  is  not  adapted  to  elementary  geometry.  It  is  assumed 
that  the  circle  can  be  divided  into  any  number  of  equal  parts,  but  methods 
of  finding  the  points  of  division  cannot  always  be  determined  by  the 
instruments  of  elementary  geometry. 
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THEOREM    I 

418.  An  equilateral  polygon  inscribed  in  a  circle  is  a 
regular  polygon. 

Given:      An     equilateral     polygon 
abcde,  inscribed  in  the  O  o. 

To  Prove:   Polygon  ABCDE  is  a  reg- 
ular polygon. 

Proof :  What  is  the  relation  between 
arcs  AB,  BC,  CD,  etc.  ?  between 
arcs  ABC,  BCD,  cde,  etc.  ? 
What    relation    exists   between 
ZA,  B,  c,  etc.? 
Let  the  student  give  the  complete  demonstration. 


THEOREM   II 

419.  A  circle  may  be  circumscribed  about,  or  inscribed 
in,  any  regular  polygon. 

Given  :  A  regular  polygon,  ABCDE. 

To  Prove:  That  a  circle  can  be 
circumscribed  about,  or  in- 
scribed in  ABCDE. 

Proof:    I.    Draw  a  O  through  any 

three  vertices  as  A,  B,  c. 

Join  OA,  OB,  OC,  OD,  and  OE. 

In  A  OAB  and  OCD,  OB  =  OC,  and  AB  =  CD.  (Why  ?) 

Also  Z  ABC  =  Z  BCD,  and  Z  obc  =  Z  OCB.  (Why?) 

.\Zoba  =  Zocd,  (Why?) 

.-.  A  OCD  ^ A  OAB,  andOA=OD.  (Why?) 

Hence  the  circle  that  passes  through  A,  B,  and  C  also 
passes  through  D.  In  the  same  way  the  circle  can  be 
shown  to  pass  through  E. 
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Hence  a  circle  can  be  circumscribed  about  polygon 

ABCDE. 

II.  AB,  BC,  etc.,  are  equal  chords  of  the  circumscribing 
circle  and  hence  are  equally  distant  from  the  center  o. 
A  circle  described  with  o  as  a  center  and  a  radius  OM 
equal  to  the  perpendicular  from  o  to  any  side  will  be 
inscribed  in  the  polygon. 

420.  Corollary  l.  If  a  circumference  is  divided  into 
any  number  of  equal  arcs,  their  chords  form  a  regular 
polygon  inscribed  in  the  circle;  and  the  tangents  draivn 
at  the  points  of  division  form  a  regular  polygon  cir- 
cumscribed about  the  circle. 

Let  the  student  demonstrate  by  showing  that  the  poly- 
gon will,  in  each  case,  be  equilateral  and  equiangular. 

421.  Corollary  2.  Join  the  vertices  of  a  regular  inscribed 
polygon  to  the  midpoints  of  the  arcs  subtended  by  the 
sides.  Compared  with  the  original  polygon,  hoiv  many 
sides  has  the  polygon  thus  formed? 

422.  Corollary  3.  Drau:  tangents  at  tlie  midpoints  of  the 
arcs  joining  the  adjacent  points  of  contact  of  the  sides  of 
a  regular  circumscribed  polygon.  Compared  with  the 
original  polygon,  how  many  sides  has  the  polygon  thus 
formed  ? 

423.  Corollary  4.  Draw  tangents  at  the  midpoints  of 'the 
ores  subtended  by  the  sides  of  an  inscribed  regit  lew  polyj 
'Jon  and  show  that  the  circu  mscribed  polygon  th  us  formed 
is  similar  to  the  inscribed  polygon.  Show  that  the  sides 
of  the  circumscribed  polygon  ore  parallel  to  the  correspond- 
ing sides  of  the  inscribed  polygon.  Show  that  the  radius 
draivn  to  any  vertex  of  the  circumscribed  polygon  jrill 
pass  through  the  corresponding  vertex  of  the  inscribe! I 
polygon. 
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424.  Definitions.  The  center  of  a  regular  polygon  is 
the  common  center  of  the  circumscribed  and  inscribed 
circles.  The  radius  is  the  radius  of  the  circumscribed 
circle,  and  the  apothem  is  the  radius  of  the  inscribed  circle. 

425.  The  angle  at  the  center  is  the  angle  between  two 
radii  drawn  to  the  extremities  of  a  side. 

426.  Exercise.     1.    Show  that  the  angle  at  the  center 

of  a  polygon  of  n  sides  is  —  right  angles. 

n 

2.  Show  that  the  angle  formed  by  an  apothem  to  a  side 
of  a  regular  polygon  and  a  radius  to  an  extremity  of  that 

side  is  -  right  angles. 
n 

3.  Find  the  angle  at  the  center  of  a  regular  pentagon; 
of  a  regular  decagon  ;   of  a  regular  polygon  of  24  sides. 

4.  Show  that  an  angle  of  a  regular  polygon  is  a  sup- 
plement of  the  angle  at  the  center. 

5.  What  is  the  relation  between  the  two  angles  into 
which  a  radius  drawn  to  any  vertex  of  a  polygon  divides 
the  angle  of  the  polygon  ? 

6.  Inscribe  a  square  in  a  circle.  Draw  tangents  to  the 
circle  at  its  vertices.  What  kind  of  a  figure  is  formed  ? 
Is  this  figure  circumscribed  about  the  circle  ?  Draw 
chords  from  the  vertices  of  the  inscribed  square  to  the 
midpoints  of  the  arcs  subtended  by  the  sides.  What 
kind  of  a  figure  is  formed  ?  Circumscribe  a  similar  figure 
about  the  circle. 

7.  Use  Ex.  6  to  show  how  to  construct  a  regular  poly- 
gon of  16,  32,  etc.,  sides. 

8.  How  many  degrees  are  there  in  the  central  angle  of 
a  circle  subtended  by  the  side  of  a  circumscribed  square  ? 
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PROBLEM  I 

427.  To  inscribe  a  regular  hexagon  in  a  given  circle. 
Given :   The  O  O. 

Required:  To  inscribe  a  regular 
hexagon  in  O  o. 

Construction :  Draw  the  radius  OA 
and  with  A  as  a  center  and 
radius  OA  draw  an  arc  cut- 
ting the  circumference  in  B. 
Draw  AB. 

Then  AB  is  a  side  of  the  re- 
quired inscribed  regular  hexagon. 

Proof:  Draw  OB. 

Then  A  AOB  is  equilateral. 

.'.  Z  o  =  |  of  a  rt.  Z,  or  J  of  4  rt.  A. 

.*.  arc  AB  =  \  of  the  circumference. 

.*.  chord  AB  is  a  side  of  a  regular  inscribed  hexagon. 

(Why  ?) 
.*.  ABCDEF  formed  by  drawing  chords  BC,  CD,  etc.,  each 
equal  to  OA,  is  the  required  regular  inscribed  hexagon. 

(.Why  ?) 

428.  Exercise.    1.    Find  the  perimeter  of  a  regular  hex- 
agon inscribed  in  a  circle  whose  diameter  is  1  ft. 

2.  Find   the  perimeter  of  a  regular  hexagon  circum- 
scribed about  a  circle  whose  radius  is  1  ft. 

3.  Construct  a  regular  hexagon   on  a  line  segment  1 
inch  long. 

4.  Prove  that  the  lines  joining  opposite  vertices  of  a 
regular  hexagon  pass  through  the  center. 


(Why?) 
(Why  ?) 
(Why  ?) 


174 


PLANE   GEOMETRY 


PROBLEM    II 
429.    To  inscribe  a  regular  decagon  in  a  given  circle. 
Given  :   The  O  O. 

Required :  To  inscribe  a  regular 
decagon  in  0  o. 

Construction :  Draw  the  radius  OA 
and  divide  it  into  extreme  and 
mean  ratio  at  G,  having  the 
larger  segment  next  to  the 
center.  B 

Then  OA  :  OG  =  OG  :  GA,  and  OG  is  the  length  of  a  side 
of  the  required  decagon. 

By  applying  OG  ten  times  as  a  chord  a  regular  decagon 
ABCD  •••is  formed. 

Proof:     Draw  OB  and  bg. 

Since  by  construction  —  =  -—  and  OG  =  AB, 

OG        GA 


OA 
AB 


AB 
GA 


(Why  ?) 

.-.A  OAB  and  ABG  are  similar.  (§  347) 

.'.  Z  o  =  Z  ABG  and  Z  AGB  =  Z  ABO.  (Why  ?) 

But                               Z  OAB  =  Z  ABO.  (§  89) 

.*.  Z  OAB  =  Z  AGB  and  AB  =  BG  =  GO.  (Why  ?) 

.*.  Zo  =  Z  gbo.  (Why?) 

But                               Zo=ZABG.  (Why?) 

.'.  2Zo  =  Zoba  =  Zoab.  (Why?) 

But  Zo  +  Zoba  +  Zoab  =  2  rt.  A.  (Why?) 

.'.  5Zo  =  2  rt.  A.  (Why?) 
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Or       A  o  =  |  of  a  rt.  Z.  =  -^  of  4  rt.  A. 

.'.  arc  AB  is  -^  of  the  circumference  and  chord  AB  is 
one  side  of  an  inscribed  regular  decagon. 

430.  Exercise.  1.  Use  Problem  I  to  show  how  to  in- 
scribe an  equilateral  triangle  in  a  circle.  Also  show  how 
to  construct  regular  polygons  of  12,  24,  48,  etc.,  sides. 

2.  How  can  Problem  II  be  used  to  inscribe  a  regular 
pentagon  in  a  circle  ? 

3.  By  inscribing  a  regular  hexagon  and  a  regular 
decagon  in  a  circle  show  how  to  inscribe  a  regular 
polygon  of  15  sides. 

Suggestion,    i  —  tl  =  ^. 

4.  Circumscribe  a  regular  decagon  about  a  circle. 
Also  circumscribe  a  regular  polygon  of  15  sides  about  a 
circle. 

5.  Show  how  to  inscribe  in  a  given  circle  regular  poly- 
gons of  20,  40,  80,  etc.,  sides. 

6.  Show  how  to  inscribe  in  a  given  circle  regular  poly- 
gons of  30,  60,  120,  etc.,  sides. 

7.  Show  how  to  inscribe  a  square  in  a  given  circle. 
Show  how  to  circumscribe  a  square  about  a  given  circle. 

8.  Show  how  to  inscribe  in  a  given  circle  a  regular 
polygon  of  8,  16,  32,  etc.,  sides. 

9.  Can  a  circle  be  circumscribed  about  any  parallelo- 
gram ? 

10.  A  parallelogram  inscribed  in  a  circle  is .  Com- 
plete and  demonstrate. 

11.  A  rectangle  circumscribed  about  a  circle  must  be 
.      Complete  and  demonstrate. 

12.  Compare  the  areas  of  two  squares  inscribed  in  circles 
whose  radii  are  6  in.  and  1  ft.  respectively. 
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THEOREM    III 

431.  Regular  polygons  of  the  same  number  of  sides 
are  similar. 

Given  :  O  and  o',  two  regular  polygons  of  the  same  number 
of  sides. 

To  Prove  :     Polygons    O 

and  o'  similar. 

B<  X         >E    H< 

Proof :      The     polygons 

are   mutually   equi- 
angular.       (§414)  f"         ~~J 

Also        AB  =  BC  =  CD,  etc.,  (Why?) 

and         gh  =  Hi  =  u,  etc.  (Why?) 

Hence,   —  =  —  =  — ,  etc.  (§  64,  Axiom  5) 

GH        HI         IJ 

.*.  the  polygons  are  similar.  (Why?) 

432.  Corollary.  The  perimeters  of  regular  polygons  of 
the  same  number  of  sides  are  in  the  same  ratio  as  any  two 
corresponding  sides. 

THEOREM   IV 

433.  The  perimeters  of  regular  polygons  of  the  same 
number  of  sides  are  in  the  same  ratio  as  their  radii,  or  as 
their  apothems. 

Given :  O  and  o',  two  regular  polygons  of  the  same  number 
of    sides    and    let    P 
and  p'   denote  their         a         F 
perimeters. 

ToProve:^  =  ^  =  ^.    B<        *        >EH 

P         O'l       O  M 

Proof:  A  OCN  ~  A  o'lM. 

(§  344) 
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Hence, 


CN 

IM 

'    of 


ON         00 

o'm     o'i' 

P         IJ         IM 

(§  357  -> 

OC        ON 

o'i     o'm' 

(Why?) 

434.  Corollary.  The  areas  of  regular  polygons  of  the 
same  number  of  sides  are  in  the  same  ratio  as  the  squares 
of  their  radii,  or  as  the  squ  ares  of  their  apothems. 


THEOREM   V 

435.  The  area  of  a  regular  polygon  is  equal  to  half  of 
the  produet  of  its  perimeter  and  its  apothem. 

A  F 

Compare  the  sum  of  the  areas  of 

the   triangles    formed    by  the    sides 

of  the  polygon  and  the  radii  with 

the  area  of  the  polygon. 

Let  the  student  give  a  complete 

demonstration. 

C         N       O 

436.  Definition.  The  length  of  the  circumference,  or 
the  circumference,  is  defined  as  the  limit  which  the  perime- 
ter of  the  inscribed  or  circumscribed  regular  polygon 
approaches  as  the  number  of  sides 
is  increased  indefinitely. 

437.  If  any  regular  polygon 
abcdef  is  inscribed  in  a  circle  and 
chords  are  drawn  from  the  ver- 
tices of  the  inscribed  polygon  to 
the  midpoints  of  the  arcs  sub- 
tended by  its  sides,  an  inscribed 
regular  polygon  AGBHC  •••  with  double  the  number  of  sides 
is  formed.     The  perimeter  of  agbhc  •••  is  greater  than  the 

ltman's  plane  geom.  — 12 


178 


PLANE   GEOMETRY 


perimeter  of  abcdef  ;  since  AG  +  GB  is  greater  than  AB,  etc. 
(Why  ?)  If  the  process  of  doubling  the  number  of  sides 
of  the  inscribed  regular  polygon  is  continued  indefinitely, 
the  perimeter  of  the  polygon  can  be  made  to  approach 
coincidence  with  the  circumference  of  the  circle  as  near  as 
Ave  please  ;  that  is,  the  circumference  of  the  circle  is  the  limit 
which  the  perimeter  of  the  inscribed  r< gular  'polygon  ap- 
proaches as  the  number  of  its  sides  is  increased  indefinitely. 

438.  The  apothem  OM  of  the  regular  inscribed  polygon 
approaches  the  radius  of  the  circle  as  a  limit  as  the  num- 
ber of  sides  of  the  polygon  is  increased  indefinitely. 

439.  If  any  regular  polygon 
ABCDEF  is  circumscribed  about  a 
circle  and  tangents  are  drawn  at 
the  midpoints  of  the  arcs  included 
between  the  points  of  tangency 
of  consecutive  sides,  another  cir- 
cumscribed regular  polygon  with 
double  the  number  of  sides  is 
formed.  The  perimeter  of  this  polygon  is  less  than  the 
perimeter  of  the  original  polygon.  (Why?)  If  this 
process  of  doubling  the  number  of  sides  is  continued  in- 
definitely, the  perimeter  of  the  polygon  can  be  made  to 
approach  coincidence  with  the  circumference  of  the  circle 
as  near  as  we  please;  that  is,  tin'  circumference  of  the  circle 
is  the  limit  which  the  perimeter  of  the  circumscribing  regular 
polygon  approaches  as  the  number  of  its  sides  is  increased 
indefinitely. 

440.  The  radius  oc  of  the  circumscribed  regular  poly- 
gon approaches  the  radius  of  the  circle  as  a  limit  as  the 
number  of  sides  of  the  polygon  is  increased  indefinitely. 
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441.  The  circumference  of  the  circle  is  greater  than  the  per- 
inh  ter  of  any  inscribed  regular  polygon  and  less  than  the  per- 
imeter of  any  circumscribed  regular  polygon.     (  §  §  437,  439.) 

442.  Definition.  The  area  of  the  circle  is  the  limit  of 
the  area  of  the  inscribed  or  circumscribed  regular  polygon 
as  the  number  of  sides  is  increased  indefinitely. 

443.  Note.  The  statements  contained  in  the  last  two  articles 
admit  of  formal  proof,  but  they  are  so  evident  and  the  rigorous  proofs 
are  so  difficult  that  the  demonstrations  are  omitted  and  the  simple 
explanations  of  articles  437  and  439  given. 

THEOREM   VI 

444.  The  circumferences  of  circles  arc  in  the  same  ratio 
as  their  radii ,  and  the  areas  as  the  squares  of  their  radii. 

Given:    ©  O  and  o\  R  and  r'  their  radii,  and  C  and  c'  their 
circumferences. 

_    ^            C       R          -i    area  of  o        R2 
To  Prove:    —  =  —    and    — -  =  — - 

C       R  area  of  o'      R 2 

Proof:  I.  Inscribe  in  O  and  o' 
regular  polygons  of  n  sides 
with  perimeters  P  and  p'. 

Then        *="•      (§433) 
p7     r7 

Let  n  increase  indefinitely,  the  two  polygons 'continu- 
ally having  the  same  number  of  sides. 
Then  p  and  p'  will  approach  as  limits  C  and  c'  respec- 
tively. (Why?) 

9-      Ji 
•''c'~r' 

II.  Inscribe  in  the  circles  regular  polygons  of  n  sides. 
How  do  the  areas  of  the  polygons  compare  with  the 
squares  of  the  radii  of  the  two  circles  ?  (§  434) 

Let  the  student  complete  the  demonstration. 
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445.    Corollary.     The  ratio  of  the  circumference  of  a 
circle  to  its  diameter  is  constant. 

°       2R  (Why?) 


c'      2r' 

(Why?) 


c' 


2r      2r' 

This  constant  ratio  of  the  circumference  to  its  diameter 
is  denoted  by  the  Greek  letter  tt  (pi). 

Hence  —  =  7r, 

2r 

or  c  =  2  7tr. 

446.    Exercise.     1.    Find  the  circumference  of  a  circle 
whose  diameter  is  10cm,  if  it  =  3^. 

2.  What  is  the  ratio  of  t'he  areas  of  two  circles  whose 
radii  are  10  and  20  ? 

3.  Show  that  the  apothem  of  a  regular  inscribed  hexa- 
gon is  —  v3,  and  its  area  is  -R2 V3. 

*  2  2 

4.  Find  the  area  of  an  equilateral  triangle  inscribed  in 
a  circle  whose  radius  is  9  ft. 

5.  The   circumference   of  a   circle   is  50m.      Find   its 
radius  and  diameter. 

6.  Find  the  length  of  an  arc  subtended  by  an  angle  of 
35°  in  a  circle  whose  circumference  is  60  ft. 

7.  Show  that  the  area  of  an  inscribed  square  is  2r2. 

8.  Construct  an  angle  of  36°. 

9.  Divide  a  right  angle  into  five  equal  parts. 

10.  Any  radius  of  a  regular  polygon  bisects  an  angle  of 
the  polygon. 

11.  Find  the  radius  of  a  circle  whose  circumference  is 
100  ft. 
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THEOREM   VII 

447.  The  area  of  a  circle  is  equal  to  half  of  the  product 
of  its  circumference  and  its  radius. 

Given:  A  the  area,  r  the  radius, 
and  c  the  circumference  of 
the  O  O. 

To  Prove :    A  =  \  Cr. 

Proof:    Circumscribe     about    the 
circle  a  regular  polygon  of  n 
sides,    and   let    P    denote    its 
perimeter  and  M  its  area. 
Then  M  =  |  Pr.  (§  435) 

If  n  increases  indefinitely,  P  approaches  c  and  M  ap« 
proaches  A  as  a  limit,  while  r  remains  the  same.  (Why  ?) 

.*.  A  =  ^cr. 

448.  Corollary  1.  The  area  of  a  circle  is  equal  to  tv 
multiplied  by  the  square  of  its  radius. 

C  =  2  7rr. 
,\  a  =  i  x  2  7rr  x  r,  or  A  =  irr2. 

449.  Corollary  2.  The  area  of  a  sector  is  equal  to  ont> 
half  of  the  product  of  its  arc  and  radius. 

450.  Exercise.  1.  Find  the  area  of  a  circle  whose 
diameter  is  8  in.,  if  w  =  3|. 

2.  Find  the  area  of  a  sector  formed  by  the  angle  of  an 
equilateral  triangle  at  the  center  of  a  circle  whose  radius 
is  14  ft.,  and  the  arc  intercepted  by  this  angle. 

3.  Find  the  area  of  a  segment  whose  arc  is  60°  in  a 
circle  whose  radius  is  4  ft. 

4.  The  area  of  a  circle  is  100  tt.  Find  its  diameter  and 
circumference. 
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PROBLEM    III 

451 .  Given  the  radius  of  a  circle  and  the  side  of  a  regu- 
lar inscribed  polygon,  to  find  the  side  of  a  similar  circum- 
scribed polygon. 

C 

Given:    AB   a    side   of  the   inscribed    " 

regular    polygon     and     OF    the 
radius  of  the  circle. 

Required:  To  compute  CD  a  side  of 
the  circumscribed  regular  poly- 
gon in  terms  of  AB  and  OF  (=  r). 

Solution  :    Draw  CO  and  DO. 

CD  and  AB  may  be  so  drawn  that 

CO  and  DO  will  pass  through  A  and  B  respectively. 

(§  423) 


CF       OF           ^_       r  X  AE        Tj             ^        r  X  AB 

—  =  — ,  or  CF  = Hence  CD  =  -         — 

AE       OE                           OE                                              OE 

(Why?) 

But             OE  =  Vr2  —  AE2  =  J  V4  r2  —  AB2. 
. 2  r  x  ab 

,*.CD  = - 

£Why  ?) 

V4  r2  -  AB2 

PROBLEM   IV 

452.  Given  the  radius  of  a  circle  and>  a  side  of  an  in- 
scribed regular  polygon  of  n  sides,  to  find  the  side  of  an 
inscribed  regular  polygon  of  2n  sides.  q 

Given :  OA  the  radius  of  the  circle, 
AB  a  side  of  an  inscribed  regular 
polygon  of  n  sides,  and  AC  a  side 
of  an  inscribed  regular  polygon 
of  2  n  sides. 

Required:  To  find  AC  (=  a)  in  terms 
of  OA  (  =  r)  and  AB  (=  b). 
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Golution:     Draw  OC. 

Then  OC  _L  AB  at  its  midpoint  D. 
.*.  OD2=OA2  —  AD2 

V4  r2  -  b2 
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(Why  ?) 
(Why  ?) 


or 


od  = 


2  r  -  V4  r2  -  b2 


Also 


or 


CD  = 


AC2  =  CD2  +  AD2, 


a2  = 


"2  r  —  V4  r2  —  b2' 


2       b2 

+1 


—  2  j-2  —  /•  V4  )-2  —  b2. 


(Why  ?) 
(Why  ?) 


(Why  ?) 


453.    Exercise.    1.    If  a  is  a  side  of  a  regular  pentagon 

inscribed  in  a  circle  with  radius  r,  prove  «  =  -A/10  — 2V5. 

2 

2.  If  a  is  a  side  of  a  regular  octagon  inscribed  in  a 

circle  with  radius  r,  prove  a  =  r  ^2  —  v2. 

3.  If  d  is  a  diagonal  of  a  regular  pentagon  inscribed  in 

a  circle  with  radius  r,  prove  d  =  -\10  +  2 V5. 

4.  Find  the  side  of  a  regular  circumscribed  hexagon  in 
terms  of  the  radius  of  the  circumscribed  circle. 

5.  If  a  regular  polygon  with  side  a  is  inscribed  in  a 
circle  with  radius  r,  show  that  the  side  of  a  similar  cir- 

cum  sen  bed  polygon  is  —  • 

V4  r2  —  a2 
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6.  In  a  circle  with  radius  of  10  ft.,  what  is  the  length 
of  a  side  of  an  inscribed  regular  dodecagon  ? 

7.  Show  that  the  area  of  a  regular  inscribed  octagon 
is  equal  to  the  product  of  the  sides  of  the  inscribed 
and  circumscribed  squares. 

PROBLEM   V 

454.    To  find  the  value  of  tt  approximately. 

Proof:  Take  the  diameter  of  the  circle  as  given  and  com- 
pute the  perimeters  of  an  inscribed  regular  polygon  and 
of  a  similar  circumscribed  polygon.  Then  compute 
the  perimeters  of  inscribed  and  circumscribed  poly- 
gons of  double  the  number  of  sides  by  Problems  111 
and  IV.  From  these  results  again  compute  the  perime- 
ters of  polygons  of  double  the  number  of  sides,  and 
so  on.  As  the  number  of  sides  is  increased,  the  perime- 
ters will  approach  nearer  and  nearer  to  the  length  of 
the  circumference. 

For  convenience  let  the  diameter  of  the  circle  =  1,  and 
let  p  and  P  represent  the  perimeters  of  the  inscribed 
and  circumscribed  regular  polygons  respectively. 
If  we  begin  by  inscribing  and  circumscribing  a  square, 
p  =  4,  and  p  =  2V2  =  2.8284271. 
Then  for  the  perimeters  of  the  inscribed  and  circum- , 

scribed  octagons  Q       .  ,   _c 

p  =  t>.0ol4b75, 

and  p=  3.3137085. 

From  these  values  we  find   the  perimeters  of  the  in- 
scribed and  circumscribed  polygons  of  16  sides. 

p  =  3.1214452, 

and  p  =  3.1825979. 
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This  process  may  be  continued,  and  the  following  re- 
sults found  : 


No.  of  Sides 

Perimeter  of 
Circumscribed  Polygon 

Perimeter  of 
Inscribed  Polygon 

4 

4.0000000 

2.8284271 

8 

3.3137085 

3.0614675 

16 

3.1825979 

3.1214452 

32 

3.1517249 

3.1365485 

64 

3.1441184 

3.1403312 

128 

3.1422236 

3.1412773 

256 

3.1417504 

3.1415138 

512 

3.1416321 

3.1415729 

1024 

3.1416025 

3.1415877 

2048 

3.1415951 

3.1415914 

4096 

3.1415933 

3.1415923 

Since  the  circumference  is  less  than  the  perimeter  of 
any  circumscribed  polygon  and  greater  than  the  perimeter 
of  any  inscribed  polygon,  the  circumference  of  the  circle 
whose  diameter  is  1  must  have  a  value  between  3.1415933 
and  3.1415923.  Also  since  c  =  2  irr  and  2  r  =  1,  •'•  C  =  7r, 
or  7r  =  3.14159  correct  to  five  decimal  places. 

For  practical  applications,  the  value  7r=  3.1416  is 
sufficient,  it  =  %£  is  an  approximate  value  correct  to  two 
decimal  places.  When  no  great  degree  of  accuracy  is 
required,  this  value  is  sufficient. 

455.  Exercise.  1.  Cut  out  a  circular  piece  of  card- 
board and  measure  the  circumference  by  rolling  it  along 
a  straight  line  till  it  completes  one  revolution.  Also  care- 
fully measure  the  diameter  and  divide  the  length  of  the 
circumference  by  the  length  of  the  diameter.  Repeat  this 
3  or  4  times,  and  if  the  measurements  are  carefully  made, 
the  average  will  give  an  approximate  value  of  7r. 
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2.  Make  circles  of  different  sizes  and  measure  the  cir- 
cumferences and  diameters  as  in  Ex.  1.  Find  the  ratios 
of  the  diameter  of  one  of  the  circles  to  the  diameter  of 
each  of  the  others.  Find  the  ratios  of  one  of  the  cir- 
cumferences to  each  of  the  others  in  the  same  order. 
How  do  the  ratios  between  the  diameters  compare  with 
the  ratios  between  the  corresponding  circumferences  ? 
State  the  conclusion  as  a  theorem. 

3.  The  distance  around  each  of  two  fields  is  200  rd., 
one  is  circular  and  the  other  is  square.  How  do  their 
areas  compare  ? 

4.  Find  the  area  bounded  by  two  concentric  circumfer- 
ences whose  diameters  are  10  in.  and  12  in.  respectively. 

5.  Find  the  areas  of  circles  with  radii  5  ft.,  7.25  ft.; 
with  diameters  6  ft.,  18  ft. 

6.  Find  the  radii  and  diameters  of  circles  whose  areas 
are  78.54  sq.  in.,  104.72  sq.  in.,  157.08  sq.  in. 

7.  Find  the  circumferences  of  circles  with  radii  100  in., 
15  in.,  2.25  in.;   with  diameters  12.5  in.,  !<>§  in.,  25  in. 

8.  Find  the  radii  and  diameters  of  circles  whose  cir- 
cumferences are  75.64  in.,  100  in.,  2250  in. 

456.  Historical  Notes.  The  squaring  of  the  circle,  or  the  finding  of 
a  square  equal  in  area  to  the  area  of  a  given  circle,  early  occupied  the 
attention  of  mathematicians.  The  solution  of  this  problem  depends 
upon  the  finding  of  an  exact  value  of  ir.  Tt  has,  however,  been  shown 
in  recent  years  that  t  is  incommensurable  and  that  it  cannot  be  a 
root  of  a  rational  algebraic  equation. 

Nearly  four  thousand  years  ago  the  Egyptian  writer  Ahmes,  in 
his  work  entitled  "Directions  for  Obtaining  a  Knowledge  of  All 
Dark  Things,"  solved  problems  involving  the  area  of  the  circle  and 
found  results  that  gave  tt  =  3.1604.  The  Babylonians  and  Jews  used 
7r  =  3.  The  value  obtained  by  Ahmes  was  not  very  accurate,  while 
that  obtained  by  the  Babylonians  and  Jews  was  still  less  so.     These 
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results  were  probably  obtained  either  by  direct  measurement  or  by 
estimation. 

The  Greeks  attacked  the  problem  from  a  different  point  of 
view.  Anaxagoras,  a  philosopher  of  the  fifth  century  B.C.,  was  prob- 
ably the  first  among  the  Greeks  to  investigate  the  value  of  ir.  He 
was  an  astronomer,  and  is  said  to  have  been  thrown  into  prison  for 
stating  that  the  sun  was,  in  his  opinion,  greater  than  the  lower  end 
of  Greece.  While  in  prison,  Plutarch  says  that  he  wrote  a  treatise 
on  squaring  the  circle. 

About  one  hundred  years  later  Antiphon  attacked  the  problem 
by  starting  with  an  inscribed  square;  then  by  bisecting  the  sub- 
tended arc  he  obtained  an  inscribed  regular  octagon  ;  then  in  the  same 
way  a  regular  figure  of  16  sides,  and  so  on  indefinitely.  From  this 
process  Antiphon  reasoned  that  it  is  always  possible  to  draw  a  square 
equivalent  in  area  to  the  area  of  a  circle.  However,  he  overlooked 
the  fact  that  if  the  sides  of  a  polygon  are  divided  without  limit,  as 
must  be  the  case  if  the  inscribed  polygon  is  to  approach  the  circle  as 
a  limit,  he  must  apply  his  ruler  and  compasses  without  limit,  and 
therefore  could  never  finish  his  work.  In  like  manner,  to  attempt  to 
compute  an  exact  value  of  ir  =  3.14159+  involves  arithmetical  work 
without  limit. 

Bryson,  a  contemporary  of  Antiphon,  attempted  the  solution  of 
the  problem  by  inscribing  a  polygon  and  circumscribing  another 
and  assuming  that  the  area  of  the  circle  was  an  arithmetic  mean 
between  them.  Although  his  assumption  was  false,  to  Bryson  belongs 
the  credit  of  introducing  upper  and  lower  limits. 

Archimedes  (287-212  n.c.)  adopted  methods  similar  to  those  of 
Antiphon  and  Bryson.  His  method  is  still  in  use  in  schools  and 
is  practically  the  same  as  the  one  given  in  this  text.  He  computed 
the  area  by  the  use  of  inscribed  and  circumscribed  polygons.  In  this 
way  he  showed  that  the  value  of  it  must  lie  between  3f  and  o\\.  His 
method  remained  in  use  till  the  invention  of  the  differential  calculus 
by  Newton  and  Leibnitz  made  a  more  direct  method  possible. 

The  Romans  used  3  and  sometimes  4,  or  for  more  accurate  work  3  J. 

About  500  a.d.  the  Hindus  used  3.1416. 

The  Arabs  about  830  a.d.  used  'V2,  VlO,  3.1416. 

In  1596  Van  Culen  computed  t  to  20  decimal  places.  Later 
others  computed  it  to  a  still  larger  number  of  decimal  places,  and  in 
1873  Shanks  computed  w  to  707  decimal  places. 
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MISCELLANEOUS  EXERCISES   ON  BOOK  V 

1.  Find  the  area  of  a  square  inscribed  in  a  circle 
whose  radius  is  6  ft.  Also  find  the  area  of  the  square 
circumscribed  about  the  same  circle. 

2.  The  area  of  a  square  is  36  sq.  ft.  Find  the  areas  of 
the  inscribed  and  circumscribed  circles. 

3.  Show  that  the  area  of  an  inscribed  equilateral 
triangle  is  one  half  of  the  area  of  a  regular  hexagon  in- 
scribed in  the  same  circle. 

4.  How  does  the  area  of  a  circumscribed  equilateral 
triangle  compare  with  the  area  of  an  equilateral  triangle 
inscribed  in  the  same  circle? 

5.  Compare  the  area  of  a  circumscribed  square  with 
the  area  of  a  square  inscribed  in  the  same  circle. 

6.  Compare  the  area  of  a  circumscribed  regular  hexa- 
gon with  the  area  of  a  regular  hexagon  inscribed  in  the 
same  circle. 

7.  Find  the  area  of  a  regular  hexagon  if  one  of  its 
sides  is  a. 

8.  If  the  area  of  a  circle  is  64  sq.  ft.  and  the  area  of  a 
sector  is  16  sq.  ft.,  how  many  degrees  are  there  in  the  arc 
of  the  sector  ? 

9.  If  the  radius  of  a  circle  is  6  in.,  find  the  area  of  a 
segment  whose  arc  is  60°. 

10.  Find  the  area  bounded  by  six  equal  coins  whose 
centers  are  at  the  vertices  of  a  regular  hexagon,  the  diam- 
eter of  each  coin  being  2.38cm. 

11.  A  crescent  is  bounded  by  a  semicircle  whose  radius 
is  15  in.,  and  by  the  arc  of  another  circle  whose  center  is 
on  the  first  produced.  Find  the  area  and  the  perimeter 
of  the  crescent. 
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12.  A  horse  is  tied  by  a  rope  60  ft.  long  to  one  corner 
of  a  barn  40  ft.  by  50  ft.  Find  the  area  he  can  graze 
over. 

13.  How  does  the  altitude  of  an  inscribed  equilateral 
t  riangle  compare  with  the  diameter  of  the  circle  ? 

14.  How  does  the  altitude  of  a  circumscribed  equilateral 
triangle  compare  with  the  radius  of  the  circle  ? 

15.  How  does  the  area  of  a  circle  compare  with  the  area 
of  the  circle  described  on  its  radius  as  a  diameter  ? 

16.  Find  the  number  of  degrees  in  an  arc  that  is  equal 
in  length  to  the  radius  of  the  circle. 

17.  The  area  of  the  ring  included  between  the  circum- 
ferences of  two  concentric  circles  is  equal  to  the  area  of 
the  circle  whose  diameter  is  a  chord  of  the  outer  circle 
that  is  tangent  to  the  inuer  circle. 

18.  The  area  of  the  semicircle  described  on  the  hypote- 
nuse of  a  right-angled  triangle  is  equivalent  to  the  sum  of 
the  areas  of  the  semicircles  described  on  the  other  two 
sides. 

19.  If  a  circle  is  circumscribed  about  a  right-angled 
triangle,  and  on  each  side  as  a 
diameter  a  semicircle  is  de- 
scribed exterior  to  the  triangle, 
the  sum  of  the  areas  of  the 
crescents  ADCE  and  CFBG  thus 
formed,  will  be  equal  to  the 
area  of  the  triangle. 

20.  In    a  given  equilateral 
triangle,  inscribe  three   equal 
circles   tangent  to  each  other 
and  to  the  sides  of  the  triangle.     Determine  the  radius 
of  these  equal  circles  in  terms  of  the  side  of  the  triangle. 
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21.  In  a  given  circle,  inscribe  three  equal  circles  tan- 
gent to  each  other  and  to  the  given  circle.  Also  deter- 
mine the  radius  of  the  equal  circles  in  terms  of  the  radius 
of  the  given  circle. 

22.  Join  the  alternate  vertices  of  a  regular  hexagon,  thus 
forming  another  hexagon.  Compare  the  areas  of  the  two 
hexagons. 

23.  The  area  of  an  inscribed  regular  hexagon  is  a  mean 
proportional  between  the  areas  of  the  inscribed  and  cir- 
cumscribed equilateral  triangles. 

24.  Join  the  alternate  vertices  of  any  regular  polygon 
and  show  that  a  similar  polygon  is  thus  formed. 

25.  Construct  a  circle  equal  to  the  sum  of  two  given 
circles,  equal  to  the  difference  of  two  given  circles. 

26.  Divide  a  circle  into  two  segments  such  that  the 
angle  inscribed  in  one  is  equal  to  twice  the  angle  inscribed 
in  the  other. 

27.  Divide  the  area  of  a  circle  into  three  equal  parts 
by  concentric  circles. 

28.  The  area  of  an  inscribed  regular  octagon  is  equal 
to  the  product  of  a  side  of  the  inscribed  square  and  the 
diameter  of  the  circumscribing  circle. 

Suggestion.  One  fourth  of  the  octagon  is  composed  of  two  tri- 
angles with  one  side  of  the  square  as  a  common  base  and  the  sum  of 
the  altitudes  as  the  radius. 

20.    From  any  point    within    a    regular    polygon    of  n 

sides,    perpendiculars    are    erected    to    the    several    sides. 

Show  that  the  sum  of  these  perpendiculars  is  n  times  the 

apothem. 

Suggestion.  Join  the  point  with  the  vertices  and  find  the  area 
in  terms  of  the  perpendiculars,  etc. 
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30.  Divide  the  diameter  of  a  circle  into  two  segments 
and  on  each  segment,  but  on  oppo- 
site sides  of  the  diameter,  construct 
two  semicircles.  Show  that  the 
sum  of  the  two  semicircumferences 
thus  formed  is  equal  to  the  semi- 
circumference  of  the  given  circle. 
Also  show  that  the  line  formed  by 
the  two  semicircumferences  divides 
the  given  circle  into  two  parts  proportional  to  the  seg- 
ments of  the  diameter. 

31.  To  divide  a  circle    into    any  number    of    parts  of 

equal  area. 

Suggestion.  Divide  the  diameter 
into  as  many  equal  parts  as  the  num- 
ber of  divisions  required  in  the  circle. 
The  figure  shows  the  circle  divided  into 
four  equal  parts. 

32.  The  diagonals  drawn  from 
any  vertex  of  a  regular  pentagon 
trisect  the  angle  at  that  vertex. 

33.  Show  that  the  square  constructed  on  the  side  of 
an  inscribed  equilateral  triangle  is  three  times  the  square 
constructed  on  the  side  of  a  regular  hexagon  inscribed  in 
the  same  circle. 

34.  Prove  that  the  diagonals  of  a  regular  pentagon 
divide  each  other  into  extreme  and  mean  ratio. 

35.  Find  the  length  of  an  arc  of  60°  in  a  circle  whose 
area  is  100  sq.  ft. 

36.  Find  the  central  angle  of  a  sector  whose  perimeter 
is  equal  to  the  circumference  of  the  circle. 

37.  Find  the  area  of  a  circle  whose  circumference  is 
80  ft. 
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THE   SOLUTION   OF   NUMERICAL   EXERCISES   IN  PLANE 

GEOMETRY 

457.  In  solving  numerical  exercises  the  aim  should  be 
to  attain  both  accuracy  and  rapidity  in  computing.  But 
accuracy  should  never  he  sacrificed  to  rapidity. 

458.  The  following  suggestions  will  be  found  useful: 

(1)  The  problem  should  be  read  carefully  and  the 
proper  relations  that  exist  between  the  conditions  stated 
should  be  thoroughly  understood  before  the  solution  is 
attempted.  This  requires  some  form  of  analysis  leading 
to  a  complete  arithmetical  statement  of  the  problem. 

(2)  The  solution  should  involve  no  unnecessary  work. 
Cancellation  and  other  convenient  short  methods  should 
be  used. 

(3)  All  arithmetical  work  should  be  carefully  checked. 
Any  arithmetical  work  that  has  an  error  in  it  is  valueless. 
Consequently  accuracy  is  of  the  highest  importance.  To 
secure  accuracy  the  student's  attention  must  be  concentrated 
on  his  work,  and  every  arithmetical  operation  must  be  checked. 

459.  The  following  checks  are  useful. 

Addition.  If  the  columns  of  figures  have  been  added 
upward,  check  by  adding  downward.  If  the  two  results 
agree,  the  work  is  probably  correct. 

Subtraction.  Add  the  remainder  and  subtrahend  up- 
ward.    The  result  should  equal  the  minuend. 

Multiplication.  Use  the  multiplicand  as  multiplier  and 
perform  the  multiplication  again,  or  check  by  "  casting 
out  the  nines." 

Division.  Multiply  the  quotient  by  the  divisor.  The 
product  plus  the  remainder  should  equal  the  dividend. 
The  check  by  "casting  out  the  nines  "  may  be  used. 
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1.  Find  the  sum  of  the  areas  of  three  rectangular  fields 
40  rd.  by  60  rcl.,  40  rd.  by  72  rd.,  and  40  rd.  by  84  rcl. 

Solution.    The  sum  of  the  areas  in  square  rods  =  40(60  +  72  +  84) 

54 

sq.  rd.  =  40  x  216  sq.  rd.  =  ^  TXJf^  A.  =  54  A. 

I 
Instead  of  multiplying  60,  72,  and  84  by  40  separately,  and  adding 
the  products,  the  sum  of  60,  72,  and  84  is  first  found,  and  the  sum 
multiplied  by  40.     Check  each  step  in  the  work  to  insure  accuracy. 

2.  Find  the  area  of  a  circle  that  is  equal  in  area  to 
three  circles  whose  radii  are  3,  4,  and  5. 

3.  Find  the  area  of  a  square  field  whose  diagonal  is 
60  rd. 

The  use  of  the  equation  will  frequently  aid  in  the  solu- 
tion of  numerical  exercises. 

Solution.     Let  x  =  a  side  of  the  square. 
Then  x2  +  x2  =  602, 

or  2  x2  =  602. 

602 
.*.  x%  or  the  area  of  the  field  in  square  rods,  =  —  sq.  rd.  =  11  A. 

40  sq.  rd. 

Notice  that  x2  gives  the  area  of  the  square  field,  and  hence  that  it 

fif\'2 

is  unnecessary  to  extract  the  square  root  of  - —     Check  each  step  in 
the  work. 

4.  Find  the  sum  of  the  areas  of  two  square  fields  whose 
diagonals  are  40  rd.  and  60  rd.  respectively. 

5.  Find  the  area  of  an  equilateral  triangle,  one  of  whose 
sides  is  12  ft. 

Solution,    h  =  -J122  —  —  =  12\/| 

=  6V3. 

.*.  area  in  square  feet  =  \  of  6  V3  x  12  sq.  ft. 

=  36  V8  sq.  ft.  =  62.35  sq.  ft. 

Check  each  step  in  the  work. 

lyman's  plane  geom.  — 13 
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6.  Find  the  sum   of  the  areas  of  two  equilateral  tri- 
angles whose  sides  are  4m  and  5m  respectively. 

7.  Find  the   area   of   a    circle    circumscribed   about   a 
square,  one  of  whose  sides  is  10  in. 

Solution.  The  radius  (/•)  of  the  circle 
in  inches  is  equal  to  one  half  of  the  diag- 
onal of  the  square,  or 


r  =  I  VlO2  +  10-  in.  =  5  V2  in. 

.*.  the  area  of  the  circle  in  square  inches 
=  tt(5V2)2  sq.  in.  =  50  tt  sq.  in.  =  157.08 
sq.  in. 

Check  each  step  in  the  work. 

Notice  that  it  is  unnecessary  to  find  v2. 
It  is  frequently  of  advantage,  as  in  this  case,  to  postpone  the  extrac- 
tion of  roots. 

8.  Find  the  area  of  a  circle  inscribed  in  a  square  whose 
diagonal  is  40  ft. 

9.  What  is  the  diameter  of  a  wheel  that  makes  480 
revolutions  in  going  a  mile? 

Solution.     Let  x  =  the  number  of  feet  in  the  diameter. 

Then  480  -kx  =  5280  ft. 

11 

.  x  =     vm      ft  =    ii 

m  x  3.1416      '       3.1416 
=  3.5+  ft. 

Check  each  step  of  the  work. 

Notice  the  unnecessar}^  work  avoided  by  canceling  common  fac- 
tors in  the  dividend  and  divisor.  The  student  should  factor  and.  remove 
common  factors  whenever  possible,  and  never  multiply,  nor  divide,  till  all 
possible  factors  have  been  removed  by  cancellation. 

10.  The  wheels  of  an  automobile  are  32  in.  in  diam- 
eter, and  make  33,000  revolutions  in  1^  hr.  How  many 
miles  per  hour  is  the  automobile  traveling?  How  many 
miles  will  the  automobile  travel  in  8  hr.  ? 
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11.  Find  the  area  of  a  field  equal  in  area  to  the  sum 
of  the  areas  of  a  rectangular  field  40  rd.  by  60  rd.,  and  of 
a  field  in  the  shape  of  an  isosceles  trapezoid  whose  parallel 
sides  are  50  rd.  and  70  rd.,  and  non-parallel  sides  are 
60  rd. 

12.  Find  the  area  of  an  isosceles  triangle  whose  equal 
sides  are  8  ft.  and  base  6  ft. 

13.  Find  the  area  of  an  equilateral  triangle  whose  alti- 
tude is  10  ft. 

14.  If  the  sides  of  a  triangle  are  112  in.,  124  in.,  and 
146  in.,  compute  the  altitude  to  the  side  whose  length  is 
146  in. 

15.  Find  the  radius  of  a  circle  whose  area  is  equal  to  the 
sum  of  the  areas  of  two  circles  whose  radii  are  6  in.  and  8  in. 

16.  The  sides  of  a  rectangle  are  20  ft.  and  36  ft.  Find 
the  length  of  a  diagonal. 

17.  The  diagonal  of  a  rectangle  is  214  ft.,  and  one  side 
is  154  ft.     Find  the  length  of  the  other  side. 

18.  If  the  diameter  of  the  earth  is  7916  mi.,  find  the 
distance  around  the  equator. 

19.  Find  correct  to  0.01  the  diagonal  of  a  square  whose 
side  is  416.25  ft. 

20.  At  9p  per  square  foot,  how  much  will  itN  cost  to 
make  a  cement  walk  5  ft.  wide  around  a  rectangular 
block  20  rd.  by  18  rd.,  measured  to  the  outer  edge  of  the 
sidewalk  ? 

21.  A  race  track  40  ft.  wide,  with  semicircular  ends,  is 
constructed  in  a  rectangular  field  806  ft.  by  2189.36  ft. 
Find  the  length  of  the  track  3  ft.  from  the  outer  edge. 
Also,  find  the  area  of  the  track,  of  the  field  inside  the 
track,  and  of  the  parts  cut  off  at  the  corners  outside  the 
track. 
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22.  Find  the,  side  of  an  equilateral  triangle  whose  area 
is  100  sq.  ft. 

23.  The  area  of  a  triangle  is  80  A.,  its  base  is  400  rd. 
Find  the  number  of  feet  in  its  altitude. 

24.  The  sides  of  a  right  triangle  are  in  the  ratio  of 
6 :  8.     Find  their  lengths  if  the  hypotenuse  is  24  ft. 

25.  The  hypotenuse  of  a  right  triangle  is  362  ft.,  and  the 
sum  of  the  sides  is  424  ft.      Find  the  lengths  of  the  sides. 

26.  Within  an  equilateral  triangle  whose  side  is  36  in. 
a  second  equilateral  triangle  is  inscribed  by  joining  the 
midpoints  of  the  sides.  What  is  the  area  of  the  inscribed 
triangle? 

27.  The  radii  of  two  intersecting  circles  are  250  ft. 
and  325  ft.  respectively,  and  the  distance  between  their 
centers  is  450  ft.    Find  the  length  of  their  common  chord. 

28.  Divide  a  line  7  in.  long  into  parts  that  shall  be  in 
the  ratio  2  :  J-  :  1|. 

29.  A  rose  window  is  constructed  by  describing  out- 
wardly, with  centers  at  the  vertices  of  a  regular  hexagon 
(side  3 J  ft.),  circles  with  radii  1|  ft.  Find  the  number 
of  square  feet  of  glass  in  the  window. 

30.  Find  the  area  of  a  circle  whose  radius  is  equal 
to  the  side  of  an  equilateral  triangle  whose  area  is  25 
sq.   ft. 

31.  Two  concentric  circles,  with  areas  10  sq.  ft.  and 
20  sq.  ft.,  are  drawn.     Find  the  width  of  the  ring  formed. 

32.  If  the  altitude  of  a  triangle  is  6  in.,  what  is  the 
altitude  of  a  similar  triangle  3  times  as  large  ? 

33.  From  a  point  without  a  circle  two  secants  12 
in.  and  16  in.  long  are  drawn.  If  the  external  segment 
of  the  first  is  4  in.,  find  the  external  segment  of  the 
second. 


NUMERICAL   EXERCISES 


197 


34.  From  each  of  the  vertices  of 
an  equilateral  triangle  (side  8  in.) 
as  a  center,  and  with  a  radius  of  4 
in.,  circles  are  drawn  outwardly. 
Find  the  area  and  perimeter  of  the 
figure  formed. 

35.  The  sides  of  two  equilateral 
triangles  are  8  in.  and  10  in.     Find 
the  length  of  the  side  of  an  equilateral  triangle  equivalent 
to  their  sum. 

36.  Two  intersecting  chords  of  a  circle  are  8  in.  and 
12  in.,  the  segments  of  the  first  are  3  in.  and  5  in.  Find 
the  segments  of  the  second  chord. 

37.  From  a  point  without  a  circle  a  secant  12  in.  long 
is  drawn.  The  external  segment  is  8  in.  Find  the  length 
of  the  tangent  drawn  from  the  same  point  to  the  circle. 

38.  The  diameter  of  a  circle  is  22  in.  long.  A  chord 
perpendicular  to  the  diameter  divides  it  into  two  parts  in 
the  ratio  of  2  :  3.     Find  the  length  of  the  chord. 

39.  Through  a  given  point  within  a  circle  draw  a  num- 
ber of  chords.      Carefully  measure 
the  segments  of  these  chords  and 
find  the  product  of  the  segments 
in  each  case. 

Thus, 
AP=       ,       PB=       ,        AP  X  PB=       , 

CP=       ,       PD  =       ,        CPX  PD=        , 

etc. 

Note  carefully  how  the  products 
compare   in   magnitude,   and  hence   derive   an   important 
theorem. 

40.  From  a  point  without  a  circle  draw  a  number  of 
secants  and  carefully  measure  the  whole  secant  and  the 
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external  segments.  Find  the  product  of  the  whole  secant 
and  its  external  segment  in  each  case.  Note  carefully 
how  the  products  compare  in  magnitude  and  deduce  an 
important  theorem. 

41.  The  sides  of  a  triangle  are  6cm,  4cm,  and  8cm.  Find 
the  length  of  the  segments  into  which  the  bisector  of  the 
angle  between  the  first  two  sides  divides  the  third  side. 

42.  The  radius  of  a  circle  is  80m.  Find  its  area  in 
hectares. 

43.  Find  in  centimeters  the  radius  of  a  circle  circum- 
scribed about  a  square  whose  side  is  204cm. 

44.  Find  in  square  meters  the  area  of  a  triangle  whose 
sides  are  21m,  95dm,  and  1200cm. 

45.  Find  in  ares  the  area  of  a  square  whose  diagonal 
is  40m. 

46.  The  diagonals  of  two  squares  are  8dm  and  76cm. 
Find  the  diagonal  of  a  square  equal  in  area  to  their  sum. 

47.  The  sides  of  two  equilateral  triangles  are  lm  and 
3m.  Find  the  side  of  an  equilateral  triangle  equivalent 
to  the  difference  of  the  two  given  triangles. 

48.  One  side  of  a  polygon  is  24cm.  Find  the  side  of  a 
similar  polygon  that  bears  to  the  given  polygon  the  ratio 
2:3. 

49.  Find  the  area  of  a  circular  ring  formed  by  two  con- 
centric circles  whose  radii  are  12cm.  and  16cm.    • 

50.  The  two  parallel  sides  of  a  trapezoid  are  125m  and 
164m;  the  non-parallel  sides  are  76m  and  11 2m.  Find  the 
area  of  the  trapezoid. 

51.  The  area  of  two  circles  are  4681"2  and  OT^1"2.  Find 
the  number  of  degrees  in  an  arc  of  the  first  that  is  equal 
in  length  to  an  arc  of  60°  in  the  second. 
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MISCELLANEOUS  EXERCISES  IN  PLANE  GEOMETRY 

1.  Find  a  point  in  a  given  straight  line  equidistant 
from  two  given  points  not  in  the  given  straight  line. 

Can  the  two  points  be  so  located  that  the  construction 
is  impossible? 

Can  the  two  points  be  so  located  that  there  will  be  more 
than  one  solution? 

2.  If  the  lines  drawn  from  the  extremities  of  the  base 
of  a  triangle,  making  equal  angles  with  the  sides,  are 
equal,  the  triangle  is  isosceles. 

3.  ABC  is  an  isosceles  right  triangle.  On  the  sides  CB 
and  CA  construct  equal  isosceles  triangles  DBC  and  EAC. 
Draw  DE,  and  produce  EA  and  DB,  if  necessary,  to  meet  in 
F.     Prove  that  FED  is  an  isosceles  triangle. 

Investigate  both  cases  where  the  equal  isosceles  tri- 
angles are  constructed  on  the  sides  remote  from  the  given 
triangle,  or  toward  the  given  triangle. 

4.  To  what  postulate  is  the  following  statement  equiv- 
alent ?  Two  straight  lines  cannot  intersect  in  more  than 
one  point. 

5.  Construct  an  isosceles  triangle,  having  given  the 
base  and  the  sum  of  one  of  the  equal  sides  and  the  perpen- 
dicular from  the  vertex  to  the  base. 

6.  Construct  a  triangle  on  a  given  base  such  that  each 
side  is  double  the  given  base. 

7.  On  a  given  base  construct  a  quadrilateral  such  that 
each  of  the  three  other  sides  is  half  of  the  base.  Is  more 
than  one  construction  possible  ? 

8.  The  exterior  angle  at  the  base  of  an  isosceles  tri- 
angle is  equal  to  half  of  the  angle  at  the  vertex  plus  a 
right  angle.  State  a  converse  of  this  theorem.  Is  this 
converse  true? 
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9.  If  the  greatest  and  least  sides  of  a  quadrilateral  are 
opposite  each  other,  each  of  the  angles  adjacent  to  the 
least  side  is  greater  than  the  angle  opposite  it. 

10.  How  many  of  the  exterior  angles  of  a  triangle  may 
be  obtuse?  how  many  must  be? 

11.  Of  the  six  parts  of  a  triangle,  the  three  sides  and 
the  three  angles,  what  combinations  can  be  given  without 
completely  determining  the  triangle? 

12.  The  middle  point  of  any  straight  line  that  meets 
two  parallel  straight  lines  and  is  terminated  by  them  is 
equidistant  from  the  two  lines. 

13.  An  isosceles  triangle  can  be  divided  into  two  isos- 
celes triangles,  if  its  vertical  angle  is  |-  of  a  right  angle,  a 
right  angle,  or  f  of  a  right  angle. 

14.  Show  how  to  trisect  a  given  line  segment. 

15.  ABCD  is  a  square.  Through  the  point  O  of  intersec- 
tion of  the  diagonals  EOF  is  drawn,  meeting  AD  in  E  and 
BC  in  F.     Prove  that  EB  and  DF  are  parallel. 

16.  A  hexagon  abcdef  has  the  angles  A,  c,  E  equal  and 
each  double  one  of  the  angles  B,  D,  F,  which  are  also  equal. 
What  part  of  a  right  angle  is  each  of  the  angles  of  the 
hexagon  ? 

17.  On  the  sides  AB,  BC,  CA  of  an  equilateral  triangle 
three  equilateral  triangles  ADC,  CEB,  BFA  are  drawn.  Prove 
that  D,  E,  F  are  the  vertices  of  an  equilateral  triangle. 

18.  Sho'w  how  angles  of  6°,  9°,  12°,  15°,  and  18°  can  be 
constructed  by  means  of  a  square,  pentagon,  hexagon, 
octagon,  and  decagon. 

19.  Bisect  a  given  triangle  by  a  straight  line  drawn 
through  a  given  point  in  one  of  its  sides. 

20.  Trisect  a  given  triangle  by  straight  lines  drawn 
through  a  given  point  in  one  of  its  sides. 
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21.  Divide  a  given  line  into  two  parts  so  that  the  square 
on  one  part  equals  twice  the  square  on  the  other  part. 

22.  How  many  revolutions  will  a  bicycle  wheel  28  in.  in 
diameter  make  in  going  a  mile  ? 

23.  The  diameter  of  a  circle  is  3  ft.  Find  the  diameter 
of  a  circle  with  twice  its  area ;  three  times  its  area ;  one 
half  of  its  area. 

24.  If  the  square  on  one  side  of  a  triangle  exceeds  the 
sum  of  the  squares  on  the  other  two  sides,  the  triangle  is 
obtuse-angled. 

25.  A,  B,  C,  and  D  are  vertices  of  equilateral  triangles 
described  on  the  four  sides  of  a  parallelogram  taken  in 
order.     Prove  that  AB  is  equal  and  parallel  to  DC. 

26.  Construct  a  rectangle  of  given  perimeter  equal  to 
a  given  square.     When  is  this  problem  impossible  ? 

27.  Divide  a  given  straight  line  into  two  parts  such 
that  the  square  on  one  part  is  five  times  the  square  on  the 
other  part. 

28.  O  is  the  midpoint  of  the  base  BC  of  a  triangle  ABC. 
Prove  AB2  +  AC2  =  2  AO2  +  2  bo2. 

29.  Find  the  locus  of  the  centers  of  all  circles  which 
pass  through  two  given  points.  Is  there  more  than  one 
line  in  this  locus  ? 

30.  Describe  a  circle  to  pass  through  two  given  points 
and  having  a  given  radius. 

Is  this  construction  always  possible  ? 

31.  Prove  that  the  perpendiculars  erected  at  the  mid- 
points of  all  of  the  sides  of  a  polygon  inscribed  in  a  circle 
meet  in  a  point. 

32.  The  diameter  of  a  circle  is  10  ft.  Find  the  diame- 
ter of  a  circle  with  twice  its  circumference;  three  times 
its  circumference. 
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33.  Show  that  the  longest  line  drawn  through  a  point 
of  intersection  of  two  circles  and  terminating  in  the 
circles  is  parallel  to  the  line  joining  the  centers  of  the 
circles. 

34.  The  product  of  the  diagonals  of  an  inscribed  quad- 
rilateral is  equal  to  the  sum  of  the  products  of  the  oppo- 
site sides. 

35.  If  two  circles  intersect,  and  through  one  of  the 
points  of  intersection  lines  are  drawn  making  equal  angles 
with  the  line  joining  the  centers  and  terminating  in  the 
circles,  these  lines  are  equal. 

36.  Find  the  locus  of  the  centers  of  all  circles  that 
touch  a  given  circle  at  a  given  point. 

37.  Find  the  locus  of  the  centers  of  all  circles  with  a 
given  radius  that  touch  a  given  circle. 

Will  there  be  more  than  one  line  in  this  locus? 

38.  Describe  a  circle  with  a  given  radius  passing 
through  a  given  point  and  whose  center  is  in  a  given  line. 

39.  A  line  AB  is  6  in.  long.  With  A  as  a  center,  circles 
with  radii  2,  3,  and  4  in.  are  drawn,  and  with  B  as  a  cen- 
ter, circles  with  radii  1,  3,  and  5  in.  are  drawn.  Indicate 
the  circles  that  intersect  and  those  that  do  not.  Are  any 
of  the  circles  tangent  to  each  other  ? 

40.  Given  the  arc  of  a  circle,  to  find  the  center. 

41.  Through  a  point  of  intersection  of  two  circles  draw 
a  line  so  that  the  chord  of  one  circle  is  three  times  the 
chord  of  the  other. 

42.  A  circle  is  drawn  so  that  it  cuts  each  of  the  sides 
of  a  triangle  ABC  in  two  points.  If  D,  E,  F  are  the  mid- 
points of  the  parts  thus  cut  off  from  BC,  CA,  AB  respec- 
tively, prove  that  BD2  +  CE2  +  AF2=  DC2  +  EA2  +  FB2, 
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43.  If  each  of  four  equal  circles  ABC,  DEF,  GHI,  jkl, 
touch  two  of  the  others  externally  and  also  touch  the 
circle  behk  internally,  the  centers  of  the  four  circles 
form  the  vertices  of  a  square. 

44.  abcde  is  a  circle,  abcm  is  a  rhombus  ;  so  also  is 
CDEN.  Show  that  the  point  in  which  BM  and  DN  meet  is 
the  center  of  the  circle. 

45.  abcd  is  a  quadrilateral  inscribed  in  a  circle.  AB 
and  DC  are  produced  to  meet  in  E.  Prove  that  the  tri- 
angles AEC  and  BDE  are  similar. 

46.  abcd  is  a  semicircle  whose  diameter  is  ad.  AC  is  pro- 
duced to  E  and  BC  is  drawn.      Prove  that  Z  bce  is  obtuse. 

47.  Determine  the  least  loss  of  material  in  cutting  ^ 
square  out  of  a  given  circle. 

48.  Determine  the  least  loss  of  material  in  cutting  a 
circle  out  of  a  given  square. 

49.  Arcs  of  two  circles  are  constructed  on  the  same 
chord  AB  and  on  the  same  side  of  it.  Any  line  ACD  is 
drawn  cutting  the  arcs  in  c  and  D.  Prove  angle  cbd 
constant. 

50.  The  opposite  angles  of  an  inscribed  quadrilateral 
are  supplementary.  State  and  prove  the  converse  of  this 
theorem. 

51.  Construct  a  circumference  equal  to  the  sum  of  two 
given  circumferences. 

52.  Find  the  area  of  a  segment  whose  chord  is  equal  to 
the  radius  of  the  circle. 

53.  Construct  an  isosceles  triangle  having  each  of  the 
angles  at  the  base  double  the  angle  at  the  vertex. 

54.  Show  how  to  construct  a  tile  floor  with  octagons 
and  squares. 
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55.  Find  the  locus  of  all  points  that  move  so  that  the 
ratio  of  their  distances  from  two  fixed  points  is  constant. 

56.  Use  Ex.  53  to  divide  a  right  angle  into  five  equal 
parts. 

57.  From  a  point  P  outside  a  circle  a  line  is  drawn  cut- 
ting the  circle  in  A  and  B.  Find  a  mean  proportional  be- 
tween pa  and  PB. 

58.  If  a  triangle  is  inscribed  in  a  circle,  and  from  its 
vertex  lines  are  drawn  parallel  to  tangents  at  the  extremi- 
ties of  its  base,  these  lines  will  cut  off  similar  triangles. 

59.  The  line  drawn  through  the  vertex  of  an  angle 
perpendicular  to  the  bisector  of  the  angle  makes  equal 
angles  with  the  sides. 

GO.  Common  tangents  are  drawn  to  two  circles.  Prove 
AB  =  CD  and  EF  =  GH.  Investigate  the  cases  where  the 
circles  are  tangent  (a)  externally  and  (6)  internally. 

A 


_ — — •■" 


61.  In  the  figure  to  Ex.  60  prove  AC  II  BD. 

62.  Solve,  the  following  by  intersection  of  loci  and 
determine  in  each  case  whether  (a)  the  problem  may  ever 
be  impossible  and  (#)  there  may  be  but  one  solution,  or 
more  than  one  : 

Find  the  position  of  a  point 

(a)  Equally  distant  from  three  given  points. 
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(5)  In  a  given  line  and  equally  distant  from  two  inter- 
secting lines. 

(c)  Equally  distant  from  two  intersecting  lines  and 
also  equally  distant  from  two  given  points. 

(c7)  At  a  given  distance  from  two  lines. 

(<?)  Equally  distant  from  two  given  parallel  lines  and 
at  a  given  distance  from  a  given  point. 

63.  Find  the  center  of  a  circle  tangent  to  three  given 
lines. 

Determine  the  number  of  possible  solutions  both  when 
(a)  no  two  of  the  lines  are  parallel  and  (b)  when  only 
two  of  the  lines  are  parallel. 

64.  To  draw  within  a  circle  six  circles  tangent  to  each 
other  and  to  the  given  circle. 

Suggestions.  Divide  the  cir- 
cle into  twelve  equal  arcs  and  draw 
radii  to  the  points  of  division.  At 
the  extremity  of  radius  OA  draw  a 
perpendicular  and  extend  the  ad- 
jacent radii  to  meet  this  perpen- 
dicular in  B  and  C  forming-  A  OBC. 
Inscribe  a  circle  in  A  OBC.  With 
O  as  a  center  draw  a  circle  through 
D.  The  intersections  of  this  cir- 
cle with  alternate  radii  are  the 
centers  of  the  required  inscribed 
circles. 

65.  Find  the  diameter  of  a  regular  hexagon  circum- 
scribed about  a  circle  whose  diameter  is  1  ft. 

66.  Two  belt  wheels  are  4  ft.  and  2  ft.  in  diameter  re- 
spectively. If  the  centers  of  the  shafts  on  which  the 
wheels  revolve  are  12  ft.  apart,  find  the  length  of  the  belt 
used  (#)  when  crossed  and  (£>)  when  not  crossed.  The 
radii  drawn  from  the  points  of  tangency  of  the  belts  of 
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MAXIMA   AND  MINIMA 

460.  If  a  geometrical  figure  changes  continuously  from 
one  value  to  another,  it  may  happen  that  some  element  of 
the  figure  will  pass  from  an  increasing  to  a  decreasing  stage, 
or  from  a  decreasing  to  an  increasing  stage.  When  a  geo- 
metrical figure  passes  from  an  increasing  to  a  decreasing 
stage,  or  has  reached  its  greatest  value,  it  has  attained  a 
maximum  value.  When  it  passes  from  a  decreasing  to  an 
increasing  stage,  or  has  reached  its  least  value,  it  has 
attained  a  minimum  value. 

Thus,  the  maximum  of  all  chords  of  a  circle  is  the 
diameter  and  the  minimum  straight  line  that  can  be  drawn 
from  a  given  point  to  a  given  line  is  a  perpendicular  from 
the  point  to  the  line. 

What  is  the  minimum  line  segment  from  a  point  within 
a  circle  to  a  point  on  the  circumference  ? 


THEOREM   I 

461.  Of  all  triangles  having  the  same  two  given  sides, 
that  in  which  the  sides  include  a  right  angle  is  a  maxi- 
mum. 

Given:  Two  A  ABC  and   DBC  with  sides  AC  and  CB=  sides 
DC  and   CB  respectively; 
Zacb,  a  right  angle  and 
Z  DCB,  oblique. 

To  Prove  :  A  ABC  >  A  DBC. 

Proof:    Draw  DE-LCB. 

Then  AC>  DE.     (Why?) 

AACB  >  A  DCB. 


462.     Definition, 
are  isoperimetric. 


(Why?) 
Figures  that  have  equal  perimeters 
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THEOREM   II 

463.  Of  all  isoperimetric  triangles  having  the  same 
base,  the  isosceles  is  the  maximum. 

Given :  Two  isoperimetric  A,  ABC  and  DBC,  with  the  same 
base  BC  and  A  ABC,  isos- 
celes. 

To  Prove  :  A  ABC  >  A  DBC. 
Produce  BA  to  E  making 

AE  =  BA. 

Draw  EC. 

A  circle  with  center  at  A 

and  diameter  BE  can  be 

drawn     through     B,     C, 

and  E.    '  (Why?) 

.'.Z  BCE  is  a  right  angle.  (Why  ?) 

Draw  AG  and  DF  II  BC,  and  take  DH  =  DC.      Also  draw  BH. 

AB  +  AC  =  DB  +  DC  =  DB  +  DH  =  BE.  (Why  ?) 

But  DB  +  DH  >  BH.  (Why  ?) 

.'.  BE>BH.      .*.CE>CH.      .\CG>CF.  (Why?) 

.-.A  ABO  A  DBC.  (Why?) 

464.  Corollary.  Of  all  isoperimetric  triangles,  the  ec/u  /- 
lateral  is  the  maximum. 

465.  Exercise.  1.  What  is  the  maximum  line  segment 
that  can  be  drawn  within  a  rectangle  and  terminated  by 
the  sides?     What  is  the  minimum  line  segment? 

2.  What  is  the  minimum  line  segment  that  can  be 
drawn  from  a  point  without  to  a  given  circumference  ? 
What  is  the  maximum  line  segment  ? 

3.  What  is  the  maximum  line  segment  from  a  point 
within  a  circle  to  a  point  on  the  circumference  ? 

lyman's  plane  geom.  — 14 
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THEOREM    III 

466.    Of  all  triangles  having  the  same  base  and  area 
the  isosceles  triangle  has  the  minimum  perimeter. 
Given:  A  ABC  and  BDC  having  the  same  base  and  area  and 

A  ABC  isosceles. 
To  Prove  :   AB  +  BC  +  AC  <  DB  +  BC  +  DC. 
Proof:  Produce  AB  so  that  AE=  AB.   Also  draw  ED  and  AD. 
ADllBC.       Also  Z  EAD  =  Z  ABC  =  Z  ACB.  „>E 

.-.  ZABC  =  ZCAD,  and  Z  EAD=Z  CAD. 
.*.  A  ACD^A  AED.       .'.  DC=DE. 
.-.  BD+  DE>BA  +  AE. 
.'.  BD  -f-  BC>  BA  +  AC,  or  BD  +  DC 
+  BC>  BA  +  AC+  BC. 


s  * 

s  r 

/_ 


THEOREM   IV 

467.    Of  all  isoperimetric  polygons  having   the   same 
number  of  sides,  the  maximum  is  equilateral. 

Given :  ABCDE,  the  maximum  of  all  isoperimetric  polygons 
of  a  given  number  of  sides. 

To   Prove:      Polygon     ABCDE 
equilateral. 

Proof:  If  ABCDE  is  not  equi- 
lateral, at  least  two  of  its 
sides,  as  AB  and  AE,  must 
be  unequal,  and  on  the  di- 
agonal BE  an  isosceles  triangle  BFE  can  be  constructed 
isoperimetric  with  A  ABE. 

Then  A  BFE>A  ABE.    .*.  bcdef>abcde.    But  this  is  con- 
trary to  hypothesis.     .*.AB  =  AE,  and  ABCDE  is  equilateral. 
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THEOREM   V 

468.  Of  all  polygons  having  all  sides  given  but  one,  the 
nnt.vi mum  can  be  inscribed  in  a  semicircle  having  the 
undetermined  side  as  a  diameter. 

Given:  The  polygon  ABCDEF,  having  the    given  sides,  AB, 
BC,  CD,  DE,  EF. 

To  Prove:    That    ABCDEF   can  S- 

be    inscribed    in    a    semi- 

circle  with  AF  as  a  diame-      r/^      ,''  \    v 

ter. 

Proof:    Draw    AF    and   join   A     A1  !F 

and  F  with  any  vertex  as  D. 

Then  A  adf  must  be  the  maximum  of  all  triangles  hav- 
ing the  sides  AD  and  DF.      For,  if  it  is  not,  by  making 
Z.  ADF  a  right  angle  A  ADF  would  be  increased  (Why  ?) 
without  changing  the  remaining  parts  of  the  polygon 
and,    therefore,    the   polygon    abcdef    would    be    in- 
creased, which  is  impossible.      (Why?) 
.*.  A  ADF  is  the  maximum  of  all  triangles  having  sides 
AD  and  DF  given.     (Why  ?) 
.'.  Z  ADF  is  a  right  angle.      (Why  ?) 
And  D  is  on  the  semicircle.      (Why?) 
In  like  manner  it  can  be  shown  that  the  other  vertices 
B,  c,  e  must  lie  on  the  semicircle  whose  diameter  is  AF. 

469.  Exercise.  1.  Prove  that  of  all  equivalent  paral- 
lelograms with  equal  bases,  the  rectangle  has  the  least 
perimeter. 

2.  Prove  that  of  all  rectangles  of  given  area,  the  square 
has  the  least  perimeter. 

3.  Of  all  circles  that  can  be  described  on  a  given  line 
as  a  chord,  which  is  the  minimum  ? 
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THEOREM   VI 

470.    Of  all  poly  ions  formed  with  the  same  given  sides, 
that  which  can  be  inscribed  in  a  circle  is  a  maximum. 


B C 

Given:   p,  a  polygon   inscribed   in  a   circle   and   mutually 
equilateral  with  R,  which  cannot  be  inscribed. 

To  Prove :   P  >  R. 

Proof:  From  A  draw  a  diameter  AF  and    join  F  with  the 
adjacent  vertices  D  and  C. 

On  JK  construct  a  triangle  equal  to  A  CDF  and  draw 
LH. 
AEDF  >  HGKL.  (Why  ?) 

Also  ABCF  >  HIJL.  (Why  ?) 

.'.  ABCFDE>  HIJLKG.  (Why?) 

.'.  P>R.  (Why?) 

471.  Corollary.  Of  all  isoperimetric  polygons  of  a  given 
number  of  sides,  the  maximum  is  regular. 

472.  Exercise.  1.  Prove  that  of  all  parallelograms  hav- 
ing given  sides,  the  rectangle  is  the  maximum. 

2.  Prove  that  of  all  triangles  having  the  same  base 
and  altitude,  the  isosceles  triangle  has  the  minimum 
perimeter. 


MAXIMA    AND    MINIMA 
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THEOREM   VII 

473.    Of  two   isoperi 'metric-   regular  polygons,   the  one 
having  the  greater  number  of  sides  has  the  greater  area. 

Given:     P,    an    equi-  Er      -/^ 

lateral  triangle 
and  R,  an  isoperi  - 
metric  square. 

To  Prove:   R>P. 

Proof:     Join    D,   any 

point  on  AC,   with   B   and   on  BD  construct  a  triangle 

equal  to  A  ADB. 

Then  debc  is  isoperimetric  with  R. 

Also  DEBC  =  A  ABC.  (Why  ?) 

But  dedc<r.  (Why?) 

.-.   R>P.  (Why?) 

In  like  manner  it  can  be  shown  that  a  regular  polygon 

of  5  sides  is  greater  than  a  square,  and  so  on. 

474.  Corollary.  The  circle  is  the  maximum  of  all 
isoperimetric  plane-closed  figures. 

475.  Exercise.  1.  Inscribe  a  maximum  rectangle  in  a 
given  right-angled  triangle.  If  the  right-angled  triangle 
is  isosceles,  what  does  the  rectangle  become  ? 

2.  Inscribe  a  maximum  rectangle  in  any  triangle. 
How  does  its  area  compare  with  the  area  of  the  triangle  ? 

3.  From  two  given  points  on  the  circumference  of  a 
circle  draw  two  lines  meeting  on  a  tangent  to  the  circle 
and  making  a  maximum  angle  with  each  other. 

4.  Inscribe  a  maximum  rectangde  in  a  circle. 

5.  Inscribe  a  maximum  triangle  in  a  semicircle. 

6.  Inscribe  a  maximum  rectangle  in  a  quadrant. 
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THEOREM   VIII 

476.  Of  all  equivalent  regular  polygons,  that  which 
has  the  greatest  number  of  sides  has  the  minimum 
perimeter. 


R 


Given:   P  and   R,   equivalent   regular  polygons,  and  let   R 
have  the  greater  number  of  sides. 

To  Prove:   Perimeter  of  R  <  perimeter  of  P. 

Proof:   Construct  M  having  the  same  number  of  sides  as  P 
and  isoperimetric  with  R. 

Then  M  <  R.  (Why  ?) 

.-.  M<P.  (Why?) 

.*.  perimeter  of  M  (or  R)<  perimeter  of  P.        (Why?) 

477.  Corollary.    Of  all  equivalent  plane-closed  figures, 
the  circle  has  the  minimum  perimeter. 

478.  Exercise.     1.   Of  all  triangles  having  a  given  base 
and  area,  the  isosceles  has  the  maximum  vertical  angle. 

2.    Show    that    the    maximum    rectangle   that   can   be 
inscribed  in  a  circle  is  a  square. 
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3.  The  minimum  chord  that  can  be  drawn  through  a 
given  point  within  a  circle  is  perpendicular  to  the  diame- 
ter through  that  point. 

4.  Inscribe  an  angle  in  a  semicircle  so  that  the  sum 
of  its  sides  is  a  maximum. 

5.  In  a  given  circle  inscribe  a  triangle  having  a  maxi- 
mum perimeter. 

6.  Divide  a  given  line  into  two  parts  whose  rectangle 
is  a  minimum. 

7.  Of  all  polygons  of  the  same  number  of  sides  that 
can  be  circumscribed  about  a  circle,  the  regular  polygon 
has  a  minimum  perimeter. 


SYLLABUS   OF   PLANE    GEOMETRY* 

AXIOMS   AND   POSTULATES 

64.    1.    Things  that  are  equal  to  the  same  thing  or  to  equal  things 
are  equal  to  each  other. 

2.  If  equals  are  added  to  equals,  the  sums  are  equal. 

3.  If  equals  are  subtracted  from  equals,  the  remainders  are  equal. 

4.  If  equals  are  multiplied  by  equals,  the  products  are  equal. 

5.  If  equals  are  divided  by  equals,  the  quotients  are  equal. 

6.  If  equals  are  added  to  unequals,  the  sums  are  unequal  in  the 
same  sense. 

7.  If  equals   are   subtracted    from  unequals,  the  remainders  are 
unequal  in  the  same  sense. 

8.  If   unequals   are  subtracted  from  equals,   the  remainders    are 
unequal  in  the  opposite  sense. 

9.  If    one    quantity  is   greater  than   a  second  which  in   turn  is 
greater  than  a  third,  then  the  first  is  greater  than  the  third. 

10.  The  whole  is  greater  than  any  of  its  parts. 

11.  The  whole  is  equal  to  the  sum  of  its  parts. 

66.    1.    Only  one  straight  line  can  be  drawn  joining  two  points. 

2.  A  straight  line  can  be  extended  indefinitely. 

3.  A  straight  line  is  the  shortest  distance  between  two  points. 

4.  A  circumference  can  be  described  around  any  point  in  a  plane  as 
a  center,  and  with  a  radius  of  any  length. 

5.  If    two   points  of  a  straight  line  are  in  a  plane,  the  line  is 
wholly   in   the    plane. 

6.  But  one  plane  can  be  made  to  pass  through  three  points  not  in 
the  same  straight  line. 

7.  Geometrical  figures  can  be  imagined  to  move  about  in  space 
without  altering  their  size  or  shape. 

8.  (§  144.)    Two    intersecting    straight    lines    cannot    both    be 
parallel  to  the  same  line. 

*  The  section  numbers  represent  the  sections  on  preceding  pages,  where  the 
corresponding  theorems,  etc.,  occur. 
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THEOREMS  ON   RECTILINEAR   FIGURES 

79.  If  two  triangles  have  two  sides  and  the  included  angle  of  one 
respectively  equal  to  the  two  sides  and  the  included  angle  of  the  other, 
the  triangles  are  congruent. 

85.  If  two  triangles  have  two  angles  and  the  included  side  of  one 
respectively  equal  to  two  angles  and  the  included  side  of  the  other, 
the  triangles  are  congruent. 

89.  In  an  isosceles  triangle  the  angles  opposite  the  equal  sides  are 
equal. 

95.  If  two  angles  of  a  triangle  are  equal,  the  sides  opposite  them 
are  equal  and  the  triangle  is  isosceles. 

100.  If  two  triangles  have  the  three  sides  of  one  respectively  equal 
to  the  three  sides  of  the  other,  the  two  triangles  are  congruent. 

122-   If  two  straight  lines  intersect,  the  vertical  angles  are  equal. 

125-  If  any  side  of  a  triangle  is  produced,  the  exterior  angle  thus 
formed  is  greater  than  either  of  the  opposite  interior  angles. 

127.  If  two  sides  of  a  triangle  are  unequal,  the  angle  opposite  the 
greater  side  is  greater  than  the  angle  opposite  the  less  side. 

128-  If  two  angles  of  a  triangle  are  unequal,  the  side  opposite  the 
greater  angle  is  greater  than  the  side  opposite  the  less  angle. 

130-  If  two  triangles  have  two  sides  of  one  respectively  equal  to 
two  sides  of  the  other,  and  the  included  angles  unequal,  the  triangle 
which  has  the  greater  included  angle  has  the  greater  third  side. 

132.  If  two  triangles  have  two  sides  of  the  one  respectively  equal 
to  two  sides  of  the  other,  and  the  third  sides  unequal,  the  triangle 
which  has  the  greater  third  side  has  the  greater  included  angle. 

133.  If  two  triangles  have  two  angles  of  one  respectively  equal  to 
two  angles  of  the  other,  and  the  sides  opposite  one  pair  of  equal  an- 
gles equal,  the  triangles  are  congruent. 

135.  If  from  a  point  within  a  triangle  two  straight  lines  are  drawn 
to  the  extremities  of  a  side,  their  sum  is  less  than  the  sum  of  the  other 
two  sides  of  the  triangle,  but  they  contain  a  greater  angle. 

136.  Tf  two  adjacent  angles  are  supplementary,  their  exterior  sides 
are  in  the  same  straight  line. 
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138.  If  two  oblique  lines  drawn  from  the  same  point  to  the  same 
straight  line  meet  the  line  at  equal  distances  from  the  foot  of  the  per- 
pendicular drawn  from  the  point  to  the  line,  they  are  equal.  If  they 
meet  the  line  at  unequal  distances  from  the  foot  of  the  perpendicular, 
the  more  remote  is  the  greater. 

140.  The  perpendicular  is  the  shortest  straight  line  that  can  be 
drawn  from  a  point  to  a  straight  line. 

141.  If  two  right  triangles  have  the  hypotenuse  and  a  side  of  one 
respectively  equal  to  the  hypotenuse  and  a  side  of  the  other,  the  tri- 
angles are  congruent. 

144.    Postulate  8,  see  under  Postulates,  §  66,  p.  216. 

147-  If  a  transversal  cuts  two  other  straight  lines,  making  the  alter- 
nate interior  angles  equal,  the  two  straight  lines  are  parallel. 

148.  Corollary  1.  If  a  transversal  cuts  two  other  straight  lines, 
making  a  pair  of  corresponding  angles  equal,  the  two  straight  lines 
are  parallel. 

149-  Corollary  2.  If  a  transversal  cuts  two  other  straight  lines, 
making  the  two  interior  angles  on  the  same  side  of  the  transversal 
supplementary,  the  two  straight  lines  are  parallel. 

150-  Corollary  3.  Two  straight  lines  parallel  to  a  third  straight 
line  are  parallel  to  each  other. 

153.  If  two  parallel  straight  lines  are  cut  by  a  transversal,  the 
alternate  interior  angles  are  equal. 

154.  Corollary  1.  If  two  parallel  straight  lines  are  cut  by  a  trans- 
versal, any  pair  of  corresponding  angles  are  equal. 

155-  Corollary  2.  If  two  parallel  straight  lines  are  cut  by  a  trans- 
versal, the  two  interior  angles  or  the  two  exterior  angles  on  the  same 
side  of  the  transversal  are  supplementary. 

156.  Corollary  3.  If  a  straight  line  is  perpendicular  to  one  of  two 
parallel  straight  lines,  it  is  perpendicular  to  the  other  also. 

157.  Corollary  4.  If  the  sides  of  one  angle  are  respectively  parallel 
or  perpendicular  to  the  sides  of  another,  the  angles  are  either  equal  or 
supplementary. 

159-    The  sum  of  the  angles  of  a  triangle  is  two  right  angles. 
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160-  Corollary  1.  Tf  one  of  the  sides  of  a  triangle  is  extended,  the 
exterior  angle  is  equal  to  the  sum  of  the  two  opposite  interior  angles. 

161.  Corollary  2.  A  triangle  can  have  but  one  right  angle  or  but 
one  obtuse  angle. 

180-  The  sum  of  the  interior  angles  of  an  w-gon  is  (2  n  —  4)  right 
angles. 

184.  The  sum  of  the  exterior  angles  of  a  polygon,  formed  by  pro- 
ducing one  side  at  each  vertex,  is  four  right  angles. 

187.  The  opposite  sides  and  the  opposite  angles  of  a  parallelogram 
are  equal. 

190-  Corollary.  Parallel  line  segments  included  between  two  par- 
allel straight  lines  are  equal. 

192.  Tf  both  pairs  of  opposite  sides  of  a  quadrilateral  are  equal, 
the  figure  is  a  parallelogram. 

196.  If  two  opposite  sides  of  a  quadrilateral  are  equal  and  parallel, 
the  figure  is  a  parallelogram. 

198.  Two  parallelograms  are  congruent  if  two  adjacent  sides  and 
one  angle  of  one  are  equal  to  the  corresponding  parts  of  the  other. 

204.  If  a  series  of  parallel  straight  lines  intercept  equal  segments 
on  one  transversal,  they  intercept  equal  segments  on  every  transversal. 

206-  Prove  that  the  straight  line  joining  the  midpoints  of  two  sides 
of  a  triangle  is  parallel  to  the  third  side,  and  equal  to  one  half  of  it. 

209-  The  locus  of  all  points  equally  distant  from  two  given  points 
is  the  perpendicular  bisector  of  the  straight  line  joining  the  two  points. 

212.  The  locus  of  points  equally  distant  from  two  given  intersect- 
ing straight  lines  consists  of  the  two  bisectors  of  the  angles  between 
the  given  lines. 

THEOREMS   ON  THE   CIRCLE 

239-  The  diameter  of  a  circle  is  the  greatest  chord,  and  it  bisects 
the  circle  and  its  circumference. 

240-  A  straight  line  can  intersect  a  circumference  in  but  two  points. 

242.  Through  three  points  not  on  the  same  straight  line  one  and 
only  one  circumference  can  be  drawn. 
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245-  In  the  same  circle  or  in  equal  circles,  equal  central  angles 
intercept  equal  arcs,  and  of  two  unequal  central  angles,  the  greater 
angle  intercepts  the  greater  arc. 

249.  In  the  same  circle  or  in  equal  circles,  equal  arcs  subtend  equal 
central  angles,  and  of  two  unequal  arcs,  the  greater  subtends  the 
greater  central  angle. 

252.  In  the  same  circle  or  in  equal  circles,  (1)  equal  chords  subtend 
equal  arcs,  and  (2)  of  two  unequal  chords,  the  greater  subtends  the 
greater  minor  arc. 

253.  (1)  Equal  arcs  intercept  equal  chords,  and  (2)  in  the  same 
circle  or  in  equal  circles,  of  two  unequal  minor  arcs,  the  greater  inter- 
cents  the  greater  chord. 

255-  The  diameter  perpendicular  to  a  chord  bisects  the  chord  and 
the  arc  which  it  subtends. 

258-  In  the  same  circle  or  in  equal  circles,  equal  chords  are  equally 
distant  from  the  center ;  and  of  two  unequal  chords,  the  shorter  is 
farther  from  the  center. 

260-  A  tangent  to  a  circle  is  perpendicular  to  the  radius  at  the 
point  of  tangency. 

265.    Two  tangents  drawn  to  a  circle  from  a  point  without  are  equal. 

267-    Parallel  chords  intercept  equal  arcs  of  a  circle. 

291.  In  the  same  circle  or  in  equal  circles,  two  angles  at  the  center 
are  in  the  same  ratio  as  their  intercepted  arcs. 

293-    A  central  angle  is  measured  by  its  intercepted  arc. 

302.  An  inscribed  angle  is  measured  by  one  half  of  its  intercepted 
arc. 

303.  Corollary  1.   An  angle  inscribed  in  a  semicircle  is  a  right  angle. 

307.  An  angle  formed  by  a  tangent  and  a  chord  is  measured  by  one 
half  of  the  intercepted  arc. 

309-  An  angle  formed  by  two  secants  intersecting  within  a  circle  is 
measured  by  one  half  of  the  sum  of  the  arcs  intercepted  between  its 
sides  and  between  the  sides  of  its  vertical  angle. 

310.  An  angle  formed  by  two  secants  intersecting  without  a  circle, 
by  two  tangents,  or  by  a  tangent  and  a  secant,  is  measured  by  one 
half  of  the  difference  of  the  intercepted  arcs. 
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THEOREMS   ON   PROPORTION   AND   SIMILAR   FIGURES 

325.  If  four  quantities  are  in  proportion,  the  product  of  the  means 
is  equal  to  the  product  of  the  extremes. 

327.  If  the  product  of  two  numbers  is  equal  to  the  product  of  two 
other  numbers,  either  pair  may  be  made  the  means  and  the  other  pair 
the  extremes  of  a  proportion. 

329.  If  four  quantities  are  in  proportion,  they  are  in  proportion  by 
inversion,  i.e.  the  second  term  is  to  the  first  as  the  fourth  is  to  the 
third. 

330.  If  four  quantities  are  in  proportion,  they  are  in  proportion  by 
alternation,  i.e.  the  first  term  is  to  the  third  as  the  second  is  to  the 
fourth. 

331.  If  four  quantities  are  in  proportion,  they  are  in  proportion  by 
composition,  i.e.  the  sum  of  the  first  two  terms  is  to  the  second  term  as 
the  sum  of  the  last  two  terms  is  to  the  last  term. 

332.  If  four  quantities  are  in  proportion,  they  are  in  proportion  by 
division,  i.e.  the  difference  between  the  first  two  terms  is  to  the  second 
term  as  the  difference  between  the  last  two  terms  is  to  the  last  term. 

333.  If  four  quantities  are  in  proportion,  they  are  in  proportion  by 
composition  and  division,  i.e.  the  sum  of  the  first  two  terms  is  to  their 
difference  as  the  sum  of  the  last  two  terms  is  to  their  difference. 

334.  In  a  series  of  equal  ratios  the  sum  of  the  antecedents  is  to  the 
sum  of  the  consequents  as  any  antecedent  is  to  its  consequent. 

336.  A  straight  line  parallel  to  the  base  of  a  triangle  divides  the 
other  two  sides  proportionally. 

341.  Tf  a  straight  line  divides  two  sides  of  a  triangle  proportion- 
ally, it  is  parallel  to  the  third  side. 

344.    Mutually  equiangular  triangles  are  similar. 

347.  Triangles  that  have  an  angle  in  each  equal,  and  the  sides  in- 
cluding these  angles  proportional,  are  similar. 

348.  Triangles  that  have  three  sides  respectively  proportional  are 
similar. 
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350.  The  bisector  of  an  angle  of  a  triangle  divides  the  opposite  side 
into  segments  proportional  to  the  sides  of  the  angle. 

354.  The  bisector  of  an  exterior  angle  of  a  triangle  divides  the  op- 
posite side  externally  into  segments  proportional  to  the  sides  of  the 
angle. 

355.  If  two  polygons  are  composed  of  the  same  number  of  trian- 
gles, similar  each  to  each  and  similarly  placed,  the  polygons  are  similar. 

356.  If  two  polygons  are  similar,  they  can  be  separated  into  the 
same  number  of  triangles,  similar  each  to  each  and  similarly  placed. 

357.  The  perimeters  of  two  similar  polygons  are  in  the  same  ratio 
as  any  two  corresponding  sides. 

359.  If  in  a  right-angled  triangle  a  perpendicular  is  drawn  from 
the  vertex  of  the  right  angle  to  the  hypotenuse  : 

I.  The  two  triangles  thus  formed  are  similar  to  each  other  and  to 
the  given  triangle. 

II.  The  perpendicular  is  a  mean  proportional  between  the  segments 
of  the  hypotenuse. 

III.  Each  side  of  the  right-angled  triangle  is  a  mean  proportional 
between  the  hypotenuse  and  the  segment  adjacent  to  that  side. 

362.  The  product  of  the  segments  of  all  chords  drawn  through  a 
fixed  point  within  a  circle  is  constant. 

364.  If  from  a  fixed  point  without  a  circle  any  secant  is  drawn,  the 
product  of  the  whole  secant  and  its  external  segment  is  constant. 

366.  If  a  tangent  and  a  secant  intersect,  the  tangent  is  a  mean  pro- 
portional between  the  whole  secant  and  its  external  segment. 

THEOREMS   ON   AREAS   OF   POLYGONS 

383.  Parallelograms  on  the  same  base  and  between  the  same  paral- 
lels are  equal. 

385.  The  areas  of  two  rectangles  having  equal  altitudes  are  in 
the  same  ratio  as  their  bases. 

386.  The  areas  of  two  triangles  having  equal  altitudes  are  propor- 
tional to  their  bases ;  or  having  equal  bases  are  proportional  to  their 
altitudes. 
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389.  The  areas  of  two  rectangles  are  in  the  same  ratio  as  the  prod- 
ucts of  their  bases  and  their  altitudes. 

390.  The  area  of  a  rectangle  is  equal  to  the  product  of  its  base  and 
its  altitude. 

391.  The  area  of  a  parallelogram  is  equal  to  the  product  of  its 
base  and  its  altitude. 

392.  The  area  of  a  triangle  is  equal  to  half  of  the  product  of  its  base 
and  altitude. 

394.  The  area  of  a  trapezoid  is  equal  to  the  product  of  its  altitude 
and  one  half  of  the  sum  of  its  parallel  sides. 

396.  The  areas  of  two  triangles  having  an  angle  of  one  equal  to  an 
angle  of  the  other  are  in  the  same  ratio  as  the  product  of  the  sides 
including  the  equal  angles. 

398.  The  areas  of  two  similar  triangles  are  in  the  same  ratio  as 
the  squares  of  any  two  corresponding  sides. 

400.  The  crea  of  the  square  described  on  the  hypotenuse  of  a  right- 
angled  triangle  is  equivalent  to  the  sum  of  the  areas  of  the  squares 
described  on  the  other  two  sides. 

406.  In  any  triangle,  the  square  on  the  side  opposite  an  acute  angle 
is  equivalent  to  the  sum  of  the  squares  on  the  other  two  sides  minus 
twice  the  product  of  one  of  these  sides  and  the  projection  of  the  other 
side  upon  it. 

407.  In  any  obtuse-angled  triangle,  the  square  on  the  side  opposite 
the  obtuse  angle  is  equivalent  to  the  sum  of  the  squares  on  the  other 
two  sides  plus  twice  the  product  of  one  of  these  sides  and  the  projec- 
tion of  the  other  side  upon  it. 


409.    The  area  of  a  triangle  is  Vs(s  -  a)(x  -  b)(s  -  c),  where  a,  b, 
and  c  represent  the  lengths  of  the  sides  and  2  s  their  sum. 

THEOREMS   ON  REGULAR   POLYGONS   AND   CIRCLES 

418.  An   equilateral   polygon   inscribed   in    a  circle  is  a   regular 
polygon. 

419.  A  circle  may  be  circumscribed  about,  or  inscribed  in,  any 
regular  polygon. 
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431.    Regular  polygons  of  the  same  number  of  sides  are  similar. 

433.  The  perimeters  of  regular  polygons  of  the  same  number  of 
sides  are  in  the  same  ratio  as  their  radii,  or  as  their  apothems. 

434.  The  areas  of  regular  polygons  of  the  same  number  of  sides 
are  in  the  same  ratio  as  the  squares  of  their  radii,  or  as  the  squares  of 
their  apothems. 

435.  The  area  of  a  regular  polygon  is  equal  to  half  of  the  product 
of  its  perimeter  and  its  apothem. 

441.  The  length  of  the  circumference,  or  the  circumference,  is  the 
limit  which  the  perimeter  of  the  inscribed  or  circumscribed  regular 
polygon  approaches  as  the  number  of  sides  is  increased  indefinitely. 

442.  The  area  of  the  circle  is  the  limit  of  the  area  of  the  inscribed 
or  circumscribed  regular  polygon  as  the  number  of  sides  is  increased 
indefinitely. 

444.  The  circumferences  of  circles  are  in  the  same  ratio  as  their 
radii,  and  the  areas  as  the  squares  of  their  radii. 

445.  Corollary.  The  ratio  of  the  circumference  of  a  circle  to  its 
diameter  is  constant. 

447.  The  area  of  a  circle  is  equal  to  half  of  the  product  of  its  cir- 
cumference and  its  radius. 

448.  Corollary  1.  The  area  of  a  circle  is  equal  to  ir  multiplied  by 
the  square  of  its  radius. 

449.  Corollary  2.  The  area  of  a  sector  is  equal  to  one  half  of  the 
product  of  its  arc  and  radius. 
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LINES,  PLANES,  AND   ANGLES   IN   SPACE 

479.  In  plane  geometry  figures  are  limited  to  one  plane. 
The  lines  of  figures  may,  however,  lie  in  different  planes, 
and  the  figures  may  have  the  three  dimensions  of  length, 
breadth,  and  thickness.  Solid  geometry,  or  geometry  of 
three  dimensions,  treats  of  such  figures. 

480.  Tlie  student  should  remember  that  in  geometry 
the  material  figures  used  are  merely  representations  of 
ideal  geometrical  figures,  and  that  the  solid,  or  three 
dimensional,  figures  are  to  be  distinguished  from  physical 
bodies. 

481.  A  plane  has  been  defined  as  a  surface  of  unlimited 
extent  such  that  a  straight  line  joining  any  two  of  its 
points  lies  wholly  in  the  surface. 

482.  It  is  assumed  (§  66,  6)  that  but  one  plane  can  be 
made  to  pass  through  three  points  not  in  the  same  straight 
line.  In  other  words,  three  points  not  in  the  same  straight 
line  determine  a  plane. 

483.  A  plane  is  determined  by  lines  or  points  when  it 
is  the  only  plane  that  contains  these  lines  or  points. 

484.  Exercise.    1.    Show  that  a  plane  is  determined  by 
(a)   Two  intersecting  straight  lines. 
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Suggestion.  Three  points  not  in  the  same  straight  line  determine 
two  intersecting  straight  lines. 

(5)  A  straight  line  and  a  point  without  the  line, 
(e)   Two  parallel  straight  lines. 

2.  In  plane  geometry  it  has  been  proved  that  but  one 
perpendicular  can  be  drawn  from  a  point  outside  a  line 
to  the  line.  Can  this  theorem  be  extended  to  solid 
geometry  ?     Explain. 

3.  In  plane  geometry  it  has  been  proved  that  at  a  point 
in  a  line  bat  one  perpendicular  can  be  erected  to  that 
line.  Can  this  theorem  be  extended  to  solid  geometry  ? 
Explain. 

4.  Can  the  theorems  of  plane  geometry  relating  to  tri- 
angles be  extended  to  solid  geometry  ?     Explain. 

5.  Can  the  theorems  of  plane  geometry  relating  to 
polygons  in  general  be  extended  to  solid  geometry  ? 
Explain. 

6.  Why  is  it  that  a  stool  with  three  legs  will  always  be 
stable  on  a  level  surface  while  one  with  four  legs  may 
not  ? 

7.  Through  a  given  straight  line,  or  two  points,  any 
number  of  planes  may  be  passed.  Show  that  this  state- 
ment is  the  same  as  saying  that  a  straight  line  does  not 
determine  a  plane,  or  that  two  points  do  not  determine  a 
plane. 

485.  In  plane  geometry  the  figures  lie  in  one  plane  and 
can  easily  be  represented  on  paper,  but  in  solid  geometry 
the  lines  of  the  figures  lie  in  different  planes  and  can  only 
be  represented  on  paper  by  perspective  drawings.  This 
is  the  chief  difficulty  the  student  meets  in  beginning  the 
study  of  solid  geometry.  This  difficulty  can  be  more  or 
less   overcome  by  constructing  models  out  of  cardboard 
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or  wire.  The  student  is  advised  to  give  some  time  and 
care  to  the  construction  of  diagrams  that  will  aid  in  build- 
ing up  the  figure  in  his  imagination,  as  his  ability  to  reason 
will  depend  largely  on  the  facility  with  which  he  can 
make  these  imaginary  constructions. 

THEOREM   I 

486.  The  intersection  of  two  planes  is  a  straight  line. 

Given  :   MN  and  RS  two  in-  Av 

/   \. 
tersecting  planes.  /       \^ 

To  Prove  :  The  intersection  / •/- 7* rri 

II  I  \  N/ 

of  planes  MN  and  RS  is  /      /  W      \  / 

a  straight  line.  /       \  A  /  ?  / 

/  x         /  '  / 

Proof :  Let  A  and  B  be  two     /  \^    /  /  / 

points       common       to  ^ -^( r ' 

planes  MN  and  RS.  \s/ 

Join  AB.  ^ 

Then  every  point  in  AB  is  wholly  in  MN  and  also  in  RS. 

(§  481) 

.*.  the  straight    line    AB   is    common   to   both    planes. 

(Why?) 
Also  no  point  without  AB  can  lie  in  both  planes  for  the 
planes  would  then  coincide.  (Why?) 

.-.  the  intersection  of  planes  MN  and  rs  is  a  straight 
line. 

487.  Exercise.  What  is  the  locus  of  points  common  to 
two  planes  ? 

488.  Definitions.  A  straight  line  is  perpendicular  to  a 
plane  when  it  is  perpendicular  to  every  straight  line  it 
meets  in  the  plane.     The  plane  is  also  perpendicular  to  the 
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line.     A  straight  line  that  cuts  a  plane  without  being 
perpendicular  to  it  is  oblique  to  the  plane. 

489.    The  point  in  which  a  straight  line  meets  a  plane 
is  its  foot. 


THEOREM  II 

490.  If  a  straight  line  is  perpendicular  to  two  straight 
lines  of  a  plane  at  their  intersection,  it  is  perpendicular  to 
the  plane. 

Given  :     AB  ±  CD    and    EF, 

two  straight  lines  of 
the  plane  MN. 

To  Prove:  AB  _L  to  the 
plane  MN  of  these 
lines. 

Proof:  Join  FD  and  draw 
BG  any  other  line  in 
MN  through  B  cutting 
FD  in  G. 

Produce  AB  to  a'  mak- 
ing a'b  =  AB. 
Join  A  and  a'  to  F,  G  and  D. 

Then  AF  =  a'f,  and  AD  =  a'd. 

.'.A  AFD^A  A'FD. 

.'•Z  AFG  =  Z  A'FG. 

.*•  A  AFG  ^  A  A'FG. 

.-.AG  =  A'G. 

But  .".  bg_Laa'  at  B. 


(§  138) 
(§  WO) 

(Why  ?) 

(§  TO) 

(Why  ?) 

(Why  ?) 

.'•AB_Lto  any  line  in  MN  through  its  foot. 

. " .  AB  _L  to  the  plane  M  N .  (Why  ?) 
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491.  Corollary  1.    At  a  given  point  in  a  plane  but  one 
perpendicular  to  the  plane 
can  be  erected. 
Given  :   B  any  point  in  the  plane 

MN. 
To  Prove :    But  one  J_   can  be 

erected  to  plane  MN  at  B. 
Proof:  Assume  that  two  J§  AB 

and  CB  can  be  erected  to  plane  MN  at  B. 

Pass  a  plane  through  AB  and  CB  intersecting  plane  MN 

in  the  straight  line  PBQ. 

Then  AB  and  CD  are  both  _L  PBQ  at  B.  (Why  ?) 

But  this  is  impossible.  (Why  ?) 

.*.  there  can  be  but  one  _L  erected  to  plane  MN  at  B. 

492.  Corollary  2.   From  a  point  without  a  plane  but  one 
perpendicular  can  be  drawn  to  the 
plane. 

Suggestion.  If  two  Js  pb  and  PA  can  be 
drawn  from  P  to  plane  MN.  the  A  PBA  will 
contain  two  right  angles,  etc. 

493.  Corollary  3.    Through  a  given 
point  in  a  straight  line  but  one  plane  can  be  drawn 
perpendicular  to  the  line. 

494.  Corollary  4.  Through  a  given  point  without  a 
straight  line  but  one  plane  can  be  drawn  perpendicular 
to  the  line. 

495.  Corollary  5.  All  perpendiculars  that  can  be  drawn 
to  a  straight  line  at  a  given  point  lie  in  a  plane  perpen- 
dicular to  the  line. 

496.  Exercise.  1.  What  is  lacking  in  the  hypothesis  of 
Theorem  II  to  make  the  definition  of  a  perpendicular  to  a 
plane  complete  ?  What  is  it  necessary,  therefore,  to  prove 
in  order  to  establish  the  truth  of  the  theorem  ? 
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2.  If  a  line  is  drawn  through  the  center  of  a  circle  per- 
pendicular to  the  plane  of  the  circle,  show  that  every  point 
in  the  line  is  equidistant  from  all  points  in  the  circumfer- 
ence. What  is  the  locus  of  all  points  equidistant  from  the 
circumference  ? 

3.  Find  the  locus  of  all  points  equidistant  from  two 
given  points. 

4.  Find  the  locus  of  all  points  equidistant  from  two 
planes.  Discuss  this  problem  when  the  two  planes  inter- 
sect and  when  they  are  parallel. 

5.  If  three  planes  intersect,  how  many  points  will  they 
have  in  common  ? 

6.  In  how  many  points  will  a  straight  line  meet  a 
plane  ?  If  part  of  a  straight  line  is  in  a  plane,  must  the 
whole  line  lie  in  the  plane  ?     (Why  ?) 

7.  Show  how  to  determine  a  perpendicular  to  a  plane 
surface  by  means  of  two  carpenter's  squares. 


A 
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497.   Straight  lines  perpendicular  to  the  same  plane 
are  parallel. 
Given :    AB  and   CD  _L   to 

plane  MN  at  B  and  D 

respectively. 

To  Prove  :    AB  II  CD. 

Proof :  Join  BD  and  draw 
EB_LBD  and  =  CD. 
Join  ED,  CB  and  CE. 


E* 


Then  in  A  EBD  and  BDC, 

CD  =  EB, 
BD  =  BD, 


(Why  ?) 
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(Why  ?) 
(§79) 

(Why  ?) 

(§  100) 

(Why  ?) 

(Why  ?) 


and  Z  cdb  =  Z  ebd. 

.-.ABDC^EBD    and    BC=ED. 
In  A  CBE  and  EDC, 
CE  =  CE,   CD  =  EB,    and    BC  =  ED. 

.'.A  CBE^A  EDC. 

.'.  ZCBE=  ZEDC. 

But  Z  EDC  is  a  right  angle. 
.*.  Z  cbe  is  a  right  angle. 

.*.  AB,  CB,  DB  are  _L  BE  and  must  lie  in  the  same  plane. 

(Why  ?) 
But  CD  is  in  the  same  plane  with  CB  and  BD. 
.*.  CD  and  AB  are  in  the  same  plane.  (Why  ?) 

.-.  CD||ab.  (Why?) 

498.  Corollary  1.  If  one  of  two  parallel  straight  lines 
is  perpendicular  to  a  plane,  the  other  is  also  perpendicu- 
lar to  that  plane. 

Given  :  AB  U  CD  and  _L  plane  MN. 

To  Prove  :  CD  ±  to  plane  MN. 

Proof:  Since  AB  II  CD  and  J_  plane 
MN,  then  a  _L  to  plane  MN  at  D 
will  be  II  AB  and  must  coincide 
with  CD.  (Why  ?) 

.*.  CD  i_  plane  MN. 

499.  Corollary  2.  Two  straight 
lines  that  are  parallel  to  a  third 
straight  line  are  parallel  to  each 
other. 

Suggestions.  If  EF  J_  plane  MN, 
AB  and  C D  ±  plane  M  N .  Use  Theorem 
III  and  Corollary  1  to  complete  the 
demonstration. 


B 


D 
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PROBLEM   I 

500.    To  draw  a  perpendicular  to  a  given  plane  from  a 
given  point  without  the  plane. 

Given:  Plane  MN  and  point  P  without  the  plane. 
Required:   To  draw  a  _L  from  point  P  to  tP 

plane  MN. 

Construction :  Draw  AB,  any  line  in  plane 
MN,     and     draw 
PC.L  AB. 

Draw  CD  in  plane 
MN    ±    AB    and 
draw  PD  _L  CD. 
Then  pd  is  the 
required  _L. 


Av       /' 


B 


Proof  :  If  PD  coincides  with  PC,  it  is  _L  plane  MN.  (Why  ?) 
If  PD  does  not  coincide  with  PC,  through  D  draw  EF  in 
plane  MN  II  AB. 

Then,  since  AB  _L  plane  PDC,  (Why?) 

.*.  EF-L  plane  PDC.  .*.  PD  _L  plane  MN.  (§  490) 

PROBLEM   II 

501.    To  draw  a  perpendicular  to  a  given  plane  at  a 
given  point  in  the  plane. 
Given:    Plane    MN   and 
point  pin  the  plane. 

Required:   To  draw  a  _L 
to  plane  MN  at  P. 

Construction :   From  any 

point   C  without 

plane  MN,  draw  CD 

J_  plane  MN. 

(How  ?) 
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Draw  AP  II  CD. 

Then  AP  is  the  required  JL. 

Proof:  Since  AP  II  CD,  and  CD  _L  plane  MN, 

.-.  AP  _L  plane  MN.  (Why  ?) 

502.  Definition.    Planes  that  cannot  meet  are  parallel. 

THEOREM   IV 

503.  Planes  perpendicular  to  the  same  straight  line 
are  parallel. 

Given :  Planes  M  and  N  1  AB 
at  C  and  D  respectively. 

To  Prove:    Planes  M  and  N  II. 

Proof :  If  planes  M  and  N  are 
not  II  they  can  be  produced 
to  meet  in  some  straight 
line. 

Let    P   be   some   point  in 
their  intersection. 
Then     through     P     there 
would  pass  two  planes  _L 
AB,  which  is  impossible.    (§  494) 
.-.planes  M  and  N  are  II.  (Why?) 

504.  Exercise.  1.  If  two  planes  are  perpendicular  to 
the  same  straight  line,  any  plane  containing  the  line  will 
cut  the  two  planes  in  parallel  lines. 

2.  What  is  the  locus  of  all  points  equidistant  from  three 
given  points  ?  from  three  given  intersecting  straight 
lines  ? 

3.  The  length  of  a  perpendicular  from  a  given  point  to 
a  plane  is  10  in.  Determine  the  radius  of  a  circle  which 
is  the  locus  of  the  foot  of  an  oblique  line  16  in.  long  drawn 
from  the  given  point  to  the  plane. 
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THEOREM   V 

505.  If  two  angles,  not  in  the  same  plane,  have  their 
sides  respectively  parallel  and  extending  in  the  saute 
direction,  they  are  equal  and  their  planes  are  parallel. 

Given:  Sides  AB  and  AC  of  Z  A  re- 
spectively, II  sides  DE  and  DF 
of  Zd  and  extending  in  the 
same  direction,  A  A  and  D 
being  in  planes  M  and  N  re- 
spectively. 

To  Prove:  Z  A  =  Z  D  and  plane  M 
II  plane  N. 

Proof:    Draw   AQ-L    plane    N  and 
draw  QP  and  QR  II  DE  and  DF 
respectively,  making    QP,   QR 
=  AB,  AC  respectively. 
Draw  BP,  CR,  CB,  and  RP. 

AB  =  and  II  QP, 

.-.AQ  =  and  II  BP. 

AQ  =  and  II  CR. 

.*.  BP  =  and  II  CR. 

.'.CB  =  and  II  RP. 

.'.A  ABC  a*  A  PQR. 

.\Z  A  =  Z  Q  =  Z  D. 

Again,  Z  BAQ  +  Z  pqa  =  2  right  A. 
But  Z  pqa  is  a  right  Z. 

.*.  Z  BAQ  is  a  right  Z. 

In  the  same  way  Z  caq  can  be  proved  to  be  a  right  Z. 
.*.  AQ  JL  plane  M.  (Why  ?) 

.-.  plane  M  II  plane  N.  (Why?) 


Then,  since 
Also 


(Why  ?) 
(Why  ?) 
(Why  ?) 

(Why  ?) 
(Why?) 
(Why  ?) 
(Why  ?) 

(§  155) 
(Why  ?) 
(Why  ?) 
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506.    Exercise.    1.    If  two  angles  not  in  the  same  plane 

have  their  sides  respectively  parallel,  they  are  either . 

Complete  and  demonstrate. 

2.  Prove  that  all  transversals  of  two  parallel  straight 
lines  lie  in  the  same  plane  with  the  parallel  lines. 

3.  If  three  lines  not  in  the  same  plane  are  equal  and 
parallel,  the  triangles  formed  by  joining  their  extremities 
are  congruent,  and  their  planes  are  parallel. 


THEOREM  VI 

507.  The  intersections  of  two  parallel  planes  with  any 
third  plane  are  parallel. 

Given :  II  planes  M  and  N 
cut  b}'  plane  R  in  AB 
and  CD  respectively. 

To  Prove :  AB  II  CD. 

Proof:  If  AB  and  CD  could 
meet,  the  planes  M  and 
N  would  meet. 

(Why?) 
But  this  is  impossible. 

(Why  ?) 
.-.ABliCD  (Why?) 

508.  Exercise.  1.  Show 
that  parallel  straight  lines 
intercepted  between  parallel  planes  are  equal. 

2.  Through  a  point  without  a  plane  draw  a  line  parallel 
to  the  plane.     Can  more  than  one  such  parallel  be  drawn  ? 

3.  Construct  parallel  planes  through  two  straight  lines 
not  in  the  same  plane. 
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THEOREM  VII 

509.    If  two  straight  lines  are  cut  by  parallel  planes,  the 
corresponding  segments  of  the  lines  are  proportional. 

Given:  Straight  lines  AB 
and  CD  cut  by  the  II 
planes  M,  N,  R  respect- 
ively in  A,  X,  B  and  c, 
Y,  D. 

_    ^  AX       CY 

To  Prove :  —  =  — 
XB       YD 

Proof:    Draw  AD  meeting 
plane  N  in  Q,  and  draw 
XQ,  YQ.    Also  draw  AC 
and  BD. 
Then  XQ  II  BD. 

(Why  ?) 
Also  YQ  II  AC. 

(Why  ?) 


•  . 


or 


AX       AQ       CY 
XB~~  QD~"  YD 

AX       CY 
XB"  YD* 


(Why  ?) 


510.  Exercise.  1.  If  m  straight  lines  are  cut  by  n  par- 
allel planes,  the  corresponding  segments  of  the  lines  are 
proportional.  If  the  parallel  planes  intercept  equal  seg- 
ments on  one  line,  what  will  be  true  of  the  segments  on 
any  other  straight  line  cutting  the  planes  ? 

2.  Draw  a  figure  and  show  that  Theorem  VII  is  true 
if  AB  and  CD  intersect  somewhere  between  planes  M  and  im. 

8.  If  in  the  figure  AX  =  5,  XB  =  7,  CY  =  8,  what  is  the 
value  of  YD? 
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THEOREM   VIII 


511.  Of  all  straight  lines  that  can  be  drawn  from  a 
point  to  a  plane: 

(1)  The  perpendicular  is  the  slwrtest. 

(2)  Oblique  lines  meeting  the  plane  at  equal  distances 
from  the  foot  of  tl%e  perpendicular  are  equal. 

(3)  Of  tlie  two  oblique  lines  meeting  the  plane  at  un- 
equal distances  from  the  foot  of  the  perpendicular,  the 
more  remote  is  the  greater. 

Given :  AB  _L  plane  M  from  A,  meeting  plane  M  at  B,  oblique 
lines  AC  and  AD  meeting  plane  M  in  c  and  D  so  that  bd 
=  bc.  Also  oblique  lines  AE  and  AC  meeting  plane  M 
in  E  and  c  so  that 


BE>BC. 

K 

To  Prove:    (1)  AB  the 

/'I 

shortest  line  that 

/  'l 

can  be  drawn  from 

/     1  J 
/     '1 

A  to  plane  M. 

A^ll 

\          / 

(2)    AC  =  AD. 

3c      / 

(3  )    AE  >  AC. 

B               / 

Proof:    (1)   In  A  ABC, 

XT' 

ZABC>Z  ACB. 

M 

_/s 

(Why  ?) 

• 
•     • 

AC  >  AB. 

(§  128) 

(2) 

A  ABC  £*  A  ABD. 

(Why  ?) 

• 
•      • 

AC  = 

=  AD. 

(Why  ?) 

(3)  On  BE  mark  off 

BH  = 

=  BC  and  dra^ 

V   AH. 

Then 

AE>  AH. 

(§  138) 

But 

AH  = 

=  AC. 

(Why  ?) 

• 
• 

AE  >  AC 
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512.  Corollary.  State  and  prove  the  converse  of  The' 
orem  VIII. 

513.  Definition.  When  two  planes  intersect  so  that  any 
straight  line  drawn  in  one  of  the  planes,  perpendicular 
to  the  line  of  intersection  of  the  planes,  is  perpendicular 
to  the  other  plane,  the  first  plane  is  perpendicular  to  the 
second. 


THEOREM   IX 

514.  If  a  straight  line  is  perpendicular  to  a  plane,  every 
plane  containing  the  straight  line  is  perpendicular  to  the 
plane. 

Given :    AB  _L  plane  M  at  B. 

To  Prove:  Plane  N,  any 
plane  containing 
AB,  J_  plane  M. 

Proof:  Let  EF  be  the 
line  of  intersection 
of  plane  N  with 
plane  M.  Let  D 
be  any  point  in  EF 
and  draw  CD  J-  EF 
in  plane  N. 

Then 


AB  ||  CD. 

But  AB  J_  plane  M. 

.*.  CD  J_  plane  M. 
And  since  CD  i_  EF  and  lies  in  plane  N, 

.*.  plane  N  _L  plane  M. 


(Why  ?) 


(Why  ?) 


(§  513) 


BOOK   VI 


239 


THEOREM   X 

515.  If  two  intersecting  planes  are  each  perpendicular 
to  a  third  plane,  their  line  of  intersection  is  perpendicular 
to  the  third  plane. 


Given:     Planes    M 

m\^a/^ 

and  N  intersect- 

y\ 

^j 

ing  in  AB  each 

S 

/ 

^s. 

J_  plane  R. 

N     | 

To  Prove  :    AB   ±   to 

A 

L 

plane  R. 

.  _ 

_     _ 

Proof:    Let  CD  and                    / 
EF  be  the   lines                 / 

1 

^y? 
By'' 

of    intersection             / 

of  planes  M  and          / 

0/ 

N  with  plane  R.       / 
Draw     BH     and 

y^  c/       \h    / 

BG    in    plane    R  _L  planes  N 

and  M  respectively. 

Then  BH  _L  AB.     Also  BG  i_  / 

KB. 

(Why?) 

.'.  AB_L  plane  R. 


(Why?) 


DTHEDRAL   ANGLES 

516.  When  two  planes  intersect  they 
form  dihedral  angles. 

517.  The  planes  are  the  faces,  and 
the  line  of  intersection  the  edge,  of  the 
dihedral  angle. 

Thus,  in  the  figure  the  planes  AC  and 
AE  are  the  faces,  and  AB  is  the  edge  of  the 
dihedral  angle  F-AB-D.  The  dihedral 
angle  is  named  either  by  the  two  letters 
on  its  edge  (AB),  or  by  two  letters  on 
its  edge  and  one  on  each  face  (f-AB-d). 
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518.  If  a  point  is  taken  on  the  edge  of  a  dihedral  angle, 
and  two  straight  lines  are  drawn  from  this  point,  one  in 
each  face,  perpendicular  to  the  edge,  the  angle  between 
these  lines  is  the  plane  angle  of  the  dihedral  angle. 

Thus,  Z  igh  is  the  plane  angle  of  dihedral  angle  AB. 

519.  Exercise.  Show  that  the  plane  of  Z  igh  is  perpen- 
dicular to  the  edge  AB.  State  and  prove  the  converse  of 
this  statement. 

520.  A  dihedral  angle  may  be  conceived  as  described 
by  the  revolution  of  a  plane  about  a  line  of  the  plane. 
The  magnitude  of  the  angle  depends  on  the  amount  of 
revolution  and  is  independent  of  the  extent  of  the 
planes. 

521.  Dihedral  angles  are  equal  if  their  plane  angles 
are   equal,    or   if   their    plane 

faces  can  be  made  to  coincide. 

522.  Two  intersecting 
planes  form  in  general  four 
dihedral  angles  having  the 
same  edge.  Those  which 
have  a  common  face  are  adja- 
cent. 

Name  the  adjacent  dihedral 
angles  in  the  figure. 

523.  Vertical  dihedral  angles  have  a  common  edge,  and 
the  faces  of  one  are  the  faces  of  the  other  extended. 

Name  the  vertical  dihedral  angles  in  the  figure. 

524.  A  dihedral  angle  is  acute,  obtuse,  or  right  accord- 
ing as  its  plane  angle  is  acute,  obtuse,  or  right. 
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Are  there  any  acute  dihedral  angles  in  the  figure  of 
§  522  ?  any  obtuse  dihedral  angles  ?  any  right  dihedral 
angles  ? 

525.  Dihedral  angles  are  complementary,  or  supplemen- 
tary, under  the  same  conditions  that  plane  angles  are  com- 
plementary, or  supplementary. 

Are  there  any  supplementary  dihedral  angles  in  the  fig- 
ure of  §  522  ? 

Are  the  supplements  of  equal  dihedral  angles  equal  ? 
Are  the  complements  of  equal  dihedral  angles  equal  ? 
Give  proofs  of  your  answers  to  the  last  two  questions. 

526.  Many  of  the  properties  of  dihedral  angles  may  be 
proved  in  the  same  way  as  the  corresponding  properties 
of  plane  angles. 

527.  Let  the  student  construct  figures  and  prove  the 
folio  win  er  : 

Vertical  dihedral  angles  are  equal. 

If  two  parallel  planes  are  cut  by  a  third  plane,  the  alter- 
nate Ulterior  dihedral  angles  are  equal;  the  corresponding 
dihedral  angles  are  equal;  etc. 

If  two  parallel  planes  are  cut  by  a  third  plane,  the  two 
'ulterior  dihedral  angles,  or  the  two  exterior  dihedral  angles 
on  the  same  side  of  the  third  plane,  are  supplementary. 

Two  dihedral  angles  whose  faces  are  respectively  parallel, 
or,  if  their  edges  are  parallel,  respectively  perpendicular,  are 
either  equal,  or  supplementary . 

The  ratio  of  two  dihedral  angles  is  the  same  as  the  ratio 
of  the  plane  angles,  or  a  dihedral  angle  has  the  same  measure 
as  its  plane  angle. 

ltman's  solid  geom.  — 16 
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THEOREM   XI 

528.  All  points  in  the  plane  bisecting  a  dihedral  angle 
are  equidistant  from  the  faces  of  the  angle. 


Given:  Plane  R  bisecting  dihedral  angle  ST,  PA  and  PBjsto 
planes  M  and  N  from  any  point  P  of  plane  R. 

To  Prove:   PA  =  PB. 

Proof :  Pass  a  plane  through  PA  and  PB  and  let  X  be  its  point 
of  intersection  with  ST. 

Also  let  AX,  BX,  and  PX  be  the  intersections  of  plane  PAB 
with  planes  M,  N,  and  R  respectively. 
Plane  PAB_L planes  M  and  N.  (§  514) 

.*.  plane  PAB  _L  to  ST.  (Why  ?) 

/.ST _L AX,  BX,  and  PX.  (Why?) 

.\Zaxp  and  BXP  are  the  plane  angles  of  the  diedral 
angle  M-ST-R  and  r-st-n.  (Why?) 

.*.  Z  axp  =  Z  BXP.  (Why  ?) 

.-.AAXP^A  BXP.  (Why?) 

.\pa=pb.  (Why?) 
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529.  Exercise.  1.  What  is  the  locus  of  all  points  equi- 
distant from  the  two  faces  of  a  dihedral  angle  ?  Is  there 
more  than  one  plane  in  this  locus  ? 

2.  If  from  any  point  perpendiculars  are  drawn  to  the 
faces  of  a  dihedral  angle,  the  angle  between  the  perpen- 
diculars is  supplementary  to  the  dihedral  angle  in  which 
the  point  is  situated. 

3.  The  dihedral  angle  between  two  planes  is  112°  25' 
15''.  What  is  the  value  of  the  acute  angle  between  the 
perpendiculars  from  any  point  to  the  planes  ? 

4.  Find  the  locus  in  space  of  a  point  equidistant  from 
two  intersecting  straight  lines. 

POLYHEDRAL  ANGLES 

530.  If  three  or  more  planes  meet  in  a  point,  they  form 
a  polyhedral  angle  at  that  point.  . 

531.  The  point  in  which  the  planes  // \ 
meet  is  the  vertex  of  the  polyhedral  /  /    v\ 
angle,  the  intersection  of  the  planes  n/     /      e\\ 
are  the  edges,  the  planes  are  the  faces,  /  \,    /           \  N\ 

and  the  angles  formed  by  the  adja-  j£ r~\ 

cent  edges  are  the  face  angles.  /                 v 

Name  the  vertex,  edges,  base,  and  face  angles  of  the 
polyhedral  angle  in  the  figure. 

532.  The  polyhedral  angle  is  read  by  naming  the  ver- 
tex and  a  point  in  each  edge. 

Thus,  the  polyhedral  angle  in  the  figure  is  read  A-BCDE. 

533.  A  polyhedral  angle  formed  by  three  planes  is  a 
trihedral  angle. 

Name  the  trihedral  angles  in  the  figure  of  §  531. 
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THEOREM   XII 

534.    The  sum  of  two  face  angles  of  a  trihedral  angle  is 
greater  than  the  third. 
Given  :  a-BCD  a  trihedral  Z 

with  face  A  BAC,    CAD, 

and  BAD. 
To    Prove :    Z  BAC  +  Z  CAD 

>  Z  BAD. 

Proof:  If  the  angles  are 
equal,  the  proof  is  evi- 
dent. 

If  the  angles  are  unequal,  assume  Z  BAD  the  greatest 
face  angle. 

Draw  AE  from  A  to  E,  a  point  in  plane  BAD,  so  that 
Z  BAE  =  Z  B  AC. 

Take  c  so  that  AC  =  AE  and  draw  BD  through  E. 
Also  draw  BC  and  CD. 
Then  A  bae  ^  A  BAC. 

.'.  BC  =BE. 
But  BC  +  CD  >  BE  +  ED, 

.'.CD  >  ED. 

Hence  in  A  DAC  and  DAE 

AC  =  AE, 

and  ad  =  ad. 

But  CD  >  ED. 

.-.ZdAC  >  Z  DAE. 
But  Z  BAC  =  Z  BAE. 

Adding,  Z  bac  +  Z  dac  >  Z  bad. 


(Why 


?> 


r?\ 


(Why 
(Why  ?) 


(§  132) 
(Why  ?) 


535.  Definition.  If  a  section  of  a  polyhedral  angle  made 
by  a  plain  cutting  all  of  its  faces  is  a  convex  polygon, 
the  polyhedral  angle  is  convex. 
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536.    The  sum  of  the  face  angles  of  a  convex  polyhedral 
angle  is  less  than  four  right  angles. 

Given :      A     polyhedral      angle 

formed  by    any  number   of 

planes    meeting   at    A,   and 

the  polyhedral  angle  cut  by 

a  plane  making  the  section 

BCDEF  a  convex  polygon. 
To  Prove  :  Z  BAC  -j-  Z  CAD  +  Z  DAE 

-f-etc.  <  4  right  A. 

Proof:  From  any  point  O  within 

the  polygon  BCDEF  draw  OB,  oc,  OD,  OE,  and  OF. 
Then  the  sum  of  the  A  of  A  ABC  =  the  sum  of  the  A  of 
A  OBC. 

Similarly  for  each  pair  of  A  having  a  side  of  the  poly- 
gon in  common. 

.*.  the  sum  of  the  A  at  A  +  the  sum  of  such  A  as  ACB  + 
ACD  =  the  sum  of  the  A  of  the  polygon  +  the  sum  of 
the  A  at  O. 
But  Z  ACB  -f-  Z  ACD>  Z  BCD,  an  Z  of  the  polygon. 

(§  534) 

Also  Z  ADC  +  Z  ADE  >  Z  CDE,  etc. 

.*.  the  sum  of  the  A  at  A  <  the  sum  of  the  A  at  o. 

(Why?) 


Or,  the  sum  of  the  A  at  A  <  4  right  A. 


(Why  ?) 


537.  Exercise.  1.  Can  three  planes  intersect  without 
forming  a  trihedral  angle?     Explain. 

2.  Show  that  any  face  angle  of  a  polyhedral  angle  is 
less  than  the  sum  of  the  other  face  angles. 
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538.  Definitions.  Two  polyhedral  angles  are  congruent 
when  the  face  and  dihedral  angles  of  one  are  equal  to  the 
face  and  dihedral  angles  of  the  other  and  are  arranged  in 
the  same  order. 

A  A' 


539.  Two  polyhedral  angles  are  symmetrical  when  the 
face  and  dihedral  angles  of  one  are  equal  to  the  face  and 
dihedral  angles  of  the  other,  but  arranged  in  reverse  order. 

A  A' 


THEOREM   XIV 

540.  Two  trihedral  angles,  which  have  the  three  face 
angles  of  the  one  respectively  equal  to  the  three  face 
angles  of  the  other,  are  either  congruent  or  symmetrical. 

A  A'  A' 


Given:  Face  A  a,  b,  <?,  and  a\  b',  c\  respectively  equal  in 
the  trihedral  A  A  and  a'. 
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To  Prove :  The  corresponding  dihedral  A  of  trihedral  A  A 
and  a'  equal,  and  hence  that  trihedral  A  A  and  a'  either 
congruent  or  symmetrical. 

Proof:  On  the  edges  of  trihedral  A  A  and  a'  take  AB,  AC,  ADV 
a'b',  a'c',  a'd',  all  equal,  and  draw  BC,  CD,  BD,  b'c',  c'd', 
b'd'. 

Then  A  ABC,  acd,  abd  ^  A  a'  b'c',  a'c'd',  a'b'd'  respec- 
tively. (Why  ?) 

.-.  A  BCD  ^  A  b'cV.  (Why  ?) 

Take  AE  =  a'e'  in  the  edges  AB  and  a'b'  and  in  the  faces 
BAC,  BAD  and  b'a'c',  b'a'd'  draw  EF,  EG,  and  eV,  e'g'  _L 
to  edges  AB  and  a'b'  respectively  meeting  BC,  BD  and 

b'c',  b'd'  in  F,  G  and  f',  g'. 

Join  FG  and  f'g'. 

Then  A  FBE  ^  A  f'  b'  e'.  (Why  ?) 

.-.  BF=  b'f'  and  EF=  e'f'. 

In  the  same  way  BG  =  b'g'  and  EG  =  e'g'. 

.-.A  gbf  ^  A  g'b'f'.  (Why  ?) 

.-.  fg-f'g'.  (Why?) 

.'.Afeg^Af'e'g'.  (Why?) 

.\Zfeg  =  Z  f'e'g'.  (Why?) 

.'.  dihedral  Z  AB  =  dihedral  Z  a'b' .  (Why  ?) 

In  the  same  way  it  can  be  proved  that  dihedral  A  AC, 
AD  =  dihedral  A  a'c',  a'd'  respectively. 

.*.  the  trihedral  A  A  and  a'  are  either  equal  or  symmet- 
rical according  as  the  equal  face  A  are  arranged  in  the 
same  or  reverse  order, 
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MISCELLANEOUS  EXERCISE   ON  *BOOK  VI 

1.  The  planes  that  bisect  the  dihedral  angles  of  a  tri- 
hedral angle  intersect  in  the  same  straight  line. 

Suggestion.  Every  point  in  the  line  of  intersection  of  the  two 
planes  bisecting  two  of  the  dihedral  A  is  equidistant  from  the  three 
faces.  Hence,  a  third  plane  including  this  line  and  the  edge  of  the 
third  dihedral  Z,  bisects  that  dihedral  angle,  etc. 

2.  The  planes  that  pass  through  the  edges  of  a  tri- 
hedral angle  and  through  the  bisectors  of  the  opposite 
face  angles,  meet  in  a  straight  line. 

3.  Prove  that  the  sides  of  an  isosceles  triangle  make 
equal  angles  with  any  plane  containing  the  base. 

4.  If  a  plane  is  passed  through  the  midpoint  of  the 
common  perpendicular  to  two  straight  lines  in  space,  and 
parallel  to  both  of  these  lines,  show  that  every  straight 
line  drawn  from  a  point  in  one  of  the  lines  to  a  point  in 
the  other  is  bisected  by  the  plane. 

5.  Find  the  locus  of  all  points  equidistant  from  the 
three  faces  of  a  trihedral  angle  ;  from  the  three  edges ; 
from  two  given  points  and  two  given  planes. 

6.  If  from  A  the  perpendicular  AB  is  dropped  to  a 
plane,  and  from  B,  BC  is  drawn  perpendicular  to  DE,  any 
line  of  the  plane  ;   then  AC  is  perpendicular  to  DE. 

7.  A  trihedral  angle  will  be  congruent  to  its  symmet- 
rical trihedral  angle,  if  two  of  the  face  angles  of  the 
trihedral  angle  are  equal. 

8.  The  sum  of  the  dihedral  angles  of  a  trihedral  angle 
lie  between  two  and  six  right  angles. 

9.  All  of  the  plane  angles  of  the  same  dihedral  angles 
are  equal. 

10.    Find  the  locus  of  all  points  that  bisect  all  line  seg- 
ments drawn  between  two  parallel  planes. 
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POLYHEDRONS,   CYLINDERS,   AND   CONES 

541.  A  polyhedron  is  a  portion  of  space  completely 
bounded  by  planes.  The  bounding  planes  are  the  faces, 
the  lines  of  intersection  of  the  bounding  planes  are  the 
edges,  and  the  points  of  intersection  of  the  edges  are  the 
vertices  of  the  polyhedron. 

542.  A  line  joining  any  two  of  the  vertices  of  a  poly- 
hedron not  in  the  same  face  is  a  diagonal. 

543.  A  polyhedron  of  four  faces  is  called  a  tetrahedron ; 
of  six  faces,  a  hexahedron  ;  of  eight  faces,  an  octahedron ; 
of  twelve  faces,  a  dodecahedron ;  of  twenty  faces,  an  icosa- 
hedron. 

544.  A  prism  is  a  polyhedron  two  of  whose  faces  are 
equal  polygons  in  parallel  planes,  and  the 
other  faces  are  parallelograms.  A  prism  is 
named  either  by  two  letters,  one  at  a  vertex 
in  each  face,  as  the  prism  AE,  or  by  all  of  the 
letters  at  the  vertices  of  one  face,  and  the 
letter  at  one  of  the  vertices  of  the  other  face, 
as  the  prism  BCDEF-A. 

545.  The  equal  polygons  are  the  bases  and  the  parallelo- 
grams are  the  lateral  faces  of  a  prism.  The  intersections 
of  the  lateral  faces  are  the  lateral  edges  of  a  prism. 

546.  The  perpendiculai  distance  between  its  bases  is 
the  altitude  of  a  prism. 
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547.  A  prism  whose  lateral  edges  are  perpen- 
dicular to  its  bases  is  a  right  prism. 

548.  A   right   prism    whose    bases  are  regular 
polygons  is  a  regular  prism. 


i 
i 


V 


549.  A  prism  whose  edges  are  not  perpendicular  to  its 
bases  is  an  oblique  prism. 

550.  A  prism  is  triangular,  quadrangular,   hexagonal, 

etc.,  according  as  the  bases  are  triangles,  quadrilaterals, 
hexagons,  etc. 

551.  A  right  section  of  a  prism  is  a  section  formed  by  a 
plane  perpendicular  to  all  of  its  lateral  edges. 

THEOREM   I 

552.  The  sections  of  a  prism  formed  by  parallel  planes 
cutting  all  of  the  lateral  edges  are  congruent  polygons. 

Given :    Prism   AB   cut  by  the  parallel 

planes  CF  and  HK. 
To  Prove  :     Polygon   CDEFG  ^  polygon 

HIJKL. 

Proof:    CD,  DE,  EF,  etc.   II  HI,  IJ,  JK,  etc., 
respectively.  (Why  ?) 

.'.A  CDE,  DEF,  EFG,  etc.  =  A  HIJ,  UK, 

JKL,  etc.,  respectively.         (Why?) 

Also  CD,  de,  EF,  etc.  =  HI,  IJ,  JK,  etc.,  respectively. 

.-.polygon  CDEFG  ^polygon  HIJKL.  (Why?) 

553.  Exercise.    1.    How  does  a  section  of  a  prism  paral- 
lel to  the  base  compare  with  the  base  ? 

2.    How  do   all  right  sections  of  a  prism  compare  in 
magnitude  ? 
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3.  What  sort  of  a  plane  figure  is  the  section  of  a  prism 
made  by  a  plane  parallel  to  a  lateral  face  ?  parallel  to  a 
lateral  edge  ? 


THE   CYLINDER 

554.  A  cylindrical  surface  is  a 
surface  generated  by  a  straight 
line,  which  so  moves  as  con- 
stantly to  intersect  a  fixed  curve 
and  always  parallel  to  a  fixed 
straight  line,  not  in  the  plane  of 
the  curve. 

Thus,  the  cylindrical  surface 
ABHG  is  formed  by  the  line  ab 
moving  so  as  constantly  to  in- 
tersect the  curve  bdfh  and  always  parallel  to  XY. 

Is  a  cylindrical  surface  necessarily  a  closed  surface  ? 

555.  AB  is  the  generatrix,  bdfh  is  the  directrix,  and  any 
line  in  the  surface  parallel  to  XY  is  an  element. 

556.  A  cylinder  is  a  solid  bounded  by  a  closed  cylin- 
drical surface  and  two  parallel  planes,  which  are  the  bases 
of  the  cylinder. 

557.  The  curved  surface  is  the  lateral  surface  of  a 
cylinder. 

558.  If  the  elements  are  perpendicular  to  the  base,  the 
cylinder  is  a  right  cylinder ;  otherwise  the  cylinder  is 
oblique. 

559.  If  the  directrix  is  a  circle,  the  cylinder  is  a  circular 
cylinder. 
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In  this  treatise  the  term  cylinder 
will  mean  circular  cylinder,  as  the 
circle  is  the  only  curve  whose  prop- 
erties are  treated  in  elementary 
geometry. 

560.  The  altitude  of  a  cylinder 
is  the  perpendicular  distance  between  the  bases. 

561.  Exercise.  1.  If  a  rectangle  revolves  about  a  side 
as  an  axis,  what  kind  of  a  cylinder  will  be  formed  ? 

2.  What  are  the  sections  perpendicular  to  the  axis  of  a 
cylinder  ?  parallel  to  the  axis  ? 

3.  In  how  many  points  can  a  straight  line  meet  a  cylin- 
der ? 

4.  If  a  polygon  is  taken  as  the  directrix,  what  figure  is 
formed  by  the  motion  of  the  generatrix  ?  If  the  directrix 
is  a  polygon  of  n  sides  and  n  is  indefinitely  increased, 
what  figure  is  formed  ? 

562.  A  right  cylinder  with  a  circular  base  is  called  a 
cylinder  of  revolution,  because  it  can  be  generated  by  the 
revolution  of  a  rectangle  about  one  of  its  sides  as  an  axis. 
The  radius  of  the  base  is  the  radius  of  the  cylinder. 

563.  Similar  cylinders  of  revolution  are  cylinders  gener- 
ated   by    similar     rectangles    revolving 
about  corresponding  sides. 

564.  The  cylinder  may  be  regarded 
as  the  limit  of  a  prism  ;  i.e.  a  cylinder  is 
a  prism  with  an  infinite  number  of  faces, 
consequently,  the  cylinder  will  possess 
the  properties  of  a  prism,  and  the  demon- 
strations that  apply  to  the  prism  will,  in  general,  apply  to 
the  cylinder. 
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THEOREM  II 

565.    The  lateral  area  of  a  prism,  is  equal  to  tJie  product 

of  a  lateral  edge  and  the  perimeter  of  a  right  section. 

Given :  p  the  perimeter  of  a  right  sec- 
tion CDLFG,  E  a  lateral  edge,  and 
s  the  lateral  area  of  prism  MN. 

To  Prove :   S  =  E  X  P. 

Proof :  M  R  =  H  K  =  U,  etc. ,  =  E.  (Why  ?) 
CD_1_MR,  DLJ.HK,   LFJ.IJ,  etc. 

(Why?) 
.*.  area  of  O  MHKR  =  CD  x  MR  = 
CD   X  E. 

Also  area  of  O  hijk  =  dl  x  HK  = 
And  so  on  for  the  other  lateral  faces. 
.\S  =CD  XE+DLXE+  etc. 

=  (CD  +  DL  +  •••  etc.)   X  E. 
But  CD  +  dl  +  •••  etc.  =  P. 

,\S  =  P  X  E. 


DL  X  E. 


(Why  ?) 
(Why?) 

(Why  ?) 


566.  Corollary.  The  lateral  area  of  a  cyl- 
inder is  equal  to  the  product  of  an  element 
and  the  perimeter  of  a  right  section. 

Suggestion.  The  cylinder  is  the  limit  of  the  in- 
scribed prism. 

567.  Exercise.  1.  The  lateral  surface  of  a  right  prism 
is  equal  to  the  perimeter  of  the  base  multiplied  by  the 
altitude. 

2.  Find  the  lateral  area  of  a  right  prism  whose  altitude 
is  9  in.  and  whose  base  is  a  regular  hexagon,  one  of  whose 
sides  is  4  in.     Find  the  total  area  of  the  prism. 

3.  If  s  denotes  the  lateral  area,  r  the  radius,  h  the  alti- 
tude, and  T  the  total  area  of  a  cylinder  of  revolution, 
prove  s  =  2  irrh  and  T  =  2  irrQi  +  r). 
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568.  Definitions.  The  whole  amount  of  space  contained 
within  a  closed  surface  is  the  volume  of  the  figure. 

569.  Solids  are  congruent  when  they  can  be  imagined  to 
be  superposed  so  as  to  coincide  completely.  Solids  are 
equal  or  equivalent  whose  volumes  are  the  same. 

THEOREM  III 

570.  If  the  three  faces  including  a  trihedral  angle  of 
a  prism  are  congruent  respectively  to  the  three  faces 
including  a  trihedral  angle  of  a  second  prism  and  simi- 
larly placed,  the  prisms  are  congruent. 

Given:  Faces  BE,  BF, 
BH,  including  tri- 
hedral Z  B  of  prism 
Al  ^  the  faces  b'e', 
b'f',  b'h',  includ- 
ing trihedral  Z  b' 
of  prism  aY. 

To  Prove:  Prism  Al  ^ 
prism  aY. 

Proof:  ZABG,  CBG,  ABC  =  Zsa'b'g',  c'b'g',  a'b'c',  respec- 
tively. (Why  ?) 
.*.  trihedral  Zb^  trihedral  Z  Bf.  (§  540) 
Place  trihedral  Z  B  on  its  congruent  trihedral  Z  b'. 
Then  faces  BE,  BF,  BH,  will  coincide  respectively  with 
faces  b'e',  b'f',  b'h',  and  points  D  and  E  will  fall  on 
D'  and  e'.  (Why?) 
Since  points  F,  G,  and  H  coincide  with  points  f',  g', 
and  h', 

.*.  planes  Fl  and  fY  will  coincide.  (Why?) 

Since  the  lateral  edges  of  the  prism  are  parallel, 
.*.  the  edges  Dl  and  ej  will  coincide  with  the  edges  dY 


BOOK   VII 


255 


and  e'J  and  the  points  I  and  J  will  coincide  with  the 
points  l'  and  Jr.  (Why?) 

.-.  the  prisms  coincide  throughout  and  are  congruent. 

571.    Exercise.    Compare  two  right  prisms  with  equal 
altitudes  and  congruent  bases. 


THEOREM   IV 

572.  An  oblique  prism  is  equal  to  a  right  prism  whose 
base  is  a  right  section  of  the  oblique  prism  and  whose 
altitude  is  a  lateral  edge  of  the 
oblique  prism. 
Given:    a'd'  a  right  section  of  oblique 

prism  FD,  and  f'd'  a  right  prism 

with  base  a'd'  and  altitude  equal 

to  a  lateral  edge  of  prism  FD. 

To  Prove :    Prism  FD  =  prism  f'd'. 

Proof:     The   lateral   edges    of    prism    A 
f'd'  =  the  lateral  edges  of  prism         B 
FD.  (Why  ?) 

.-.  aa'  =  ff',  bb'  ==  gg',  etc. 
Also  face  ab'^fg',  face  BCr  ^gh',  etc. 
And  section  abode  ^section  FGHIJ 


(Why  ?) 
(Why  ?) 

• (§  552) 
(Why  ?) 


or 


.*.  prism  A  D^  prism  F  I. 
.".  prism  f'd  —  prism  f'i  =  prism  f'd  -  -  prism  a'd, 
prism  FD  =  prism  f'd'. 

573.  Definitions.  A  parallelopiped  is  a 
prism  whose  bases  are  parallelograms. 

574.  A  right  parallelopiped  is  one  in 
which  the  lateral  edges  are  perpendicular 
to  the  bases. 


256 


SOLID   GEOMETRY 


575.    A    rectangular    parallelopiped    is    a 

right  parallelopiped   whose   bases  are   rec- 


tangles. 

576.  A  cube  is   a  parallelopiped   whose    L. 
faces  are  squares. 

577.  Exercise.  1.  How  many  lateral  faces  has  a  paral- 
lelopiped ?  What  figures  are  the  faces  ?  What  figures 
are  the  faces  of  a  right  parallelopiped  ?  of  a  rectangular 
parallelopiped  ? 

2.  Are  the  bases  of  a  right  parallelopiped  necessarily 
the  same  kind  of  figures  as  the  bases  of  a  rectangular 
parallelopiped  ? 

THEOREM  V 

578.  The  opposite  lateral  faces  of  a  parallelopiped  are 
parallel  and  congruent,  and  any  section  made  by  a  plane 
cutting  two  opposite  pairs  of  faces,  without  cutting  the 
remaining  pair,  is  a  parallelogram. 

Given:    AG  a  parallelopiped.  A  * *D 

To  Prove :   Face  AF  ^  and  II 
face  DG,  etc. 

Proof:    Since   face   AC    is    a 
parallelogram,   (Why?) 

.*.  AB  I!  DC. 

In  like  manner  AE  II  DH. 

.'.  Z  EAB  =  ZHDC 

and 

Also 


G 

(Why?) 

(§  198) 

In  the  same  way  it   may  be  proved  that  plane  BG  II 
plane  AH   and  O  BG  ^O  AH. 


plane  AF  II  plane  DG. 
DAF^D  DG. 
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Also  let  any  plane  IK  cut  the  opposite  pairs  of  faces 
AF,  DG  and  AH,  BG,  but  not  cut  AC  and  EG. 
Then  u  II  LK  and  il  II  JK.  (§  507) 

.*.  IJKL  is  a  O. 

579.  Exercise.  1.  If  plane  IK  were  also  to  cut  planes 
AC  and  EG,  what  sort  of  a  figure  would  the  section  be  ? 

2.  If  three  concurrent  edges  of  a  rectangular  parallelo- 
piped  are  2m,  5m,  and  6m,  find  its  lateral  surface  ;  its  total 
surface. 

THEOREM   VI 

» 

580.  The  plane  passed  through  the  tivo  diagonally 
opposite  edges  of  a  parallelojjiped  divides  it  into  two 
equal  triangular  prisms.  A    D 

Given:  Parallelopiped  AG  di-  /\^^^^^        /  \ 

vided  by  plane  AEGC  into  /     \  ^^-^\ 

i  'A^    B)  /  71 C 

two    triangular    prisms,  /  ^^^  /        / 

EFG-B  and  EHG-D.  /        /^^^^A        / 

To    Prove:    Prism    EFG-B  =       /       /  h'        /K 

prism  EHG-D.  \    "A  *      / 

Proof:  Let   IJKL  be  a  right        V  ^-^  \/ 

section  of  the  parallelo-        f 
piped  intersecting  plane  AG  in  ik,  the  diagonal  of  E3  IJKL. 

.'.Auk  ^  A  ilk.  (Why?) 

Oblique  prism  EFG-B  =  a  right  prism  with  base  UK  and 
altitude  BF.  (Why?) 

Also  oblique  prism  EHG-D  =  a  right  prism  with  base 
ILK  and  altitude  BF.  (Why  ?) 

But  right  prism  with  base  UK  and  altitude  BF  =  right 
prism  with  base  ILK  and  altitude  BF.  (Why?) 

.'.prism  EFG-B  =  prism  EHG-D. 
lyman's  solid  geom.  — 17 
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581.  Exercise.  1.  How  many  diagonals  has  a  parallelo- 
piped  ? 

2.  The  diagonals  of  a  parallelopiped  bisect  each  other. 

3.  The  diagonals  of  a  rectangular  parallelopiped  are 
equal,  and  the  square  of  the  diagonal  is  equal  to  the  sum 
of  the  squares  of  the  three  edges  that  meet  at  any  vertex. 

Suggestion.  The  diagonal  is  the  hypotenuse  of  a  right  triangle 
whose  sides  are  an  edge  and  a  diagonal  of  a  face  of  the  parallelopiped. 
Also  the  diagonal  of  a  face  is  the  hypotenuse  of  a  right  triangle  whose 
sides  are  the  other  two  edges. 

4.  If  a  is  the  edge  of  a  cube  and  d  its  diagonal,  show 
that  d  =  a  V3. 

5.  Find  the  length  of  a  diagonal  of  a  rectangular  paral- 
lelopiped whose  edges  are  4,  5,  and  6. 

6.  Find  the  edge  of  a  cube  whose  diagonal  is  24  in. 


Nl 


% 


% 


m 


D 


THEOREM  VII 

582.    Two  rectangular  parallelopipeds  having  congru- 
ent bases  are  in,  the  same  ratio  as  their  altitudes. 

Given :   P  and  Q  two 

rectangular  par- 
allelopipeds with 
their  bases  EG 
and  ErG'  congru- 
ent. 

P         AE 
To  Prove :  —  = 


s 


% 


s 


EN] 


Q 


a'e' 


H 


\B^     _Q 


r 


T" 


-tr 


sr 


H 


c 


Proof:  I.    When  AE  and  a'e'  are  commensurable. 
Let  m  be  a  common  measure  of  AE  and  a'e'. 
Apply  m  to  the  altitudes  and  suppose  that  it  divides 
AE  r  times  and  a'e'  s  times. 
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Then  — 7— ;  =  -• 

ae'      s 

Through  all  of  the  points  of  division  of  AE  and  a'e' 

pass  planes  perpendicular  to  these  lines. 

These  planes  divide  P  into  r  and  Q  into  s  equal  paral- 

lelopipeds. 

Then  -  =  -• 

Q       8 

.-.-=4V  (Why?) 

Q       A'E' 

II.    When  AE  and  a'e'  are  incommensurable  the  method 
of  limits  is  used.      (See  §§  288,  289.) 

583.  Definition.  The  lengths  of  the  edges  that  meet  in 
a  common  vertex  are  the  dimensions  of  a  rectangular  par- 
allelopiped. 

584.  Exercise.  1.  Two  rectangular  parallelepipeds  which 
have  two  dimensions  of  one  equal  respectively  to  two  di- 
mensions of  the  other  are  to  each  other  as  their  third 
dimension.  Show  that  this  statement  is  equivalent  to 
Theorem  VII. 

2.  The  volumes  of  two  rectangular  parallelopipeds  with 
congruent  bases  are  8  cu.  ft.  and  16  cu.  ft.  respectively. 
If  the  altitude  of  the  first  is  2  ft.  find  the  altitude  of  the 
second. 

3.  How  many  gallons  of  water  will  a  tank  5.5  ft.  by 
3  ft.  by  2.75  ft.  hold,  if  a  gallon  of  water  contains  231 
cu.  in.?  What  is  the  weight  of  the  water  contained,  if 
1  cu.  ft.  weighs  1000  oz.? 

4.  How  much  lead  \  in.  thick  will  be  required  to  line 
an  open  tank  4  ft.  by  6.25  ft.  by  3  ft.? 
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THEOREM   VIII 

585.   Two  rectangular  parallelepipeds  having  equal  al* 
titudes  are  in  the  same  ratio  as  their  bases. 


A 

/ 

/i" 

/ 

/: 

P 

J 

/ 
/ 

c 

> 
/ 

s 
/ 

1 
1 

y- 
• 
• 

c 

A 

r 

J 

Pi 

a' 

a 

Given :   P  and  Q  two  rectangular  parallelopipeds  having  the 
same  altitude  c  and  rectangles  a  xb  and  a1  X  b'  for 

bases. 

™   ^  p      « x  5 

To  Prove :  -  =  — — — • 

Q      a!  x  V 

Proof :  Construct  a  parallelopiped  R  with  dimensions  «,  b\ 
and  c. 

P=b_ 

R      6'' 


Then 


(Why  ?) 


Also 


R 

Q 
P 


a 


a' 


(Why?) 


Hence,  by  multiplication,    -  = 


a  xb 


Q      a'  X  V 


586.  Exercise.  1.  Two  rectangular  parallelopipeds  hav- 
ing one  dimension  of  one  equal  to  the  corresponding  di- 
mension of  the  other  are  to  each  other  as  the  product  of 
the  other  two  dimensions.  Show  that  this  statement  is 
equivalent  to  Theorem  VIII. 

2.  The  volumes  of  two  rectangular  parallelopipeds  with 
equal  altitudes  are  12  cu.  ft.  and  48  cu.  ft.  If  the  base 
of  the  first  is  4  sq.  ft.,  find  the  base  of  the  second. 
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3.    Show  that  the  corresponding  diagonals  of  the  op- 
posite faces  of  a  parallelopiped  are  parallel. 

THEOREM  IX 

587-  Two  rectangular  parallel  o  pi  peds  are  in  the  same 
ratio  as  the  product  of  their  three  dimensions. 


£U\ 


V 


Given:  p  and  Q  two  rectangular  parallelopipeds  with  dimen- 
sions a,  b,  e  and  a',  b' ',  c\  respectively. 


To  Prove:  P=   " 


Q      a'  x  b'  x  c' 

Proof:  Construct  a  parallelopiped  R  with  dimensions  a\  V \ 
and  c. 

P      a  x  b 
R      a'  x  br 


Then 
Also 


R       c 

Q      d 


Hence,  by  multiplication,  —  =  — ,. 

J  r  Q     a'  x  b'  x  c' 


(Why?) 
(Why?) 


588.  Note.  The  measure  of  a  volume  is  the  number 
which  expresses  its  ratio  to  some  other  volume  taken  as 
a  unit  of  volume.  The  unit  of  volume  is  usually  a  cube, 
each  of  whose  edges  is  a  unit  of  length. 
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THEOREM  X 

589.   The  volume  of  a   rectangular  parallelopiped  is 
equal  to  the  product  of  its  three  dimensions. 

Given :  p  any  parallelopiped 
whose  dimensions  are 
a,  6,  <?,  and  let  u  be 
the  unit  of  volume 
whose  edge  is  the  unit 
of  length. 

To  Prove :  P  =  a  X  b  X  e. 

a  x  b  x  c 


Proof:   -  = 

u     lxlxl 


=  a  x  b  x  c. 


'  i 


U 


But,  since  U  is  the  unit  of  volume,  —  is  the  numerical 

u 

measure,  or  the  volume  of  P,  in  terms  of  the  unit. 
.*.  the  volume  of  P  =  a  x  b  x  c. 


590.  Note.  The  statement  of  Theorem  X  means  that 
the  number  of  cubic  units  in  the  volume  is  equal  to  the 
product  of  the  three  numbers  that  represent  its  dimen- 
sions. 

591.  Exercise.  1.  The  volume  of  a  rectangular  parallel- 
opiped is  equal  to  the  product  of  its  base  and  altitude. 
Show  that  this  statement  is  equivalent  to  Theorem  X. 

2.  Show  that  the  volume  of  a  cube  is  equal  to  the  cube 
of  its  edge. 

3.  Find  the  entire  surface  and  the  volume  of  a  rectan- 
gular parallelopiped  whose  edges  are  11,  13,  and  26. 

4.  Find  the  volume  of  a  rectangular  parallelopiped 
whose  surface  is  268  sq.  in.  and  whose  base  is  3  in.  by 
8  in. 
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THEOREM   XI 

592.   Tlw  volume  of  any  parallelopiped  is  equal  to  the 
product  of  its  base  and  altitude. 

E  H  f 


Given:   bh  any  parallelopiped,  h  its  altitude,  and  b  its  base. 
To  Prove :  Volume  BH  =  b  x  h. 

Proof:  Produce  EH,    FG,  AD,  and  BC,  and  take    b'c'  =  BC. 
Draw  b'f'J_b'c\  and  c'g'  II  bV. 
Through  c'g'  and  b'f'  pass  planes  _L  b'c'. 
Then  solid  e'b  =  solid  h'c,  having  all  of  their  angles 
and  edges  equal. 

Hence,  subtracting  solid  e'c,  volume  BH  =  volume  b'h'. 
Produce  e'f',  h'g',  a'b',  d'c',  and  take  LI  =  a'b\  Draw 
LL'  _L  LI  and  ll'  ||  LL'.  Through  LL'  and  ll'  pass  planes 
_L  LI.  Then  solid  I  'c'  =  solid  l'd'.  .'.volume  IK' = 
volume  b'h'.  (Why?) 

.*.  volume  of  BH  =  volume  of  IKr.  (Why?) 

But  Ik'  is  a  rectangular  parallelopiped  whose  base  IK  = 
base  BD  of  oblique  parallelopiped  BH.  (Why?) 

Also  the  altitudes  of  BH  and  IK  are  equal.  (Why?) 

Hence,  since  the  volume  of  IK'  =  IK  x  A, 
.*.  the  volume  of  BH  =  b  x  h. 
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THEOREM  XII 

593.   The  volume  of  a  triangular  prism  is  equal    to 
the  product  of  its  base  and  its  altitude. 

Given:  h  the  altitude  and  ABC  the 
base  of  a  triangular  prism 
abc-b'. 

To  Prove :  Volume  of  ABC-b'  — 
ABC  X  h. 

Proof :  Construct  the  parallelopiped 
bd',  having  its  edges  =  and  || 
AB,    BC,    and    bb',    and    pass  a 

plane  through  the  opposite  edges  AA'  and  cc',  cutting 
the  bases  in  AC  and  a'c'. 
Then,  volume  of  abc-b'  =  1  of  volume  of  Abcd-b'. 

(Why  ?) 
□  ABCD.  (Why  ?) 

f  Why  ?) 


Also  A  ABC 


But  volume  of  abcd-b'  =  abcd  x  h. 
.-.volume  of  ABC-b'  =  abcxA.     (Why?) 

594.  Corollary  1.    The  volume  of  any 

prism  is  equal  to  the  product  of  its  base 

and  its  altitude. 

Suggestion.     Any   prism    can   be   divided 
into  triangular  prisms  by  diagonal  planes. 

595.  Corollary  2.    Prisms  that  have  equal  bases  and 
equal  altitudes  are  equal. 

596.  Corollary  3.    The  volume  of  a  cylinder  is  equal  to 
the  product  of  its  base  and  altitude. 

Suggestion.     The  cylinder  may  be  regarded  as  the  limit  of  an 
inscribed  prism. 

597.  Exercise  1.    Show  that   two   prisms    are    to    each 
other  as  the  products  of  their  bases  and  altitudes. 
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2.  Show  that  two  prisms  with  equal  bases  are  to  each 
other  as  their  altitudes ;  with  equal  altitudes  are  to  each 
other  as  their  bases. 

3.  The  altitude  of  a  prism  is  4  and  its  base  is  a  square 
each  side  of  which  is  2  ;   find  its  volume. 

4.  If  v  denotes  the  volume,  r  the  radius,  and  h  the  alti- 
tude of  a  cylinder  of  revolution,  prove  v  =  irrVi. 

5.  Find  the  volume  of  a  cylinder  whose  altitude  is 
llcm  and  the  radius  of  whose  base  is  4cm. 

6.  The  volume  of  a  prism  is  540  cu.  in.,  its  altitude  is 
10  in.,  and  its  base  is  a  regular  hexagon ;  find  a  side  of  the 
hexagon. 

7.  Find  the  depth  of  a  cubical  box  which  shall  hold 
150  bushels  of  grain  (1  bu.  =  2150.4  cu.  in.). 

THE  PYRAMID 

598.  If  any  number  of  triangles  are  so  placed  that  they 
have  one  vertex  in  common  and  the  sides  opposite  this 
vertex  form  a  polygon,  the  polyhedron 

thus  formed  is  a  pyramid. 

599.  The  polygon  is  the  base  of  the 
pyramid  ;  the  triangles  are  the  lateral 
faces  or  sides  ;  the  common  vertex  of 
the  triangles  is  the  vertex  ;  and  the 
perpendicular  from  the  vertex  to  the 
base  is  the  altitude. 

600.  A  pyramid  is  triangular,  quadrangular,  pentagonal, 

etc.,   according   as   its  base   is   a  triangle,   quadrilateral, 
pentagon,  etc. 

601.  When  the  base  is  a  regular  polygon  and  its  center 
coincides  with  the  foot  of  the  altitude  of  the  pyramid,  the 
pyramid  is  regular  and  the  altitude  is  its  axis. 
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602.  The  altitude  of  any  one  of  the  lateral  faces  is  the 
slant  height  of  a  regular  pyramid. 

603.  The  part  of  a  pyramid  intercepted  between  the 
base  and  a  section  formed  by  a  plane  cutting  all  of  its 
lateral  edges  is  a  truncated  pyramid.  If 
the  plane  of  the  section  is  parallel  to 
the  base,  a  frustum  of  a  pyramid  is 
formed. 

604.  The  altitude  of  a  frustum  of  a 
pyramid  is  the  perpendicular  distance 
between  its  bases,  and  the  slant  height  is  the  perpendicu- 
lar distance  between  the  parallel  edges  of  a  lateral  face. 

605.  Exercise.  Show  that  the  lateral  edges  of  a  regular 
pyramid  are  all  equal  and  hence  that  the  lateral  faces 
are  equal  isosceles  triangles. 

THE  CONE 

606.  A  conical  surface  is  a  surface  generated  by  a 
straight  line  which  so  moves  as  con- 
stantly to  intersect  a  fixed  curve 
and  always  pass  through  a  fixed 
point  not  in  the  same  plane  with 
the  curve. 

Thus,  a  conical  surface  is  gener- 
ated by  the  straight  line  AB  mov- 
ing so  as  constantly  to  intersect 
the  curve  DFBG  and  always  pass 
through  the  fixed  point  V.  A 
conical  surface,  consisting  of  two 
parts,  V-AECH  and  V-DFBG,  lying  on 
opposite  sides  of  V,  is  thus  formed. 
The  parts  are  the  upper  and  lower  nappes. 
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607.  ab  is  the  generatrix,  dfbg  is  the  directrix,  v  is  the 
vertex,  and  any  line  EF  in  the  surface  through  v  is  an  ele- 
ment of  the  conical  surface. 

608.  A  cone  is  a  solid  bounded  by  a  conical  surface  and 
a  plane  which  is  the  base  of  the  cone. 

609.  The  conical  surface  is  the  lateral  surface. 

610.  The  altitude  of  a  cone  is  a  perpendicular  from  the 
vertex  to  the  base. 

611.  A  circular  cone  is  a  cone  whose  V 
base  is  a  circle.                                                                    /K 

In  this  treatise  the  term  cone  will  mean  // 

a  circular  cone  of  one  nappe.  //  _ 

612.  The  straight  line  from  the  vertex      ^\J        VJ  C 
to  the  center  of  the  base  is  the  axis  of  a  B 
circular  cone. 

613.  A  right  cone  is  one  in  which  the  axis  is  perpen- 
dicular to  the  base. 

614.  The  length  of  an  element  is  the  slant  height  of  a 
right  cone. 

615.  Exercise.  1.  If  a  right-angled  triangle  is  revolved 
about  one  of  its  sides  as  an  axis,  what  kind  of  a  surface  is 
generated  by  the  hypotenuse  ? 

2.  What  kind  of  a  figure  is  formed  by  a  plane  cutting 
the  vertex  and  base  of  a  right-circular  cone  ? 

3.  Show  that  the  elements  of  a  right-circular  cone  are 
all  equal. 

4.  If  a  polygon  is  taken  as  the  directrix,  what  figure  is 
formed  by  the  generatrix  ?  If  the  directrix  is  a  polygon 
of  n  sides  and  n  is  increased  indefinitely,  what  figure  is 
formed  ? 
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616.  A  truncated  cone  is  the  portion  of  a  cone  included 
between  its  base  and  a  plane  cutting  all  of  its  elements. 

617.  A  frustum  of  a  cone  is  a  truncated 
cone  whose  bases  are  parallel. 

618.  The  portion  of  an  element  included 
between  the  two  bases  of  a  frustum  of  aright 
cone  is  its  slant  height  and  the  perpendicu- 
lar distance  between  its  bases  is  its  altitude. 

619.  The  cone,  or  the  frus- 
tum of  a  cone,  may  be  regarded 
as  the  limit  of  a  pyramid  or  the 
frustum  of  a  pyramid,  i.e.  a 
pyramid,  or  the  frustum  of  a 
pyramid,  with  an  infinite  num- 
ber of  faces.  Consequently  a 
cone  will  possess  the  properties 
of  a  pyramid,  and  the  demon- 
strations that  apply  to  pyramids  and  frustums  of  pyramids 
will,  in  general,  apply  to  cones  and  frustums  of  cones. 


THEOREM   XIII 

620.  Xhe  lateral  area  of  a  regular  pyramid  is  equal 
to  one  half  of  the  product  of  the  slant  height  and  the 
perimeter  of  the  base. 

Given  :  A-BCDEF  a  regular  pyramid  with 
slant  height  L,  lateral  area  S,  and 
perimeter  of  base  P. 

To  Prove :  S  =  J  P  X  L. 

Proof :  s  =  the  sum  of  the  areas  of  the 
triangles  ABC,  ACD,  etc.  (Why  ?) 
.*.  S=  J(BC  +  CD  +•••)  X  L  =  1   PXL. 
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621.  Corollary  1.  The  lateral  area  of  the 
frustum  of  a  regular  pyramid  is  equal 
to  one  half  of  the  product  of  the  slant 
height  multiplied  by  the  sum  of  the  pe- 
rimeters of  its  bases,  or  S  =  -J  (P+^)L,  where  p  and  p 
are  the  perimeter  of  the  bases. 

622.  Corollary  2.  The  lateral 
area  of  a  right-circular  cone  is 
equal  to  one  half  of  the  prod- 
uct of  the  slant  height  and  the 
circumference  of  the  base,  or 
S  =  irrL. 

623.  Corollary  3.  The  lateral 
area  of  the  frustum  of  a  right- 
circular   cone  is   equal  to   one 

half  of  the  product  of  its  slant  height  'and  the  sun/  of 
the  circumferences  of  its  bases,  or  S  =  tt  (r  +  r)  L,  where  R 
and  r  are  the  radii  of  the  bases. 

624.  Corollary  4.  The  lateral  area 
of  the  frustum  of  a  right-circular 
cone  is  equal  to  the  product  of  its 
slant  height  and  the  circumference 
of  its  mid-section,  or  S  =  2irr\-,  where 
r  is  the  radius  of  the  mid-section. 

State  a  corresponding  corollary  for 
the  frustum  of  a  regular  pyramid. 

625.  Exercise.  1.  The  largest  pyramid  in  the  world 
has  a  square  base  with  sides  764  ft.  Its  four  lateral  faces 
are  equilateral  triangles.  Find  the  number  of  square 
yards  in  the  lateral  area  and  the  altitude  of  the  pyramid. 

2.    Find  the  lateral  area  of  a  frustum  of  a  regular  hex- 
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agonal  pyramid  whose  slant  height  is  24  ft.  and  the  sides 
of  whose  bases  are  16  ft.  and  38  ft.  respectively. 

3.  If  r  and  r'  are  the  radii  of  the  bases  of  a  frustum  of 
a  right-circular  cone,  L  its  slant  height,  and  S  the  lateral 
area,  find  the  total  area. 

4.  Find  the  lateral  area  and  the  total  area  of  a  right- 
circular  cone  whose  altitude  is  4  ft.  and  the  radius  of 
whose  base  is  3  ft. 


THEOREM   XIV 

626.   If  a  pyramid  is  cut  by  a  plane  parallel  to  its  base: 

(1)  The  edges  and  the  altitude   are  divided  propor- 
tionally. 

(2)  The  section  is  a  polygon  similar  to  the  base. 

Given  :  Pyramid  A-BCDEF  cut  by  the  plane 
b'c'd'e'f'  II  the  base,  intersecting  the 
lateral  edges  in  B,'  c,'  D,'  e',  f'  and  the 
altitude  AG  in  o. 


™    t>  /in    ab'      ac' 

To  Prove :   (1)    —  == = 

y     AB         AC 


AO 
AG 


And  (2)  polygon  b'c'd'e'f'  ~  poly- 
gon BCDEF. 

Proof :   (1)  The  proof  is  left  for  the  student. 
(2)   b'c'  II  bc,  c'd'  II  CD,  etc. 

Zfbc,  Z  b'c'd'=Z  bcd,  etc. 


.-.Zf'b'c' 
Also 


b'c'      ac'       t  c'd' 

■ =  —  and • 


In  like  manner 


BC 

B'c' 
BC 

C'D' 


AC 

C'D' 
CD 

d'e' 


CD 


AC' 
AC 


(§  509) 
(Why?) 
(Why  ?) 

(Why  ?) 


= ,  etc. 

CD  DE 
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.*.  the  polygons  b'c'd'e'f'  and  BCDEF  are  mutually 
equiangular  and  have  their  corresponding  sides  pro- 
portional, and  hence  are  similar. 

627.  Corollary.  In  two  pyramids  with  equal  altitudes 
and  equal  bases,  sections  made  by  planes  parallel  to  the 
bases  and  at  equal  distances  from  the  vertices  are 
equal. 

628.  Exercise.  1.  The  base  of  a  regular  pyramid  is  an 
equilateral  triangle  whose  sides  are  9  in.  If  the  altitude 
of  the  pyramid  is  12  in.  and  a  plane  parallel  to  the  base 
euts  it  4  in.  from  the  vertex,  find  the  area  of  the  section 
thus  formed. 

2.  Into  what  ratio  are  the  edges  and  altitude  of  a  pyr- 
amid divided  by  a  plane  parallel  to. the  base  and  midway 
between  the  base  and  the  vertex  of  the  pyramid. 

3.  Show  that  parallel  sections  of  a  pyramid  are  in  the 
same  ratio  as  the  squares  of  their  distances  from  the 
vertex. 

Suggestion.      In  the   figure   of   §626       BCDEF    =  _BC2_      AlgQ 

B'C'D'E'F'       B'C'2 
BC2       AB2       AG2  , 


B'C'2      AB'2      AO2 

4.  Show  that  if  two  pyramids  have  equal  altitudes, 
sections  parallel  to  the  bases  and  equally  distant  from  the 
vertices  have  the  same  ratio  as  their  bases. 

5.  Show  that  all  sections  of  a  cone  made  by  planes 
parallel  to  the  base  are  circles. 

6.  Show  that  the  upper  base  of  the  frustum  of  a  pyra- 
mid is  similar  to  the  lower  base. 

7.  If  the  altitude  of  a  pyramid  is  10  in.  and  its  base  is 
a  regular  hexagon  (sids  4  in.),  find  the  area  of  a  section 
made  by  a  plane  parallel  to  the  base  and  5  in.  from  it. 
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629.    Two  triangular  pyramids  having  equal  altitudes 
and  equal  bases  are  equal. 

A  A' 

■  -\ 
i 
i 
_  i_ 

-i" 
/l    \  i,  /  'I ' 


/         — if  '  \_  •  ^     ^x  —    /  I 


0  4.. . . . ^Q7p"e-  -f d^;,f ^  ^  cf 

>NJ?CB" *B' 

Given:  A-BCD  and  a'-b'cV  two  triangular  prisms  with  a 
common  altitude  h  and  equal  bases  BCD  and  b'c'd'  in 
the  same  plane. 
To  Prove :  A-BCD  =  a'-b'c'd'. 

Proof:  Divide  the  common  altitude  h  into  any  number  of 
equal  parts  and  through  the  points  of  division  pass 
planes  II  to  the  plane  of  the  bases,  intersecting  the 
two  pyramids  in  EFG,  HU,  etc.,  and  e'f'g',  hYj',  etc. 
Construct  the  prisms  HU-E,  EFG-D,  etc.,  and  hY/-e', 
Er f'g'-d',  etc.  Then  prisms  HIJ-E,  EFG-D,  etc.  =  prisms 
hYj-e',  e'f'g'-d',  etc.,  respectively.  (Why?) 

.*.  HIJ-E  -f-  EFG-D  -+-...  =  hV/-E'  +  e'f'g'-d'  -f  •  •  •  . 
Let  the  number  of  equal  parts  into  which  h  is  divided 
be  increased  indefinitely.     Then  the  sum  HIJ-E  +  EFG-D 
+  •  •  -will  approach  A-BCD  as  a  limit,  and  the  sum  hVj'-e' 
H-  e'f'g'-d'  +  •  •  •  will  approach  a'-b'c'd'  as  a  limit. 

.'.  A-BCD  =  A-B'C'D'. 
630.    Corollary.    Any  two  pyramids  having  equal  alti- 
tudes and  equal  bases,  are  equal. 

Suggestion.     Divide  the  pyramids  into  triangular  pyramids. 
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631.  The  volume  of  a  triangular  pyramid  is  equal  to 
one  third  of  the  product  of  its  base  and  its  altitude. 

Given:  A-BCD  a  triangular  pyramid 
whose  altitude  is  h  and  base  is 
BCD. 

To  Prove:   Volume  of  A-BCD  =  J  BCD 
X  h. 

Proof:  Construct  the  prism  BCD-E 
with  its  lateral  edges  II  and  =  AC. 
Draw  DE. 

Then  prism  BCD-E  is  made  up  of 
three  triangular  pyramids  A-BCD, 
A-DEF,  and  A-EBD. 

Since  A-BCD  =  D-AEF  =  A-DEF,  (Why  ?) 

and  A-DEF  =  a-ebd.  (Why  ?) 

.'.  A-BCD  =  D-AEF  =  A-EBD. 

.*.  each  pyramid  will  be  one  third  of  the  triangular 
prism. 

But  the  volume  of  the  prism  is  equal  to  the  product  of 
its  base  and  its  altitude. 
.*.  A-BCD  =  l  ABC  x  h. 

632.  Corollary.  1.  The  volume  of  any  pyramid  is 
equal  to  one  third  the  product  of  its  base  and  its  alti- 
tude. 

Suggestion.  Any  pyramid  can  be  divided  into  triangular  pyra- 
mids by  planes  passed  through  the  vertex  and  all  of  the  diagonals  of 
the  base  drawn  from  any  one  vertex. 

633.  Corollary.   2.   The  volume  of  a  cone  is  equal  to 

one  third  of  the  product  of  its  base  and  its  altitude. 
ly;m.y\"s  solid  geom.  —  18 
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634.    J.  frustum  of  a  triangular  pyramid  is  equal  to 

the  sum  of  three  pyramids  whose  common  altitude  is 

the  altitude  of  the  frustum,  and  whose  bases  are  the  two 

bases   and  a  mean  proportional  between  the  two  bases 

of  the  frustum.  D 

Given:  ABC-E  a  frustum  of  a  tri-  /S3"  "P^ 

angular  pyramid  whose  lower         / 

and  upper  bases  and  altitude        /         s' 

are    denoted   by   B,    b',   and  h       I'' 

respectively.  A^c \ -^c 

To  Prove :  ABC-E  =  1 7i  X  B  -f-  J  7i  X  ^^      I     y/ 

b'  +  |Wbxb'.  ^ej 

Proof:   Pass    planes   through    ver- 
tices A,   E,   C  and  C,  E,  D,  respectively,  dividing  ABC-E 
into  three  pyramids  E-ABC,  C-DEF,  and  E-ADC. 
Denote  the  three  pyramids  by  P,  Q,  and  R  respectively. 

Then  p=|Axb.  (Why?) 

And  Q  =  JAx  b'.  (Why?) 

Pyramids  P  and  R  may  be  considered  as  having  a  com- 
mon vertex  c  and  their  bases  AEB  and  AED  in  the  same 

plane.     Hence,        -  = .  (Why  ?) 

F  R       AED  v        J    J 

But,  since  A  AEB  and  AED  have  a  common  altitude, 

AEB       AB  (Why?) 

(Why  ?) 

R        DE  J 

Pyramids  Q  and  R  may  be  considered  as  having  a  com- 
mon vertex  E,  and  their  bases  DCF  and  acd  in  the  same 

plane.     Hence,       —  = =  — .  (Why  ?) 

*  Q        DCF        DF  ^         J     J 


AED         DE 
P         AB 
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Also,  since  sections  ABC  and  DEF  are  similar, 


But 


AB 
DE 

P 
R 

P 

.'.  R2 

or  R 

*.  ABC-E 


AC 

df' 

— ,  or  R2  =  P  X  Q. 
Q 

|A  X  B,  and  Q  =  1  h  x  B;. 

Qh)2  X   B  X   B', 


\h  V  B  X  b'. 


=  1/i  (B  +  B'  +  Vb  X   B'). 


635.  Corollary.  A  frustum  of  any  pyramid  or  cone 
is  equal  to  the  sum  of  three  pyramids  or  cones  whose 
(•(minion  altitude  is  the  altitude  of  the  frustum,  and 
whose  bases  are  the  two  bases  and  a  mean  proportional 
between  tlie  two  bases  of  the  frustum. 

IF  J 


Suggestion.  Let  F-ABCDE  be  any  pyramid.  Construct  a  tri- 
angular pyramid  with  the  same  altitude  and  base  equal  to  the  lower 
base  of  F-ABCDE  and  in  the  same  plane  with  the  lower  base.  Com- 
pare the  volumes  of  the  two  pyramids.  Produce  the  plane  of  the 
upper  base  of  the  frustum  ABC'DE-L  to  cut  the  triangular  pyramid. 
Compare  the  section  of  the  triangular  pyramid  thus  formed  with  the 
upper  base  of  ABCDE-L.     Compare  the  two  frustums. 
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636-  Two  triangular  pyramids,  which  have  a  trihe- 
dral angle  of  one  eqnal  to  a  trihedral  angle  of  the  other, 
are  in  the  same  ratio  as  the  products  of  the  edges  of  the 
equal  trihedral  angles. 


Given:  A-BCD  and  E-FGH  two  triangular  pyramids  with 
equal  trihedral  Zs  at  A  and  E.  Let  V  and  v'  denote 
their  volumes  respectively. 

m    „  V        AB  X  AC  X  AD 

To  Prove :   — T  =  - 

V'        EF  X  EG  X  EH 

Proof :    Place  the  pyramids  so  that  trihedral  Z  E  will  coin- 
cide with  its  equal  trihedral  Z  A,  F  falling  at  f',  H  at  h', 
and  G  at  g'.      Draw  f'g',  g'h',  h'f'. 
Draw  gV  and  CPJLfaee  ABD. 

Then,  since  AF'h'  and  ABD  are  the  bases,  and  GrP;  and 
CP  the  altitudes,  of  triangular  pyramids  g'-AF'h'  and 
C-ABD, 

V  =     ABD  X  CP      =    ABD  CP  (Why?) 

v'"af'h'xg'p'""af'h/     g'p'* 

-r.                                                ABD          AB  X  AD  /g  oar\ 

But  _^  = .  (§390) 

af'h'       AF'  X  AH' 

And  -7^=^-  (Why?) 

p'g'     ag' 
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AB  X  AC  X  AD 


or 


v'      af'xag'xah'' 


AB  X  AC  X  AD 


EF  X  EG  X  EH 


(Why?) 


637.  Definition.  Polyhedrons  are  similar,  if  they  are 
bounded  by  the  same  number  of  faces  similar  each  to 
each  and  similarly  placed,  and  have  their  corresponding 
polyhedral  angles  equal. 


THEOREM   XIX 

638.    Similar  tetrahedrons  are  in  the  same  ratio  as 
the  cubes  of  their  corresponding  edges. 

Given:  A-BCD  and 
E-FGH  two  simi- 
lar tetrahedrons. 
Let  h  and  h'  de- 
note their  alti- 
tudes and  V  and 
v'  their  volumes 
respectively. 


v 
To  Prove :    — 


BC^ 


CDC 


=  — -  =  etc. 

FG3       GH3 


_,       ,       V         BCD  X  ll 
Proof:     —  = 

V'        FGHXA' 


But 


BCD        BC2 


And 


FGH 

"fg2* 

h 

AC       BC 

h,= 

"  EG  "  "  FG 

V 

BC3 

FG': 


(Why  ?) 
(Why  ?) 

(Why  ?) 

(Why  ?) 
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REGULAR  POLYHEDRONS 

639.  A  regular  polyhedron  has  all  of  its  faces  congruent 
regular  polygons  and  all  of  its  polyhedral  angles  con- 
gruent. 

640.  Exercise.  1.  What  is  the  least  number  of  faces 
that  must  meet  at  a  vertex  to  form  a  regular  polyhedral 
angle  ? 

2.  The  sum  of  the  face  angles  at  any  vertex  of  a  regu- 
lar polyhedron  must  be  less  than  how  many  right  angles  ? 

3.  Show  that  a  polyhedral  angle  can  be  constructed  with 
(a)  three,  four,  or  five,  and  no  more,  equilateral  triangles; 
(6)  three,  and  no  more,  squares ;  (<?)  three,  and  no  more, 
regular  pentagons. 

4.  Show  that  no  regular  polygon  of  more  than  five  sides 
can  be  used  to  construct  a  polyhedral  angle. 

5.  Use  the  preceding  exercises  to  show  that  but  five 
regular  polyhedrons  can  be  constructed. 


PROBLEM   I 

641.    To  construct  a  regular  -polyhedron. 

I.  Regular  tetrahedron.  Construct  an 
equilateral  triangle  and  at  its  center  erect 
a  perpendicular.  From  the  vertices  of  the 
equilateral  triangle  draw  to  meet  the  per- 
pendicular oblique  lines  equal  to  the 
sides  of  the  triangle.  These  oblique 
lines  together  with  the  original  tri- 
angle form  a  regular  tetrahedron. 


II.  Regular  hexahedron.  Construct 
a  square,  and  on  this  square  construct 
a  cube,  or  regular  hexahedron. 


£-7 
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III.  Regular  octahedron.  Con- 
struct a  square  and  at  its  center 
erect  a  perpendicular.  Produce 
the  perpendicular  both  ways  in- 
definitely. From  the  vertices  of 
the  square  and  on  each  side  of  its 
plane  draw  oblique  lines,  each 
equal  to  a  side  of  the  square,  to 
meet  the  perpendicular.  The 
figure  formed  is  a  regular  octahedron. 

IV.  Regular  dodecahedron.  Construct  a  regular  penta- 
gon and  from  each  corner  draw  a  line  equal  to  its  side 
and  making  an  angle  equal  to  an 
angle  of  the  pentagon  with  each  ad- 
jacent side.  By  completing  the  pen- 
tagons thus  partly  constructed,  an 
open  surface,  made  of  six  regular 
pentagons,  is  formed.  Construct 
another  surface  in  the  same  way  and 
fit  together  the  broken  edges,  forming 
a  regular  dodecahedron. 

V.  Regular  icosahedron.  Construct  a  regular  pentagon 
and  at  its  center  erect  a  perpendicular.  From  the  vertices 
of  the  pentagon  draw  oblique  lines, 
each  equal  to  a  side  of  the  pentagon, 
to  meet  the  perpendicular,  thus  form- 
ing a  pentagonal  pyramid.  Draw 
on  each  side  of  the  original  pentagon 
an  equilateral  triangle  with  its  plane 
inclined  to  the  adjacent  face  of  the 
pyramid  at  the  same  angle  as  any 
two  faces  of   the   pyramid   are   in- 
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clined  to  each  other.  An  open  surface,  made  of  ten  equi- 
lateral triangles,  is  formed.  Construct  another  surface  in 
the  same  way  and  fit  together  the  broken  edges,  forming  a 
regular  icosahedron. 

642.  Accurate  models  of  the  regular  polyhedrons  can  be 
easily  constructed  from  cardboard  as  follows  : 

Construct  diagrams  on  cardboard  as  indicated  in  the 
figures.  Cut  these  figures  out  of  the  cardboard  and  along 
the  lines  separating  the  adjacent  polygons  cut  the  card- 
board part  way  through.  The  figures  can  then  be  bent 
into  the  shape  of  the  desired  polyedrons  and  kept  in  shape 
by  pasting  strips  of  paper  over  the  edges  brought  together. 


Tetrahedron. 


Octahedron. 


Hexahedron. 


Dodecahedron. 


Icosahedron. 
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MISCELLANEOUS   EXERCISE   ON   BOOK  VII 

1.  Classify  the  figure  and  determine  the  number  of 
edges  and  vertices,  if  the  faces  are 

(a)    3  rectangles  and  2  triangles. 

(5)    5  triangles  and  a  pentagon. 

(V)    4  triangles  and  a  square. 

(tf)    4  triangles. 

(e)    2  squares  and  4  parallelograms. 

CO  6  parallelograms. 

(j7)   6  trapezoids  and  2  hexagons. 

(A)    6  parallelograms  and  2  hexagons. 

(?)    6  squares. 

(j)   4  rectangles  and  2  parallelograms. 

2.  The  altitude  of  a  pyramid  is  divided  into  two  equal 
parts  by  a  plane  parallel  to  the  base.  Find  the  ratio  of  the 
volume  of  the  whole  pyramid  to  the  volume  of  the  frustum 
formed. 

3.  Show  that  every  section  of  a  prism  made  by  a  plane 
parallel  to  its  lateral  edges  is  a  parallelogram. 

4.  Any  straight  line  through  the  center  of  a  parallelo- 
piped  and  terminated  in  the  faces,  is  bisected  at  the  center. 

5.  Show  that  every  section  of  a  cylinder  made  by  a 
plane  passing  through  an  element  is  a  parallelogram. 
What  is  the  section  when  the  cylinder  is  a  right  cylinder  ? 

6.  Show  that  every  section  of  a  cone  made  by  a  plane 
through  its  vertex  is  a  triangle.  What  is  the  section 
when  the  cone  is  a  right  cone  ? 

7.  If  V  and  v'  denote  the  volumes,  r  and  r'  the  radii, 
and  h  and  h'  the  altitudes,  of  two  similar  right  cylinders, 

V       r3       h3 

prove  ^=^=w 
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8.  Find  the  lateral  surface  and  the  volume  of  a  pyra- 
mid whose  faces  and  base  are  equilateral  triangles  one 
of  whose  sides  is  16m. 

9.  Prove  that  every  section  of  a  cylinder  made  by 
a  plane  parallel  to  an  element  is  a  parallelogram. 

10.  Find  the  lateral  edge,  the  lateral  area,  and  the  vol- 
ume of  a  regular  pyramid  with  a  square  base  one  side  of 
which  is  20  ft.  and  whose  slant  height  is  20  ft. 

11.  Find  the  total  area  and  the  volume  of  a  frustum  of 
a  pyramid  whose  bases  are  regular  hexagons  with  sides 
18m  and  12m  respectively,  and  whose  altitude  is  10m. 

12.  Find  the  lateral  area,  total  area,  and  volume  of  a 
right  cylinder  whose  radius  is  10  in.  and  whose  altitude 

is  2  ft. 

13.  How  many  cubic  inches  of  lead  are#  there  in  a  piece 
of  lead  pipe  2  yd.  long,  the  outer  diameter  being  2  in. 
and  the  thickness  of  the  lead  being  -J  of  an  inch  ? 

14.  Find  the  lateral  area,  total  area,  and  volume  of  a 
right  cone  the  radius  of  whose  base  is  10  in.  and  whose 
slant  height  is  18  in. 

15.  A  hollow  iron  column,  -|  in.  thick,  is  in  the  form 
of  a  frustum  of  a  cone,  the  radii  of  whose  bases  are  1  ft. 
and  7  in.  respectively,  outside  measure.  Find  the  number 
of  cubic  inches  of  iron  used,  if  the  slant  height  is  20  ft. 

1G.  The  volume  of  a  triangular  prism  is  equal  to  the 
product  of  the  area  of  a  lateral  face  and  one  half  of  the 
perpendicular  distance  of  that  face  from  the  opposite  edge. 

17.  The  lateral  surface  of  a  pyramid  is  greater  than  the 
base. 

18.  Any  plane  passing  through  the  center  of  a  paral- 
lelopiped  divides  it  into  two  equivalent  solids. 
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19.  If  the  edges  of  a  tetrahedron  are  all  equal,  the 
sum  of  the  angles  at  any  vertex  is  equal  to  two  right 
angles. 

20.  A  dihedral  angle  of  a  regular  tetrahedron  is  sup- 
plementary to  a  dihedral  angle  of  a  regular  octahedron. 

21.  The  sum  of  two  opposite  lateral  edges  of  a  trun- 
cated parallelopiped  is  equal  to  the  sum  of  the  other  two 
lateral  edges. 

22.  The  dimensions  of  a  rectangular  parallelopiped  are 
a,  5,  and  c;  find  (1)  its  volume;  (2)  its  diagonal;  (3)  its 
total  surface;  (4)  the  sum  of  its  altitudes;  (5)  the  altitude 
of  an  equivalent  cube. 

23.  The  altitude  of  a  cube  is  10  in.;  find  the  length  of 
a  diagonal  and  the  area  of  a  section  made  by  passing  a 
plane  through  two  of  its  diagonally  opposite  edges. 

24.  Find  the  volume  of  a  right  prism  having  an  equi- 
lateral triangle  whose  side  is  lm  for  a  base  and  whose 
altitude  is  equal  to  the  radius  of  a  circle  circumscribed 
about  the  base. 

25.  The  lateral  surface  of  a  right  hexagonal  prism 
is  120  sq.  ft.;  a  side  of  its  base  is  1  ft.  Find  its 
volume. 

26.  Compute  the  volume  and  the  total  area  of  a  regu- 
lar tetrahedron  whose  edge  is  a. 

27.  A  parallelopiped  has  for  faces  six  equilateral  paral- 
lelograms, of  which  one  of  the  diagonals  is  equal  to  a  side 
of  the  faces.     Find  the  volume  of  the  parallelopiped. 

28.  A  pyramid  of  which  the  altitude  is  3.6m  has  a 
square  base  whose  diagonal  is  6V2m.  Find  the  volume 
of  the  pyramid. 

29.  Find  the  lateral  surface  and  the  volume  of  a  frus- 
tum of  a  pyramid  whose  bases  are  squares  with  sides  8  ft. 
and  5  ft.  respectively  and  whose  altitude  is  6  ft. 
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30.  Find  the  total  surface  and  the  volume  of  the  frus- 
tum of  a  regular  pyramid  with  regular  hexagons  of  sides 
a  and  b  as  bases  and  altitude  h. 

31.  At  what  distance  from  the  vertex  must  a  plane 
parallel  to  the  base  cut  a  pyramid  so  that  the  two  parts 
may  be  equivalent  ? 

32.  Compare  the  lateral  areas,  the  total  areas,  and  the 
volume  of  (1)  a  cylinder  and  a  cone  with  equal  bases  and 
altitudes,  (2)  a  pyramid  and  a  prism  with  equal  bases  and 
altitudes,  (3)  a  right  circular  c}Tlinder  and  an  inscribed 
regular  hexagonal  prism,  (4)  a  right  circular  cone  and  an 
inscribed  regular  triangular  pyramid. 

33.  Show  that  the  volume  of  a  regular  octahedron  is 
equal  to  the  cube  of  its  edge  multiplied  by  |V2. 

34.  Show  that  the  volumes  of  two  pyramids  (a)  having 
equal  altitudes  are  to  each  other  as  their  bases ;  (b)  hav- 
ing equal  bases  are  to  each  other  as  their  altitudes  ;  (e)  are 
to  each  other  as  the  products  of  their  bases  and  altitudes. 

35.  Find  the  volume  of  a  pyramid  whose  base  is  an 
equilateral  triangle  whose  side  is  14  in.  and  whose  alti- 
tude is  10  in. 

36.  Show  that  the  diagonals  of  a  cube  divide  the  cube 
into  six  congruent  pyramids. 

37.  Find  the  volume  of  a  pyramid  whose  base  is  a 
rhombus  with  diagonals  16  and  12  and  whose  altitude  is  12. 

38.  Find  the  volume  of  a  right  cone  the  radius  of  whose 
base  is  4  ft.  whose  slant  height  is  6  ft. 
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THE  SPHERE 

643.  A  sphere  is  a  portion  of  space  bounded  by  a  sur- 
face such  that  all  of  its  points  are  equally  distant  from  a 
fixed  point  within.  This  fixed 
point  is  the  center,  and  the 
bounding  surface  is  the  spheri- 
cal surface.  A  sphere  may  be 
generated  by  the  revolution  of 
a  semicircle  about  its  diame- 
ter as  an  axis. 

The  radius  and  diameter  of 
the  semicircle  are  the  radius 
and  diameter  of  the  sphere. 

Thus,    the   semicircle    BMCA 
revolved  about  its    diameter  AB  generates  a  sphere  with 
center  o,  radius  OA,  and  diameter  AB. 

644.  It  follows  from  the  definition  that  all  radii  and 
hence  all  diameters  of  a  sphere  are  equal  and  that  spheres 
with  eqnal  radii  are  equal.  Also  that  every  point  on 
the  surface  of  a  sphere  is  equidistant  from  the  center  of 
the  sphere  and  that  a  point  is  within  a  sphere,  on  its 
surface,  or  without  the  sphere,  according  as  its  distance 
from  the  center  is  less  than,  equal  to,  or  greater  than,  the 
radius. 
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THEOREM  I 

645.  Every  section  of  a  sphere  made  by  a  plane  is  a 
circle. 

Given :  ABCDE  a  section  of 

the  sphere  O  made  by 

the  plane  M. 
To  Prove :  ABCDE  a  circle. 
Proof:   Draw  OO'J-  plane 

M   meeting    it   in    o\ 

and    draw    the    radii 

OB    and    OC   meeting 

the  section  in  B  and  c. 

Also  draw o'b  and  o'c. 

Then  Aoo'b^A  oo'c.  (Why  ?) 

.-.  o'b  =  o'c.  (Why?) 

.".  abcde  is  a  circle.  (Why?) 

646.  Definitions.  A  section  made  by  a  plane  passing 
through  the  center  of  a  sphere  is  a  great  circle,  and  a 
section  made  by  a  plane  that  does  not  pass  through  the 
center  is  a  small  circle. 

647.  A  line  or  a  plane  that  meets  a  sphere  in  but  one 
point  is  tangent  to  the  sphere. 

648.  A  diameter  of  a  sphere  perpendicular  to  a  circle 
of  the  sphere  is  the  axis  of  the  circle  ;  and  the  extremities 
of  the  axis  are  the  poles  of  the  circle. 

649.  Corollary  1.  The  axis  of  a  circle  passes  through 
the  center  of  the  sphere. 

650.  Corollary  2.  All  great  circles  of  a  sphere  are  equal 
and  bisect  each  other. 

651.  Corollary  3.  The  plane  of  a  great  circle  bisects  the 
sphere. 
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Suggestion.  If  the  two  parts  of  the  sphere  are  separated,  they 
can  be  made  to  coincide. 

652.  Corollary  4.  All  small  circles  at  equal  distances 
from  the  center  of  a  sphere  are  equal ;  and  of  two  circles 
unequally  distant  from  the  center  of  the  sphere,  the 
nearer  is  the  larger. 

Suggestion.  Note  that  a  right-angled  triangle  is  formed  by  the 
axis  of  the  circle,  the  radius  of  the  circle,  and  the  radius  of  the  sphere. 

653.  Corollary  5.   Prove  the  converse  of  Corollary  Jf. 

654.  Corollary  6.   An  arc  of  a  great  circle  can  be  drawn 

through  any  two  fixed  points  on  the  surface  of  a  sphere. 

Suggestion.  The  two  fixed  points  together  with  the  center  of 
the  sphere  determine  the  plane  of  a  great  circle. 

If  the  two  fixed  points  are  the  extremities  of  a  diameter, 
is  a  oreat  circle  determined  ? 

655.  Corollary  7.  An  arc  of  a  circle  can  be  draivn 
through  any  three  points  on  a  sphere. 

656.  Exercise.  1.  Find  the  radius  of  a  small  circle  4  in. 
distant  from  the  center  of  a  sphere  whose  radius  is  9  in. 

2.  Prove  that  all  tangent  lines  to  a  sphere  from  a  point 

without  are  eqnal  and  touch  the  sphere  in  a  circle. 

Suggestion.  Take  the  point  without  the  sphere  as  the  center  of 
a  sphere  with  a  radius  equal  to  the  length  of  the  tangent. , 

3.  Parallel  circles  of  a  sphere  have  the  same  axis  and 
the  same  poles. 

4.  A  straight  line  can  meet  a  sphere  in  but  two  points. 

5.  Lines  drawn  from  a  point  on  a  sphere  to  the  extremi- 
ties of  a  diameter  are .      Complete  and  demonstrate. 

657.  Definition.  The  distance  between  two  points  on  a 
sphere  is  the  shorter  of  two  arcs  of  a  great  circle  joining 
them.  The  length  of  the  arc  is  usually  expressed  in  an- 
gular measurement. 
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THEOREM  II 

658.  All  points  on  a  circle  of  a  sphere  are  equidistant 
from  each  of  its  poles. 

Suggestion.  Compare  chords  AP, 
BP,  CP.  Also  compare  chords  AP', 
BP',  CP'.  Hence,  find  the  relation 
between  the  corresponding  arcs  of  the 
great  circles. 

Give  the  complete  construc- 
tion and  demonstration. 

659.  Definitions.  The  distance 
on  a  sphere  of  any  point  on  a 
circle  of  a  sphere  to  its  nearest 
pole  is  the  polar  distance  of  the  circle. 

Thus,  arc  PA  =  the  polar  distance  of  circle  ABC. 
What  relation  exists  between  the  arcs  PA  and  pr a  ? 
What  kind  of  an  angle  is  angle  pap'  ? 
Compare  angles  APP'  and  ap'p. 

660.  A  quadrant  is  one  fourth  part  of  the  circumference 
of  a  great  circle. 

How  many  degrees  are  there  in  the  angle  at  the  center 
of  the  sphere  subtended  by  a  quadrant  ? 

661.  Corollary  1.  The  polar  distance  of  a  great  circle  is 
a  quadrant. 

662.  Corollary  2.  If  a  point  P  on  the  surface  of  a  sp7i  eve 
is  a  quadrant's  distance  from  two  points  of  the  circum- 
ference of  a  great  circle,  it  is  the  pole  of  that  great 
circle. 

Is  this  statement  true  if  the  two  points  of  the  circum- 
ference of  the  great  circle  are  180°  apart  ? 
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PROBLEM   I 
663.    To  find  the  radius  of  a  given  sphere. 


Given :    Any  sphere  O. 

Required  :    To  find  the  radius  of  O. 

Construction:    Only  surface  measurements  are  possible. 

From  any  point  P  on  the  sphere  with  an  arbitrary  polar 
distance  PA  describe  a  circle. 

Take  any  three  points  A,  B,  c  on  the  circle  and  with 
compasses  measure  the  distances  AB,  BC,  CA. 
Construct   a   plane   triangle    abc  with   sides   equal    to 
chords  AB,  BC,  CA  and  circumscribe  a  circle  about  this 
triangle. 

Let  d  be  the  center  of  the  circumscribed  circle. 
With  radius  ad  as  a  side  and  distance  AP  as  a  hypote- 
nuse construct  a  right  triange  adP.      Draw  a  perpen- 
dicular to  «P,  at  a,  meeting  Pd  produced  in  p\ 
Then  pp'  is  equal  to  the  diameter  of  the  given  sphere. 

(Why  ?) 

.*.  J  ppf  is  the  radius  of  the  sphere. 
lyman's  solid  geom. — 3Q 
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THEOREM   III 

664.  A  plane  perpendicular  to  a  radius  of  a  sphere  at 
its  extremity  is  tangent  to  the  sphere;  and  conversely,  a 
tangent  plane  to  a  sphere  is  perpendicular  to  the  radius 
drawn  to  the  point  of  contact. 

Given :  Plane  MlOA 
at  its  extremity  A, 
OA  being  a  radius 
of  sphere  o. 

To  Prove :  Plane  M  tan- 
gent to  sphere  o 
at  A. 

Proof:    Draw   OB    anv 

•J 

other  line  from  o 

meeting    M    in    B. 

Draw  AB. 

ThenOB>OA.  (Why?) 

.-.  B  is  without  the  sphere  and  M  has  but  one  point  A  in 

common  with  the  sphere. 

.\  plane  M  is  tangent  to  the  sphere. 

Conversely. 
Given :   Plane  M  tangent  to  sphere  O,  and  OA  a  radius  drawn 

to  the  point  of  contact. 
To  Prove :   Plane  M  _L  radius  OA. 

Proof :    Let  B  be  any  point  in  plane  M. 

Then  OB  >  OA.  (Why?) 

.*.  OA_L  M,  since  it  is  the  shortest  line  that  can  be  drawn 
from  o  to  the  plane. 

665.     Exercise.     1.     Show    that   any   line   in   plane    M 
through  A  is"  tangent  to  the  sphere. 


BOOK   VIII 


291 


2.    Show  that  a  line  tangent  to  any  circle  of  a  sphere 
lies  in  the   plane  tan- 
gent to  the  sphere  at 
the  point  of  contact. 

666.  Definition.  The 
angle  of  two  curves 
passing  through  a  com- 
mon point  is  the  angle 
formed  by  the  two  tan- 
gents to  the  two  curves 
at  that  point. 

Thus,  APB  is  the  angle  betwen  the  two  circles  RPS  and 
MPN  on  the  sphere  O. 


THEOREM   IV 

667.  The  angle  of  two  great  circles  is  measured  by  the 
arc  of  a  great  circle  described  from  its  vertex  as  a  pole 
and  included  betiveen  its  sides. 
Given :  The   spherical  Z  APB  formed  by  great  circles  PCQ 

and    pmq,    and   MC  the   arc  of  a 

great  circle  having  p  for  a  pole. 
To  Prove:  Z  APB  measured  by  arc  MC. 
Proof:   Draw  OM  and  OC. 

Then  PA  II  OM  and  PB  II  OC. 


.*.  Z  moc  =  Z  APB.  (Why  ?) 

Complete  the  demonstration. 

668.   Exercise.    1.   Any  great  circle 
PCQ  drawn  through  the  pole  of  a  great  circle  MCN  is  per- 
pendicular to  MCN. 

2.    State  and  prove  the  converse  of  Ex.  1. 
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3.  An  angle  formed  by  two  great  circles  is  equal  to  the 
plane  angle  of  the  dihedral  angle  formed  by  their  planes. 

4.  If  in  the  figure  of  §  667  Z  com  contains  47°,  how 
many  degrees  are  there  in  each  of  the  angles  of  spherical 
triangle  PCM  ? 

669.  Definitions.  A  spherical  polygon  is  formed  on  the 
surface  of  a  sphere  by  the  intersection  of  three  or  more 
arcs  of  great  circles  two  and  two. 

670.  The  arcs  of  the  great  circles  are  the  sides,  the 
angles  formed  by  the  arcs  are  the  angles,  and  the  points 
of  intersection  of  the  arcs  are  the  vertices,  of  the  polygon. 
The  arc  of  a  great  circle  joining  any  two  non-adjacent 
vertices  is  a  diagonal  of  the  spherical  polygon. 

671.  A  spherical  polygon  of  three  sides  is  a  spherical 
triangle.  A  spherical  triangle  is  right-angled,  oblique- 
angled,  scalene,  isosceles,  or  equilateral  under  the  same 
conditions  as  a  plane  triangle. 

672.  The  planes  of  the  sides  of  a  spherical  polygon  all 
pass  through  the  center  of  the 
sphere  and  form  at  O  a  polyhedral 
angle  the  edges  of  which  are  the 
radii  of  the  sphere  drawn  to  the 
vertices  of  the  polygon ;  the  face 
angles  are  the  angles  at  the  center 
of  the  sphere  measured  by  the  sides 
of  the  polygon.  The  angles  of  the 
polygon  are  equal  to  the  corre- 
sponding dihedral  angles  of  the  polyhedron. 

673.  If  from  the  vertices  of  a  spherical  triangle  as  poles, 
arcs  of  great  circles  are  drawn,  these  arcs  form  a  second 
triangle  which  is  the  polar  triangle  of  the  first, 
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674.    ABC  is  any  spherical  triangle  and  a! ,  bf,  cr  are  arcs 
of  great  circles  whose  poles  are  A,  B,  c  respectively. 


If  two  great  circles  of  which  bf  and  c'  are  arcs  are  com- 
pleted, into  how  many  parts  is  the  sphere  divided  ?  If  the 
great  circle  of  which  a!  is  an  arc  is  also  completed,  each  of 
these  parts  is  divided  into  how  many  parts  ?  What  kind 
of  figures  are  these  last  parts  ? 

From  the  answers  to  these  questions  it  is  evident  that 
the  sphere  is  divided  into  eight  spherical  triangles  by  the 
three  great  circles  drawn  from  the  vertices  of  spherical 
triangle  ABC  as  poles. 

How  many  of  these  eight  spherical  triangles  have  sides 
less  than  180°  ? 

The  spherical  triangle  a'b'c'  of  the  eight  spherical  tri- 
angles formed  is  the  polar  of  the  spherical  triangle  ABC 
when  A  and  a'  are  on  the  same  side  of  BC,  B  and  b'  on  the 
same  side  of  AC,  and  c  and  c'  on  the  same  side  of  AB. 

Show  that  aa',  bb;,  cc'  must  each  be  less  than  a  quadrant. 

675.  Exercise..  1.  What  is  the  polar  triangle  of  a  spher- 
ical triangle  whose  sides  are  quadrants  ? 

2.  The  angle  between  the  planes  of  two  great  circles 
has  the  same  measure  as  the  arc  of  the  great  circle  which 
joins  their  nearest  poles. 
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THEOREM   V 

676.   If  one  spherical  triangle  is  the  polar  of  a  second, 
then  the  second  spherical  triangle  is  the  polar  of  the  first. 

Given :  Spherical  A  abc  and  its  polar 

A  a'b'c'. 
To  Prove:    Spherical   A  a'b'c'    is   the 

polar  of  spherical  A  ABC. 
Proof :   Since  A  is  the  pole  of  arc   Brc\ 

B'  is  a  quadrant's  distance  from  A  ; 

and  since  c  is  the  pole  of  arc  Ar  b\  b'  is  a  quadrant's 

distance  from  c. 

.*.  b'  is  the  pole  of  arc  AC.  (Why?) 

In  the  same  way  it  can  be  shown  that  a'  is  the  pole  of 

arc  BC  and  c'  is  the  pole  of  arc  AB. 

Also  A  and  a'  are  on  the  same  side  of  b'c',  B  and  b'  are  on 

the  same  side  of  a'c',  c  and  c'  are  on  the  same  side  of  a'b'. 

.*.  spherical  A  a'b'c'  is  the  polar  of  spherical  A  ABC. 


THEOREM   VI 

677.  In  two  polar  triangles,  each  angle  of  one  is  meas- 
ured by  the  supplement  of  the  side  opposite  to  it  in  the 
other. 

Given  :   Two  polar  A  ABC  and  aVc' . 
To  Prove :  Z  a  is  measured  by  the 

supplement  of  side  b'c',  etc. 
Proof :   Produce,  if  necessary,  sides 

AB  and  AC  to  meet  side  b'c'  in 

D  and  E  respectively. 

Then  Z  a  is  measured  by  arc    kI 

DE.  (Why  ?) 

Arcs  b'e  and  c'd  are  each  quad- 
rants. (Why  ?) 
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Hence,  b'e  +  dc'  =  b'c'  +  de=  two  right  A. 

.*.  arc  DE  is  the  supplement  of  arc  b'c'. 

.'.  Z  A  is  measured  by  the  supplement  of  arc  b'c'. 

678.  Exercise.  1.  The  angles  of  a  spherical  triangle  are 
75°,  69°,  and  122°.  How  many  degrees  are  there  in  the 
sides  of  its  polar  triangle  ? 

2.  In  two  polar  triangles,  each  side  of  one  has  the  same 
measure  as  the  supplement  of  the  angle  opposite  in  the 
other. 

3.  The  sides  of  a  spherical  triangle  are  75°,  125°,  and 
150°.  How  many  degrees  are  there  in  the  angles  of  its 
polar  triangle  ? 

4.  Prove  that  if  two  spherical  triangles  on  the  same 
sphere  are  equiangular,  their  polar  triangles  are  equilateral. 

5.  State  and  prove  the  converse  of  Ex.  4.  Is  it  necessary 
in  the  converse  to  include  the  phrase  "on  the  same  sphere "  ? 

6.  Show  that  two  trihedral  angles  at  the  center  of  the 
sphere  corresponding  to  two  polar  triangles  on  the  surface 
are  supplementary,  i.e.  the  dihedral  angles  of  either  one  are 
the  supplements  of  the  opposite  face  angles  of  the  other. 

» 

679.  Definitions.  Two  spherical  triangles  or  polygons 
are  congruent  if  they  can  be  superposed  so  as  to  coincide. 

680.  Two  spherical  triangles  or 
polygons  are  symmetrical  if  the 
corresponding  trihedral  or  poly- 
hedral angles  at  the  center  of  the 
sphere  are  symmetrical. 

681.  Let  ABC  be  a  spherical  tri- 
angle and  O  the  center  of  the 
sphere.  If  the  diameters  aa',  bb', 
CC'  are  drawn  and  A;,   b',   c'   are 
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joined  by  arcs  of  great  circles,  then,  since  trihedral  angle 
O-ABC  is  symmetrical  with  the  trihedral  angle  o-a'b'c', 
spherical  triangle  ABC  is  symmetrical  with  spherical  tri- 
angle a'b'c'. 

Two  symmetrical  polygons  of  any  number  of  sides  can 
be  constructed  by  constructing  the  corresponding  poly- 
hedral angles  at  the  center  of  the  sphere. 

682.  Notice  that  symmetrical  spherical  triangles  cannot 
be  superposed,  for  if  triangle  ABC  is  moved  so  that  side  AB 
coincides  with  its  equal  side  a'b' 
in  its  symmetrical  triangle  a'b'c', 
the  vertices  C  and  c'  lie  on  oppo- 
site sides  of  a'b'.  In  the  case  of 
plane  triangles,  triangle  ABC  could 
be  revolved  about  AB  till  it  did 
coincide   with  triangle  a'b'c';  but 

"the  spherical   triangle  ABC  would 
no  longer  lie  on  the  sphere,  if  it  were  turned  over. 

THEOREM   VII 

683.  Two  triangles  on  the  same  sphere,  or  on  equal 
spheres,  are  either  congruent  or  symmetrical,  if  two  sides 
and  the  included  angle  of  one  are  equal  respectively  to  two 
sides  and  the  included'  angle  of  the  other. 

Given:  Spherical  A  ABC  and  a'b'c'  on 
the  same  sphere,  or  equal  spheres, 
having  AB  =  a'b',  AC  =  a'c',  and 
Z  A=Z  a'. 

To  Prove:  (1)  Spherical  A  ABC  ^  spher- 
ical A  a'b'c'  or 

(2)    Spherical    A    abg    and    a'b'c' 
symmetrical. 
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Proof :    (1)    When  the  equal  parts  of  the  two  triangles  are 
in  the  same  order,  A  abc  can  be  applied  to  A  a'b'c'  as 
in  the  corresponding  case  of  plane  triangles. 
The  student  should  give  the  complete  demonstration. 
(2)    When  the  equal  parts  of  the  two  triangles  are  in 
reverse  order. 

Construct  A  a'b'c  symmetrical 
to  A  a'b'c'. 

In  A  ABC  and  a'b'c,  AC  =  a'c, 
AB  =  a'b',  and  Za=Z  b'a'c. 
These  parts  are  arranged  in  the 
same  order  in  the  two  A. 
.'.  spherical  A  ABC  ^  spherical 
A  A'B'C.  (Why?) 

.*.  spherical  A  abc  is  symmetrical  to  spherical  A  a'b'c'. 

684.  Corollary.  Two  symmetrical  isosceles  spherical 
triangles  are  congruent. 

685.  Exercise.  1.  Two  triangles  on  the  same  sphere,  or 
on  equal  spheres,  are  either  congruent  or  symmetrical,  if 
two  angles  and  the  included  side  of  one  are  equal  respec- 
tively to  two  angles  and  the  included  side  of  the  other. 

Suggestion.  Give  a  proof  similar  to  the  proof  of  Theorem  VII  by 
superposition. 

2.  Two  spherical  triangles  are  either  congruent  or  sym- 
metrical, if  the  three  sides  of  one  are  equal  to  the  three 
sides  of  the  other. 

3.  Show  how  Ex.  2  can  be  proved  by  means  of 
Theorem  XIV,  Book  VI. 

4.  The  base  angles  of  an  isosceles  spher- 
ical triangle  are  equal. 

Suggestion.     Form  two  symmetrical  triangles     B 
by  bisecting  the  vertical  angle. 
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5.  The  arc  drawn  from  the  vertex  of  an  isosceles  spher- 
ical triangle  to  the  midpoint  of  the  base  bisects  the  vertical 
angle  and  is  perpendicular  to  the  base. 

6.  If  two  angles  of  a  spherical 

triangle  are  equal,  the  triangle  is 

isosceles. 

Suggestion.  Construct  the  polar  tri- 
angle of  ABC.  Then  A'B'  =  A'C.  Use 
Ex.  4,  etc. 

7.  The  sum  of  any  two  sides  of 
a  spherical  triangle  is  greater  than  the  third  side. 

Suggestion.  The  sum  of  any  two  face  angles  of  the  correspond- 
ing trihedral  angle  at  the  center  of  the  sphere  is  greater  than  the  third 
face  angle. 

8.  If  arcs  of  great  circles  are 
drawn  from  the  extremities  of  one 
side  of  a  spherical  triangle  to  a 
point  within  the  triangle,  the  sum 
of  these  arcs  is  less  than  the  sum 
of  the  other  two  sides  of  the 
spherical  triangle. 

9.  An  equiangular  spherical  triangle  is  also  equilateral. 

THEOREM   VIII 

686.  The  sum  of  the  sides  of 
a  convex  spherical  polygon  is  less 
than  360°. 

The  sum  of  the  face  angles  of 
the  corresponding  polyhedral  angle 
at  the  center  of  the  sphere  is  less 
than  360°,  etc. 

Give  the  complete  demonstra- 
tion. 
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THEOREM   IX 

687.  The  stun  of  the  angles  of  a  spherical  triangle  is 
greater  than  two,  and  less  than  six,  right  angles. 

Given  :   Spherical  A  ABC. 

To  Prove :  Za  +  Zb  +  Zc>  180°  and 
<  540°. 

Proof:   Construct    the    polar    A   a'b'c' 
and  denote  the   sides  in  the  polar 
A  opposite  A  A,   B,  c,  by  a',  b',  c\ 
respectively. 
Then  Z  a  =  180°  -  a\ 

Z  b  =  180°  -  V, 

Zc  =  180°  -  ef. 

Adding,  Za  +  Zb  +  Zc  =  540°  -  (ar  +  V  +  <?'). 

Za+Zb  +  Zc<  540°. 
But  a'  +  V  +  a'  <  360°.  (Why  ?) 

Za  +  Z  b  +  Z  c  >  180°.  (Why?) 

688.  Corollary.  A  spherical  triangle  may  have  one, 
two,  or  three  right  angles;  also  one,  two,  or  three  obtuse 
angles. 

689.  Definition.  A  spherical  triangle  that  has  two  right 
angles  is  a  birectangular  spherical  triangle.  One  that 
has  three  right  angles,  is  a  trirectangular  spherical  tri- 
angle. 

690.  Exercise.  1.  If  a  spherical  triangle  has  one  right 
angle,  can  the  sum  of  the  other  two  be  equal  to  or  less 
than  a  right  angle  ? 

2.  Show  that  each  of  the  sides  of  a  trirectangular 
spherical  triangle  is  a  quadrant. 
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3.  Show  that  the  exterior  angle  of  a  spherical  triangle 
is  less  than  the  sum  of  the  two  remote  interior  angles. 

4.  Show  that  the  polar  triangle 
of  a  birectangular  spherical  tri- 
angle is  birectangular. 

5.  Show  that  a  trirectangular 
spherical  triangle  and  its  polar 
triangle  are  congruent. 

691.  Definition.  A  lune  is  a  por- 
tion of  the  surface  of  a  sphere  in- 
cluded between  the  halves  of  two 
great  circles. 

Thus,  ACBDA  is  a  lune. 

692.  The  angle  of  a  lune  is  the  spherical  angle  included 
by  its  arcs. 

THEOREM   X 

693.  A  lune  is  to  the  surface  of  the  sphere  as  the  angle 
of  the  lune  is  to  360°. 
Given.    Lune  AEBH   on  the  sphere 

whose  center  is  O.  Let  L  be 
the  area  of  the  lune,  s  the  sur- 
face of  the  sphere,  and  A  the 
angle  of  the  lune. 

To  Prove  :       -  =  ^-  • 
s      360° 

Proof:  With  A  as  a  pole  describe 
the  great  circle  CEDF. 
Then  arc  EH  measures  Z  A, 
and  great  circle  CEDF  =  360°. 

Suppose  EH  and  CEDF  have  a  common  unit  of  measure 
HR  =  m,  contained  in  EH  x  times  and  in  CEDF  y  times. 


(Why  ?) 
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arc  EH 

X 

CEDF 

y 

Z.  A 

X 

360° 

y 

or  ±JH  =  ±.  (Why?) 

360°      y  V        J    J 

Apply  the  common  unit  of  measure  m  to  EH  and  CEDF. 
Through  the  points  of  division  and  the  poles  A  and  B 
draw  arcs  of  great  circles. 

The  lune  L  will  contain  x  equal  lunes,  and  the  sphere 
S  will  contain  y  equal  lunes. 

L  __X 

s     y 

L        Z  A 

"""   s~360°* 

When  EH  and  CEDF  are  incommensurable,  the  same  may 
be  proved  true  by  the  method  of  limits. 

694.  Exercise.  1.  Find  the  area  of  a  lune  whose  angle 
is  122°,  if  the  surface  of  the  sphere  is  108  sq.  ft. 

2.  If  the  area  of  a  trirectangular  triangle  is  denoted  by 
T,  the  area  of  a  lune  by  L  and  its  angle  b}'  A,  prove  that 

L  = — ,  or  the  right  angle  being  the  unit  of  measure, 

90 

L  =  T  X  2  A. 

Suggestion.     8  T  =  the  surface  of  the  sphere.     .'. = 

r  8  T      360° 

3.  Use  Ex.  2  to  show  that  two  lunes  on  the  same  sphere 
are  to  each  other  as  their  angles. 

4.  Find  the  angle  of  a  lune  that  has  the  same  area  as  a 
trirectangular  triangle. 

5.  The  diameter  of  a  sphere  is  16  in.  What  is  the 
length  of  each  of  the  sides  of  a  spherical  triangle  whose 
angular  measures  are  75°,  112°  30',  and  100°  ? 
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THEOREM   XI 

695.  Two  symmetrical  spherical  triangles  are  equal. 

Given :     Two     symmetrical    spherical 

A  ABC  and  a'b'c'  on  the  sphere  O. 
To  Prove :  Spherical  A  ABC  =  spherical 

Aa'b'c'. 


Proof :    Two  symmetrical  spherical  A 
can  always  be  placed  so  that  their 
corresponding    vertices    are    dia- 
metrically opposite. 
Assume  A  ABCand  a'b'c'  so  placed 

and  let  P  be  the  pole  of  the  small  circle  passing  through 
A,  B,  and  C. 

Draw  the  diameter  pop',  meeting  the  surface  of  the 
sphere  in  p\     Also  draw  the  great  circle  arcs  AP,  bp,  CP, 


a'p;,  b'p',  cV. 

Then    ap  =  a'p',  bp  =  b'p',  cp  = 

c'p'. 

(Why  ?) 

Also      AP  =  BP  =  CP. 

(Why?) 

.-.a'p'=b'p'  =  c'p'. 

(Why  ?) 

.-.Aapb  =  Aa'p'b'. 

(Why  ?) 

Also   A  APC  =  A  a'p'c', 

and   A  bpc  =  A  b'p'c'. 

(Why?) 

.*.A  ABC  =  Aa'b'c'. 

(Why?) 

How  will  the  proof  be  altered  if  the  poles  of  A  abc 
and  a'b'c'  lie  without  the  triangles  ?  Construct  the  figure 
and  demonstrate. 

Is  it  possible  for  the  pole  of  A  abc  to  lie  on  one  of  the 
sides  of  the  triangle  ? 
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696.  Corollary.  If  two  great  circles  intersect  on  a  hemi- 
sphere, the  sum  of  the  opposite 
triangles  for  Died  by   their  arcs 
and  the  arcs  of  the  great  circle 
bounding     the     hemisphere     is 

equivalent  to  a  lime  ivhose  angle  A i- /  -  -»"- —  *•  —  -j/\ 

is  the  angle  formed  by  the  great 
circles. 

Suggestion.    A  ABC  =  A  A'B'C.     .*. 
etc.  C 

697.  Definition.  The  spherical  excess  (usually  denoted 
by  e)  of  a  spherical  triangle  is  the  excess  of  the  sum  of  its 
angles  over  two  right  angles. 

Thus,  the  spherical  excess  of  a  spherical  triangle  ABC  is 
E  =  a+b  +  C-  180°. 

If  the  angles  of  a  spherical  triangle  are  70°,  100°,  and 


120°,  then  E  = 


70  +  1QQ  +  12Q  _  180 
90 


or  -Jg1-  right  angles. 


This  may  be  expressed  in  degrees  as  E  =  70°  +  100°  +  120° 
-180°  =  110°. 

698.  In  plane  geometry  a  right  angle,  or  a  quadrant,  is 
divided  into  90  equal  parts  called  angular  degrees,  or  arc 
degrees.  In  the  same  way  in  spherical  geometry  the  tri- 
rectangular  triangle  is  divided 
into  90  equal  half  lunes  called 
spherical  degrees.  In  other  words, 
a  spherical  degree  is  a  half  lune 
whose  angle  is  one  degree. 

Show  that  there  are  720  spher- 
ical degrees  on  the  surface  of  a 
sphere. 

Is  the  spherical  degree  the  same 
for  different  spheres  ? 
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Notice  that  the  spherical  degree  is  a  unit  of  surface 
measure,  not  a  unit  of  angular  measure. 

699.  Exercise.    1.    If  the  angles  of  a  spherical  triangle 
are  80°,  110°,  and  125°,  find  the  spherical  excess. 

2.  If  the  sides  of  a  spherical  triangle  are  100°,  60°,  and 
150°,  find  the  spherical  excess  of  its  polar  triangle. 

3.  How  many   spherical   degrees  are  there   in  a  lune 
whose  angle  is  25°  ? 

THEOREM   XII 

700.  The  area  of  a  spherical  triangle  is  equal  to  its 
spherical  excess  expressed  in  spherical  degrees. 

Given:   Spherical  A  ABC. 

To  Prove:  Spherical  A  ABC  =  (A 
+  B  +  C  —  180)  spherical  de- 
grees. 

Proof :  Complete  the  great  circle    ! 
BCED   and   produce    arcs    BA 
and  CA  to  meet  the  great  cir- 
cle in  E  and  D.  X  **,'' 

Then  AABC  +  AACE  =  lune  B.  '**- -"'  E 

A  ABC  +  AADB  =  lune  C. 
Also  A  ABC  +  A  ADE  =  lune  A.  (Why  ?) 

Adding,  3  A  ABC  +  A  ACE  +  A  adb  +  A  ADE  =  lune  A  + 
lune  B  +  lune  C, 

or  2  A  ABC  +  area  of  hemisphere  =lune  A  -f-  lune  B  + 
lune  C. 

The  area  of  the  hemisphere  =  360  spherical  degrees. 
Lune  A  =  2  A  spherical  degrees,  etc.  (Why  ?) 

.'.  2  A  ABC  +  360  spherical  degrees  =  (2a+2b+2c) 
spherical  degrees,  or  A  abc=(a+b  +  c  —  180)  spherical 
degrees  =  E  spherical  degrees.  (Why  ?) 
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701.  If  the  angles  of  a  spherical  triangle  are  80°,  120°, 
and  140°,  then  E  =  80  +  120  +  140  -  180  =  160.  It  should 
be  noticed  that  E  is  always  an  abstract  number  used  as  a 
numerical  measure.  Hence  the  area  of  the  A  =  160  spher- 
ical degrees,  and  since  there  are  720  spherical  degrees  on 
the  surface  of  a  sphere,  the  area  of  the  triangle  is  ||^  or  ^ 
of  the  surface  of  the  sphere.  In  order  to  find  the  area  of 
the  triangle,  the  area  of  the  sphere  must  be  known.  Thus, 
if  the  area  of  the  sphere  on  which  the  triangle  is  situated 
is  60  sq.  in.,  the  area  of  the  triangle  is  J  of  60  sq.  in.,  or 
13^  sq.  in. 

702.  Corollary.  The  area  of  a  spherical  triangle  is  to 
the  area  of  the  sphere  as  its  spherical  excess,  in  degrees, 
is  to  720°. 

703.  Exercise.  1.  If  the  sum  of  the  angles  of  a  spherical 
polygon  of  n  sides  is  S,  show  that  the  area  of  the  polygon 
is  [s  —  (n  —  2)180]  spherical  degrees. 

Suggestion.  Divide  the  spherical  polygon  into  spherical  triangles 
by  drawing  all  of  the  diagonals  from  any  one  vertex. 

2.  Find  the  area  of  a  spherical  triangle  whose  angles 
are  75°,  95°  30',  and  124°  30',  if  the  surface  of  the  sphere 
is  24  sq.  ft. 

3.  If  90°,  120°,  175°,  160°,  and  112°  are  the  angles  of  a 
spherical  pentagon,  what  part  of  the  area  of  the  sphere  is 
the  pentagon  ? 

Suggestion.     Use  Ex.  1. 

704.  Note.  The  expressions  "  area  AB,"  "  volume  ABC," 
etc.,  will  be  used  to  denote  the  area  of  the  surface  gener- 
ated by  AB,  the  volume  of  the  solid  generated  by  triangle 
ABC,  etc. 

lyman's  solid  geom. — 20 


306 


SOLID   GEOMETRY 


THEOREM   XIII 

705.  The  surface  generated  by  the  revolution  of  a  line 
segment  about  an  axis  in  its  plane  is  equal  to  the  projec- 
tion of  the  line  segment  on  the  axis  multiplied  by  the 
circumference  of  the  circle  whose  radius  is  the  perpen- 
dicular erected  at  the  mid-point  of  the  line  segment  and 
terminated  by  the  axis. 

Given :  Line  segment  AB  re- 
volving about  axis  MN  in 
its  plane.  DF  the  projec- 
tion of  AB  on  MN  and  CH 
the  perpendicular  from 
the  midpoint  of  AB  to  MN. 

To  Prove:  Area  of  surface 
generated  by  the  revolu- 
tion of  AB  about  MN  =  DF 

X  2  7TCH. 

Proof :  Draw  CE  _L  and  AG  II  MN. 

By  revolution  about  MN,  AB  generates  the  surface  of 
the  frustum  of  a  right  cone. 

.\  area  AB  =  AB  x  2  7rCE. 
But  A  ABG  ~ACHE  and  AG  =  DF, 

DF       CE 


(§  624) 
(Why  ?) 


or 


AB 
DF 


CH 

2ttCE 


(Why  ?) 


(Why  ?) 
(Why?) 


AB        2  ttCH 
.*.  AB  X  2  7TCE  =  DF  X  2  7TCH. 
.*.  area  AB  =  DF  x  2  7rCH. 

Investigate  the  case  when  AB  is  parallel  to  MN.  Also 
the  cases  when  one  extremity  of  AB  is  in  MN  and  when  AB 
intersects  MN. 
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706     Definitions.    A  zone  is  a  portion  of  the  surface  of  a 
sphere  included  between  two 
parallel  planes  which  cut  the 
sphere. 

The  circumferences  of  the 
sections  of  the  sphere  are  the 
bases  of  the  zone  and  the  dis- 
tance between  the  parallel 
planes  is  the  altitude. 

The  zone  may  also  be  de- 
fined as  the  surface  generated 
by  the  revolution  of  the  arc  of 
a  semicircle  about  its  diam- 
eter. 

Thus,  in  the  figure  the  surface  generated  by  the  revolu- 
tion of  arc  CE  about  AB  is  a  zone. 

707.  If  one  of  the  two  parallel  planes  is  tangent  to  the 
sphere,  a  zone  of  one  base  is  formed. 

Thus,  a  zone  of  one  base  is  formed  by  the  revolution  of 
arc  CA  about  the  diameter  AB. 

708.  Exercise.  1.  In  the  figure  of  5  705  find  the  area 
generated  by  the  revolution  of  AB,  if  CH  =  6  in.,  AB  =  5  in., 
and  BG  =  2. 5  in. 

2.  Find  the  area  of  an  equiangular  hexagon  whose 
angle  is  160°  if  the  area  of  the  sphere  is  10  sq.  ft. 

3.  Two  of  the  angles  of  a  spherical  triangle  are 
110°  and  135°.  Between  what  limits  must  the  third  angle 
lie? 

4.  A  lune  whose  angle  is  20°  on  a  sphere  whose  area  is 
60  sq.  ft.  has  how  many  sq.  ft.  in  its  area  ? 

5.  What  is  ratio  of  two  lunes  of  35°  on  spheres  whose 
areas  are  60  and  80  sq.  ft.  respectively  ? 
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(Why  ?) 


709.    The  area  of  a  sphere  is  equal  to  four  times  tlie 
area  of  a  great  circle. 

Given :  S  the  area  and  R  the  radius  of  a 
sphere  generated  by  the  revolution  of 
semicircle  ADB  about  the  diameter  AB. 

To  Prove :   S  =  4  7rR2. 

Proof :    Inscribe  in  the  semicircle  a  regular 
semipolygon  ACDEB  of  any  number  of 
sides,  and  draw  CG,  DO,  and  EF  JL  AB. 
Draw  Ol  JL  AC  and  OH  _L  CD. 
Then  AC  is  bisected  at  I  and  CD  at  H. 

(Why?) 

Area  AC  =  AG  x  2  irO\. 

Area  CD  =  GO  X  2  7rOH. 

And  so  on  for  the  areas  generated  by  other  sides  of  the 
inscribed  semipolygon. 

But  Ol  =  OH  =  etc.  (Why  ?) 

Hence,  adding  the  equations, 

area  ACDEB  =  (AG  +  GO  +  OF  +  FB)  2  7TOH 

=  ab  x  2  7toh  (Why  ?) 

=  2r  x2ttOH.  (Why?) 

Let  the  number  of  sides  of  the  inscribed  semipolygon 
be  increased  without  limit. 

Then  the  semiperimeter  of  the  inscribed  semipolygon 
will  approach  the  semicircumference  as  a  limit  and 
OH  will  approach  R  as  a  limit. 

.-.  s  =  2r  x  2  7tr  =  4  7tr2, 
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710.  Corollary  1.  The  area  of  a  zone  is  equal  to  the  prod- 
uct of  its  altitude  and  the  circumference  of  a  great  circle. 

Suggestion.  The  area  of  the  zone  generated  by  the  arc  CD  = 
GO  x  2ttR. 

711.  Corollary  2.  The  areas  of  two  spheres  are  to  each 
other  as  the  squares  of  their  radii,  or  as  the  squares  of 
their  diameters. 

Suggestion.  Let  R  and  R'  be  the  radii  of  two  spheres,  then 
47rR2  and  47rR'2  will  be  their  areas. 

4  ttR2       R2       v. 
4ttR/2      R/2 

712.  Exercise.  1.  Show  that  the  area  of  a  sphere  is 
equal  to  the  product  of  its  diameter  and  the  circumfer- 
ence of  a  great  circle. 

2.  Show  that  the  area  of  a  sphere  is  equal  to  the  lateral 
area  of  its  circumscribed  cylinder. 

3.  Find  the  area  of  a  sphere  whose  radius  is  6  in. 

4.  Find  the  area  of  a  zone  whose  altitude  is  4  in.,  if  the 
radius  of  the  sphere  is  1  ft. 

5.  Find  the  radius  of  a  sphere  whose  area  is  100  sq.  in. 

6.  Find  the  area  of  a  spherical  triangle  whose  angles 
are  120°,  76°  25',  and  85°  35'. 

7.  Find  the  area  of  a  sphere  whose  diameter  is  24  in. 

8.  The  area  of  a  sphere  has  the  same  numerical  value 
as  the  circumference  of  one  of  its  great  circles.  Find  the 
numerical  value  of  its  radius. 

9.  Prove  that  two  zones  on  different  spheres  are  to 
each  other  as  the  products  of  their  altitudes  and  the  radii 
of  the  spheres. 

10.  Show  that  zones  on  the  same  sphere  are  to  each 
other  as  their  altitudes. 
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11.  What  part  of  the  diameter  of  a  sphere  must  the 
altitude  of  a  zone  be,  if  the  area  of  the  zone  is  J  of  the 
area  of  the  sphere  ? 

12.  Prove  that  the  area  of  a  zone  of  one  base  is  equal 
to  the  area  of  a  circle  whose  radius  is  the  chord  of  the 
generating  arc. 

Suggestion.  See  figure  for  Theorem  XIV.  Zone  AC  =  AG  x 
27rr=7rAGxAB.     Draw  BC.     Then,  AG  x  AB  =  AC'2.     (Why?)     .-.etc. 

THEOREM   XV 

713.  The  volume  generated  by  the  revolution  of  a  tri- 
angle about  an  axis  in  its  plane  and  passing  through 
one  of  its  vertices  without  cutting  its  surface,  is  equal 
to  the  product  of  the  surface  generated  by  the  base  and 
one  third  of  the  altitude. 
Given:  A  ABC  revolving 
about  axis  MN  pass- 
ing the   vertex   c. 

To  Prove :  The  volume 
generated  =  the  area 
generated  by  the  base 
AB  x  |  of  the  altitude  CE. 

Proof:    (1)   When  one  side  of  the  A  lies  in  the  axis. 
Draw  AD  _L  the  axis. 

Then  volume  CAB  is  the  sum  of  two  cones  generated  by 
the  right  A  CAD  and  BAD. 
.'.    volume    CAB  =  1-7TAD2  X  CD  +  ^7rAD2  X  DB  =  J7TAD2 

x  CB.  (Why  ?) 

Since                   ad  x  cb  =  ce  x  ab.  (§  392) 

.'.  volume  CAB  =  J7TAD  x  AB  x  CE.  (Why  ?) 

But  7tad  x  ab  =  area  ab.  (Why  ?) 
.-.volume  CAB  =  area  AB  x  J  CE. 


M 
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(2)  When  the  axis  passes  through  one  vertex  and 
meets  the  base  pro- 
duced in  F. 
Then  volume  CAB  is 
the  difference  of  the 
volumes  of  the  two 
cones  generated  by 
CAF  and  CBF.  U  r 

.*.  volume  CAB  =  area  AF  x  1  CE  —  area  BF  x  I  CE. 


M 


N 


=   area  AB  X   )d  CE. 


(Why  ?) 


(3)    When  the  axis  passes  through  one  vertex  and  is 
parallel  to  the  base  AB. 
Then  volume  CAB  is  the  vol- 
ume   of    the    cylinder    abgf 
—   the  cone  AFC  —  the  cone 
BGC. 

.'.volume  cab  =  7rCE2  x  ab 

=  I- ttCE2  (oAB  -  -  AE  ■  EB)  =  |  ttCE2  X  AB. 

But    area    AB  =  2  ttCE  x  ab.  (Why?) 

(Why?)  A 

.-.  volume  CAB  =  J  CE  x  area 


A  7TCE2  X  AE  —  4  7TCE2  X  EB 


AB. 


(Why?) 


714.  Exercise.  1.  Demon- 
strate (1)  when  the  altitude 
CE  meets  AB  produced. 

2.  Is  the  demon- 
stration for  (2)  changed 
when  the  altitude  CE 
meets  AB  produced  ? 
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3.  Is  the  demonstration 
for  (3)  changed  when  CE 
meets  AB  produced  ? 

715.  Definition.    A  spher-  M 
ical  sector  is  a  solid  gener-  C  F  G 
ated    by   a   sector   of    a  semicircle    when    the    semicircle 
revolves  about  its  diameter. 

Thus,  the  spherical  sector 
generated  by  the  revolution  of 
the  sector  oab  of  the  great  cir- 
cle of  the  sphere  has  for  its  B| 
faces  a  zone  generated  by  the 
arc  AB,  and  two  conical  surfaces 
generated  by  the  radii  OA  and 
OB  respectively. 

716.  The  zone  is  the  base  of 

the  spherical  sector.      If  the  zone  is  a  zone  of  one  base, 
then  the  spherical  sector  has  but  one  conical  surface. 
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717.  The  volume  of  a  spherical  sector 
is  equal  to  the  product  of  the  zone  that 
forms  its  base  and  one  third  of  the 
radius  of  the  sphere- 

Given :  v  the  volume  of  the  spherical  sec- 
tor generated  by  the  revolution  of 
circular  sector  oab  about  the  diame- 
ter XY,  R  the  radius  of  the  sphere,  and 
s  the  surface  of  the  zone. 


To  Prove  :  v 


I  RXS. 
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Proof :   Divide  the  arc  AB  into  any  number  of  equal  parts. 
Join  the  points  of  division,  forming  with  OA  and  OB 
a  sector  OACDB  of  a  regular  polygon. 
Draw  OC  and  OD,  dividing  the  sector  into  A  OAC,  OCD, 
ODB.     Draw  OE  _L  any  side. 

Then  volume  OACDB  =  the  sum  of  the  volumes  gener- 
ated by  the  A. 

.*.  volume  OACDB  =  area  acdb  x  J  OE.  (Why  ?) 

By  increasing  the  number  of  sides  of  the  sector  of  the 
regular  polygon  indefinitely,  broken  line  ACDB  =  arc 
AB,  and 

volume  ACDB  =  V.     Also  OE  =  R. 
.*.  v  =  zone  AB  x  J  R. 
.'.V=|RX8. 

718.  Corollary.  If  h  =  the  altitude  of  zone  AB,  then 
V  =  2  ttrIi  x  ^  R  =  |  7rR2/L 

THEOREM   XVII 

719.  The  volume  of  a  sphere  is  equal  to  the  product 
of  the  area  of  its  surface  and  one  third  of  its  radius. 

The  sphere  may  be  regarded  as  a  spherical  sector  of 
which  the  base  is  a  zone  whose  area  is  the  area  of  the 
entire  surface  of  the  sphere. 

If  r  =  the  radius  of  the  sphere  and  V  its  volume, 
then      v  =  4  ttR2  x  I  R  =  f  7rR3. 

720.  Corollary.  The  volumes  of  two  spheres  are  to  each 
other  as  the  cubes  of  their  radii,  or  as  the  cubes  of  their 
diameters. 

Let  R  and  r'  be  the  radii  of  two  spheres. 

Then  t^-^r    Etc- 

|  7TR'8         R'3 
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721.    Exercise.    1.    If  D  =  the  diameter  of  a  sphere  and 

7TD3 


V  its  volume,  show  that  V  = 


6 


2.  Find  the  volume  of  a  sphere  whose  radius  is  1  ft. 

3.  Find  the  volume  of  a  sphere  whose  area  is  100  sq.  ft. 

4.  Find  the  volume  of  a  spherical  sector,  if  the  radius 
of  the  sphere  is  r  and  the  area  of  the  base  of  the  sector  is 
equal  to  that  of  a  great  circle  of  the  sphere. 

5.  Find  the  diameter  of  a  sphere  whose  volume  is  85J  tt. 

6.  Find  the  volume  of  a  sphere  whose  area  is  144  it. 

7.  The  radius  of  one  sphere  is  two  thirds  of  the  radius 
of  another.     Compare  their  volumes  and  their  areas. 

8.  If  the  area  of  a  zone  of  one  base  is  one  half  of  the 
area  of  the  sphere,  how  does  the  altitude  of  the  zone  com- 
pare with  the  radius  of  the  sphere  ? 

9.  Find  the  area  of  the  zone  illuminated  by  a  light  10  ft. 
from  the  surface  of  a  sphere  whose  radius  is  8  ft. 

722.  Definitions.  A  spherical  segment,  or  the  segment 
of  a  sphere,  is  the  figure  formed  by  two  parallel  planes, 
which  cut  the  sphere,  and  the 

zone  intercepted  by  the  planes.  A 

723.  The  parallel  planes  are 
the  bases,  and  the  perpendicular 
distance  between  the  bases  is 
the  altitude  of  the  spherical 
segment. 

724.  If  one  of  the  parallel 
planes  is  tangent  to  the  sphere, 
the  spherical  segment  is  a  seg- 
ment of  one  base. 
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725.  The  volume  of  a  spherical  segment  is  equal  to  one 
half  of  the  sum  of  its  bases  multiplied  by  its  altitude 
plus  the  volume  of  a  sphere  of  which  that 
altitude  is  the  diameter.  .  a 

Given :  V  the  volume  of  the  segment  gener- 
ated by  the  revolution  of  abfe  about  the 
diameter  CD.  Let  AE  =  r\  BF=  r,  EF  =  A, 
and  the  radius  of  the  sphere  =  R. 

To  Prove :    V  =  |-  h(irr2  -f-  irr'2)  +  J  rf. 

Proof:  Draw  OA  and  OB. 

Then  v  =  sector  oab  +  cone  OAE  —  cone  OBF 

=  |  7TR2h  +  I  7TAE2  X  OE  —  1  7TBF2  X  OF      (Why  ?) 

=  |  TTRVl  +  J  tt[(  R2  -  OE2)OE  -  (R2  -  OF2)OF] 

(Why?) 

=  f  7TR2h  +  J  tt[R2(OE  -  OF)  -  (OE3  -  OF3)]. 

(Why?) 
Since  oe  —  of  =  h, 

V  =  l7rA[3R2-  (oe2+  oe  x  of  +  of2)]. 

(Why?) 


But       OE2  +  OE  X  OF  +  OF2  =  -  (OE2+  OF2)  -  - 

2  2 


(Why  ?) 


—  _ 


(Why  ?) 
■••V  =  |^[|(r'2  +  ^)  +  |]  (Why?) 

=  J  hQirr'2  +  tit2)  + 1  ir/A  (Why  ?) 
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726.    Exercise.    1.    Show  that  the  volume  of  a  spherical 
segment  of  one  base  is  \  irr2h  +  \  7rA3, 
where  r  is  the  radius  of  the  base. 

2.  Show  that  the  total  surface  and 
the  volume  of  a  cylinder  circum- 
scribed about  a  sphere  are  to  the  sur- 
face and  volume  of  a  sphere  respec- 
tively as  3 : 2. 

3.  If  a  cone  has  the  same  base  and 
altitude  as  the  cylinder  circumscribed 
about  a  sphere,  show  that  the  volume 
of  the  cylinder,  sphere,  and  cone  are  to  each  other  as  3:2:1. 

4.  Find  the  volume  of  a  spherical  segment  formed  by 
two  parallel  planes  3  in.  and  6  in.  respectively  from  the 
center  of  a  sphere  whose  radius  is  10  in.  Is  there  more 
than  one  solution  to  this  problem  ? 

5.  A  cylinder  whose  altitude  is  a  is  inscribed  in  a 
sphere  whose  radius  is  r.  Find  the  volume  of  the  sphere 
lying  outside  the  convex  surface  of  the  cylinder. 

6.  Find  the  volume  of  a  spherical  segment,  the  radii  of 
whose  base  are  r  and  r'  and  whose  altitude  is  a. 

7.  A  spherical  segment  of  one  base,  6  ft.  high,  contains 
200  cu.  ft.     Find  the  radius  of  the  sphere. 

8.  How  much  of  the  earth's  surface  is  visible  from  a 
balloon  6  miles  high,  the  diameter  of  the  earth  being  7912 
miles  ? 

9.  How  high  above  the  surface  of  the  earth  must  the 
balloon  be  if  the  occupants  can  see  J  of  its  surface  ? 

10.  Find  the  volume  of  a  spherical  segment,  the  radii  of 
whose  bases  are  3  in.  and  5  in.  and  whose  altitude  is  2  in. 

11.  Find  the  radius  of  a  sphere  equal  in  volume  to  a 
parallelopiped  whose  edges  are  4,  6,  and  8. 
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Find  the  volume  and  entire  area  of  : 

1.  A  cube  whose  edge  is  8.5  in. 

2.  A  cube,  the  area  of  one  of  whose  faces  is  36  sq.  in. 

3.  A  cube  whose  diagonal  is  3V3. 

4.  A  rectangular  parallelopiped  whose  edges  are  10  in., 
8  in.,  and  6  in. 

5.  A  rectangular  parallelopiped  with  a  square  base,  the 
area  of  which  is  64  sq.  in.,  and  whose  altitude  is  5.3  in. 

6.  A  right  cylinder,  the  radius  of  whose  base  is  4cm  and 
whose  altitude  is  9cm. 

7.  A  prism  with  a  square  base,  each  side  of  which  is 
10  in.,  and  altitude  10  in. 

8.  A  triangular  prism  with  sides  of  base  5  in.,  8  in., 
and  11  in.,  and  altitude  14  in. 

9.  A  right  cone,  the  radius  of  whose  base  is  lm  and 
whose  altitude  is  lm. 

10.  A  right  cone,  the  diameter  of  whose  base  is  lm  and 
whose  slant  height  is  lm. 

11.  A  right  pyramid  with  a  square  base,  each  side  of 
which  is  4  in.  and  whose  faces  are  equilateral  triangles. 

12.  A  right  pyramid  with  a  hexagonal  base,  each  side  of 
which  is  40cm  and  whose  altitude  is  64cm. 

13.  The  frustum  of  a  right  cone,  the  radii  of  the 
circular  bases  being  3  ft.  and  4  ft.,  and  the  altitude 
5  ft. 

14.  The  frustum  of  a  regular  square  pyramid  whose 
altitude  is  20  ft.  and  the  sides  of  whose  square  bases  are 
7  ft.  and  4  ft. 

15.  A  cubic  foot  of  water  weighs  1000  oz.  ;  find  the 
weight  of  water  in  a  cylindrical  cistern,  the  diameter  of  the 
bottom  and  the  altitude  each  being  10  ft.      If  a  gallon 


318  SOLID   GEOMETRY 

of  water  contains  231  cu.  in.,  how  many  gallons  will  the 
cistern  hold  ? 

16.  A  cubical  tank  will  hold  216  cu.  ft.  of  water. 
What  must  be  the  length  of  the  edge  of  a  similar  tank 
that  will  hold  one  half  as  much  more  ? 

17.  The  internal  dimensions  of  an  open  tank  lined  with 
lead  ^  in.  thick  are  4  ft.  6  in.  long,  3  ft.  wide,  and  18  in. 
deep.  How  many  cubic  inches  of  lead  are  used  in  its 
construction  ? 

18.  The  wall  of  China  is  1500  miles  long,  20  ft.  high, 
15  ft.  wide  at  the  top,  and  25  ft.  wide  at  the  bottom.  How 
many  cubic  yards  of  material  does  it  contain  ? 

19.  What  length  of  wire  .08  in  thick  can  be  formed  out 
of  a  cubic  inch  of  copper  ? 

20.  A  square  iron  rod,  1  yard  long  and  an  inch  thick, 
weighs  10.5  lb.  How  much  would  a  round  iron  rod  of  the 
same  dimensions  weigh  ? 

21.  How  many  yards  of  canvas  |  of  a  yard  wide  will  be 
required  to  make  a  conical  tent  8  ft.  high  and  12  ft.  in 
diameter  at  the  base,  allowing  ^  for  waste?  How  many 
cubic  feet  of  air  will  the  tent  contain  ? 

22.  An  iron  vessel,  open  at  the  top,  in  the  shape  of  the 
frustum  of  a  cone  has  the  following  internal  dimensions  : 
diameter  of  the  top,  2  ft.  ;  diameter  of  the  bottom,  18  in.  ; 
depth,  2  ft.  Its  corresponding  external  dimensions  are 
2  ft.  4  in.,  22  in.,  and  2  ft.  4  in.  How  many  cubic  inches 
of  iron  were  used  in  making  the  vessel  ? 

23.  A  hemispherical  bowl  made  of  copper  \  in.  thick 
will  hold  2  cu.  ft.  of  water.  How  many  cubic  inches  of 
copper  were  used  in  its  construction  ? 

24.  A  hollow  right  cylinder  6  ft.  long  and  3.5  ft.  in 
diameter  is  closed  by  a  hemisphere  at  each  end.     Find  the 
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total  area.  If  the  inside  diameter  is  3  ft.  5  in.,  find  the 
amount  of  material  used  in  its  construction.  Also  find 
the  total  area  of  the  inside. 

25.  How  many  square  inches  of  gold  leaf  will  gild  a 
globe  2  ft.  in  diameter? 

26.  Find  the  weight  of  a  pair  of  iron  dumb-bells,  each 
consisting  of  two  spheres  4.5  in.  in  diameter  joined  by  a 
cylindrical  bar  5.5  in.  long  and  2  in.  in  diameter,  if  an 
iron  ball  4  in.  in  diameter  weighs  9  lb. 

27.  Show  that  every  point  of  the  great  circle  that  bi- 
sects a  given  arc  of  a  great  circle,  and  is  perpendicular  to 
it,  is  equidistant  from  the  extremities  of  the  arc. 

28.  Through  a  given  point  on  a  sphere  draw  an  arc  of 
a  great  circle  perpendicular  to  a  given  arc  of  a  great  circle. 

29.  Show  that  three  great  circles  that  do  not  intersect 
in  the  same  points  divide  the  surface  of  the  sphere  into 
four  pairs  of  symmetrical  triangles. 

30.  Draw  three  great  circles  on  a  sphere  so  that  each 
one  is  perpendicular  to  the  other  two.  Into  how  many 
triangles  is  the  sphere  divided  ?  What  kind  of  triangles 
are  they?  Express  the  area  of  each  of  them  in  spherical 
degrees. 

31.  Show  that  the  sum  of  the  angles  of  a  spherical 
hexagon  is  greater  than  8  and  less  than  12  right  angles. 

32.  Find  the  area  of  the  sphere  whose  radius  is  2  ft. 
Find  the  radius  of  the  sphere  that  has  three  times  the 
area  of  this  sphere.  Find  the  volume  of  the  sphere  whose 
radius  is  2  ft.  Find  the  radius  of  a  sphere  that  has 
twice  the  volume  of  this  sphere. 

33.  Find  the  volume  of  a  cylinder,  the  radius  of  whose 
base  is  1  ft.  and  whose  altitude  is  2  ft.  How  does  the  vol- 
ume compare  with  the  volume  of  a  sphere  whose  radius 
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is  1  ft.  ?     How  does  its  total  area  compare  with  the  area  of 
a  sphere  whose  radius  is  1  ft.  ? 

34.  Find  the  total  area  of  a  right  circular  cone,  the 
radius  of  whose  base  is  10  in.  and  whose  altitude  is  1  ft. 
8  in.  Find  the  volume  of  this  cone.  How  do  its  area 
and  volume  compare  with  the  area  and  volume  of  a  cylinder 
of  the  same  dimensions  ?  How  do  its  area  and  volume 
compare  with  the  area  and  volume  of  a  sphere  whose  radius 
is  10  in.  ? 

35.  Can  there  be  a  spherical  triangle  each  of  whose 
angles  is  60°  ? 

36.  The  angles  of  a  spherical  triangle  are  110°  20', 
120°  10'  30",  and  140°  30'  30"  respectively.  Find  its  area, 
if  the  radius  of  the  sphere  on  which  it  is  situated  is  1  ft. 
6  in. 

37.  The  sides  of  a  spherical  triangle  are  80°,  90°,  and 
100°  respectively.  Find  the  area  of  its  polar  triangle,  if 
the  diameter  of  the  sphere  on  which  it  is  situated  is  4  ft. 

38.  Find  the  area  of  the  zone  formed  by  two  parallel 
planes  that  cut  a  sphere  whose  radius  is  16  in.,  8  in.,  and 
10  in.  respectively  from  the  center.  Is  there  more  than 
one  solution  to  this  problem  ? 

39.  Bisect  a  spherical  angle. 

40.  Bisect  an  arc  of  a  great  circle. 

41.  At  a  given  point  in  an  arc  of  a  great  circle  draw  a 
perpendicular  to  the  plane  of  the  great  circle. 

42.  Draw  a  perpendicular  from  a  given  point  on  a 
sphere  to  the  plane  of  a  ghren  great  circle. 

43.  Circumscribe  a  circle  about  a  spherical  triangle. 

44.  Construct  a  spherical  triangle,  having  given  two 
sides  and  the  included  angle.  Is  there  more  than  one 
solution  ? 
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45.  Construct  a  spherical  triangle,  having  given  the 
three  sides.     Is  more  than  one  solution  possible  ? 

46.  If  the  three  angles  of  a  spherical  triangle  are 
known,  is  the  triangle  determined? 

47.  Prove  that  in  a  circle  on  a  sphere,  equal  chords  are 
equidistant  from  the  pole  of  the  circle. 

48.  Prove  that  the  sum  of  two  sides  of  a  spherical  tri- 
angle is  greater  than  the  third  side. 

Suggestion.  Note  that  the  sides  of  a  spherical  triangle  have  the 
same  measure  as  the  face  angles  of  the  trihedral  angle  at  the  center  of 
the  sphere. 

49.  In    any    spherical    triangle,    the 
greater  side  is  opposite  the  greater  angle. 

Suggestion.     Draw  arc  CD,  making  ZACD 
=  ZA- 

50.  In    any    spherical    triangle,    the 
greater  angle  is  opposite  the  greater  side. 

Suggestion.   Use  the  indirect  method  of  proof  and  apply  Ex.  49. 

51.  If  the  opposite  angles  of  a  spherical  quadrilateral 
are  equal,  the  opposite  sides  are  equal. 

Suggestion.  Produce  two  opposite  sides  till  they  meet,  and  com- 
pare the  triangles  formed. 

52.  What  part  of  the  surface  of  a  sphere  is  covered  by 
an  equiangular  spherical  hexagon  whose  angle  is  160°  ? 

53.  Find  the  radius  of  the  circle  of  intersection  of  two 
spheres  whose  radii  are  16  in.  and  1  ft.  respectively,  if  the 
centers  are  18  in.  apart. 

54.  Find  the  volume  of  a  spherical  sector  whose  base 
is  10m,  if  the  radius  of  the  sphere  is  5m. 

55.  Find  the  volume  of  a  sphere  whose  area  is  equal  to 
16m\ 
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56.  Find  the  volume  of  a  spherical  segment  included 
between  two  parallel  planes  3  in.  and  8  in.  from  the  cen- 
ter of  a  sphere  whose  radius  is  14  in.  Is  there  more 
than  one  solution  to  this  problem  ? 

57.  Find  the  volume  of  a  spherical  segment  that  is  cut 
from  a  sphere  2  ft.  in  diameter  by  a  plane  1  ft.  from  the 
center. 

58.  Find  the  volume  of  a  spherical  shell  2  in.  thick,  if 
the  outer  radius  is  10  in. 

59.  An  equilateral  triangle  whose  side  is  6  in.  revolves 
about  a  side.  Find  the  area  and  volume  generated.  Find 
the  area  and  volume  generated  if  the  triangle  revolves 
about  an  altitude. 

60.  A  square  whose  side  is  a  revolves  about  a  diagonal. 
Find  the  area  and  volume  generated. 

61.  Find  the  area  and  volume  generated,  if  a  square 
whose  side  is  a  revolves  about  a  side. 

62.  Find  the  volume  of  the  greatest  cube  that  can  be 
cut  from  a  sphere  whose  diameter  is  5  in. 

63.  Find  the  volume  of  the  greatest  sphere  that  can  be 
cut  from  a  cube  whose  diagonal  is  5V3  in. 

64.  Find  the  area  and  volume  generated  by  the  revolu- 
tion about  the  hypotenuse  of  a  right-angled  triangle  whose 
sides  are  6  in.,  8  in.,  and  10  in.  Find  the  area  and  vol- 
ume generated  by  the  revolution  about  each  side. 

Q5.  Find  the  edge  of  a  cube  that  has  an  area  equivalent 
to  the  area  of  a  sphere  whose  radius  is  8  in. 

66.  Compare  the  area  of  a  sphere  with  the  lateral  area 
of  its  circumscribing  cylinder. 

67.  Find  the  distance  of  the  plane  of  a  small  circle 
whose  area  is  4  ir  sq.  in.  from  the  center  of  a  sphere  whose 
radius  is  13  in. 
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68.  A  cylindrical  tank  is  10  ft.  long  and  2  ft.  6  in.  in 
diameter,  inside  dimensions.  When  it  stands  on  end  the 
water  in  it  is  6  ft.  deep.  Find  the  weight  of  the  water  if 
1  cu.  ft.  weighs  1000  oz. 

69.  A  four-quart  pail  in  the  shape  of  a  frustum  of  a 
cone  has  diameters  9  in.  and  7  in.  respectively  for  the  top 
and  bottom.  How  high  is  the  pail  ?  Where  on  the  side 
must  it  be  marked  to  indicate  1  qt.  ?  2  qt.  ?  3  qt.  ? 

70.  A  cylinder  whose  altitude  is  equal  to  the  diameter 
of  its  base  is  inscribed  in  a  sphere  whose  radius  is  r. 
Compare  the  areas  and  volumes. 

71.  Find  the  area  and  volume  generated  by  the  revolu- 
tion of  an  isosceles  trapezoid  whose  bases  are  a  and  6,  and 
altitude  is  A,  about  the  base  b  (a  <  5). 

72.  Solve  Ex.  71  for  a  =  8  in.,  b  =  12  in.,  and  h  =  6  in. 
Also  for  a  =  12  in.,  b  =  8  in.,  and  h=  6  in. 

73.  One  cube  has  a  face  equivalent  to  the  entire  area  of 
another  cube.     Compare  their  volumes  and  their  edges. 

74.  Three  equal  spheres  touching  each  other  lie  on  a 
level  surface  and  a  fourth  equal  sphere  rests  upon  the 
three.  How  far  is  the  center  of  the  fourth  sphere  from 
the  level  surface,  if  the  radius  of  the  spheres  is  1  ft.  ? 

75.  A  right  cone  whose  slant  height  is  equal  to  the 
diameter  of  its  base  is  inscribed  in  a  right  cylinder  whose 
diameter  is  the  same  as  that  of  the  cone.  Compare  the 
areas  and  volumes  of  the  cone  and  cylinder. 

76.  Compare  the  volume  of  a  sphere  inscribed  in  a  cube 
with  the  volume  of  a  sphere  that  circumscribes  the  cube. 

77.  The  radius  of  a  sphere  is  bisected  at  right  angles 
by  a  plane.  Show  that  the  two  zones  into  which  the 
sphere  is  divided  are  to  each  other  as  3: 1. 

78.  Compare  the  surface  of  a  sphere  with  the  entire 
surface  of  its  hemisphere. 
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79.  The  radii  of  two  concentric  spheres  are  10  in.  and 
15  in.  Find  the  area  of  the  part  of  the  outer  sphere  cut 
off  by  a  plane  tangent  to  the  inner  sphere. 

80.  The  altitude  of  the  torrid  zone  is  about  3200  miles. 
Find  its  area  if  the  earth  is  a  sphere  whose  diameter  is 
7912  miles. 

81.  A  cone  is  inscribed  in  a  sphere  and  has  for  its  base 
a  great  circle  of  the  sphere  and  for  its  vertex  a  pole  of  that 
circle.  Find  the  ratio  of  the  total  area  of  the  cone  to  the 
area  of  the  sphere.  Find  the  ratio  of  the  volume  of  the 
cone  to  the  volume  of  the  sphere. 

82.  The  diameters  of  the  earth  and  moon  are  7912  miles 
and  2163  miles  respectively.  Find  the  ratio  of  their 
volumes. 

83.  The  mean  diameter  of  Jupiter  is  86,000  miles. 
Find  the  ratio  of  its  volume  to  that  of  the  earth. 

84.  The  meter  was  intended  to  be  0.0000001  of  a  quad- 
rant of  a  great  circle  of  the  earth.  Find  the  radius  of  the 
earth  in  kilometers,  assuming  the  earth  to  be  a  sphere. 
Find  its  volume  in  cubic  kilometers. 
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THEOREM   ON   LINES,    PLANES,    AND   ANGLES    IN   SPACE 

482.    Three  points  not  in  the  same  straight  line  determine  a  plane. 
486.    The  intersection  of  two  planes  is  a  straight  line. 

490.  If  a  straight  line  is  perpendicular  to  two  straight  lines  of  a 
plane  at  their  intersection,  it  is  perpendicular  to  the  plane. 

491.  Corollary  1.    At  a  given  point  in  a  plane  but  one  perpendicu- 
lar to  the  plane  can  be  erected. 

492.  Corollary  2.    From  a  point  without  a  plane  but  one  perpen- 
dicular can  be  drawn  to  the  plane. 

493.  Corollary  3.    Through  a  given  point  in  a  straight  line  but  one 
plane  can  be  drawn  perpendicular  to  the  line. 

494.  Corollary  4.    Through  a  given  point  without  a  straight  line 
but  one  plane  can  be  drawn  perpendicular  to  the  line. 

495.  Corollary   5.    All    perpendiculars    that    can   be   drawn    to    a 
straight  line  at  a  given  point  lie  in  a  plane  perpendicular  to  the  line. 

497.  Straight  lines  perpendicular  to  the  same  plane  are^ parallel. 

498.  Corollary  1.    If  one  of  two  parallel  straight  lines  is  perpen- 
dicular to  a  plane,  the  other  is  also  perpendicular  to  that  plane. 

499.  Corollary  2.    Two  straight  lines  that  are  parallel  to  a  third 
straight  line  are  parallel  to  each  other. 

500.  To  draw  a  perpendicular  to  a  given  plane  from  a  given  point 
without  the  plane. 

501.  To  draw  a  perpendicular  to  a  given  plane  at  a  given  point  in 
the  plane. 

*  The  section  numbers  represent  the  sections  on  preceding  pages,  where  the 
corresponding  theorems,  etc.,  occur. 
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503.    Planes  perpendicular  to  the  same  straight  line  are  parallel. 

505.  If  two  angles,  not  in  the  same  plane,  have  their  sides  respec- 
tively parallel  and  lying  in  the  same  direction,  they  are  equal  and 
their  planes  are  parallel. 

507-  The  intersections  of  two  parallel  planes  with  any  third  plane 
are  parallel. 

509.  If  two  straight  lines  are  cut  by  parallel  planes,  the  corre- 
sponding segments  of  the  lines  are  proportional. 

511.  Of  all  straight  lines  that  can  be  drawn  from  a  point  to  a 
plane  : 

(1)  The  perpendicular  is  the  shortest. 

(2)  Oblique  lines  meeting  the  plane  at  equal  distances  from  the 
foot  of  the  perpendicular  are  equal. 

(3)  Of  the  two  oblique  lines  meeting  the  plane  at  unequal  dis- 
tances from  the  foot  of  the  perpendicular,  the  more  remote  is  the 
greater. 

514.  If  a  straight  line  is  perpendicular  to  a  plane,  every  plane 
containing  the  straight  line  is  perpendicular  to  the  plane. 

515.  If  two  intersecting  planes"  are  each  perpendicular  to  a  third 
plane,  their  line  of  intersection  is  perpendicular  to  the  third  plane. 

527.  Vertical  dihedral  angles  are  equal. 

If  two  parallel  planes  are  cut  by  a  third  plane,  the  alternate  interior 
dihedral  angles  are  equal ;  the  corresponding  dihedral  angles  are 
equal ;  etc. 

If  two  parallel  planes  are  cut  by  a  third  plane,  the  two  interior 
dihedral  angles,  or  the  two  exterior  dihedral  angles  on  the  same  side 
of  the  third  plane,  are  supplementary. 

Two  dihedral  angles  whose  faces  are  respectively  parallel  or  per- 
pendicular are  either  equal  or  supplementary. 

The  ratio  of  two  dihedral  angles  is  the  same  as  the  ratio  of  the 
plane  angles,  or  a  dihedral  angle  has  the  same  measure  as  its  plane 
angle. 

528.  All  points  in  the  plane  bisecting  a  dihedral  angle  are  equi- 
distant from  the  faces  of  the  angle. 

534.  The  sum  of  two  face  angles  of  a  trihedral  angle  is  greater 
than  the  third. 
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536.  The  sum  of  the  face  angles  of  a  convex  polyhedral  angle  is 
less  than  four  right  angles. 

540.  Two  trihedral  angles,  which  have  the  three  face  angles  of 
the  one  respectively  equal  to  the  three  face  angles  of  the  other,  are 
either  congruent  or  symmetrical. 

THEOREMS  ON  POLYHEDRONS,    CYLINDERS,    AND   CONES 

552.  The  sections  of  a  prism  formed  by  parallel  planes  cutting  all 
of  the  lateral  edges  are  congruent  polygons. 

565.  The  lateral  area  of  a  prism  is  equal  to  the  product  of  a  lateral 
edge  and  the  perimeter  of  a  right  section. 

566.  Corollary.  The  lateral  area  of  a  cylinder  is  equal  to  the 
product  of  an  element  and  the  perimeter  of  a  right  section. 

570.  If  the  three  faces  including  a  trihedral  angle  of  a  prism  are 
congruent  respectively  to  the  three  faces  including  a  trihedral  angle 
of  a  second  prism  and  similarly  placed,  the  prisms  are  congruent. 

572.  An  oblique  prism  is  equal  to  a  right  prism  whose  base  is  a 
right  section  of  the  oblique  prism  and  whose  altitude  is  a  lateral 
edge  of  the  oblique  prism. 

578.  The  opposite  lateral  faces  of  a  parallelopiped  are  parallel  and 
congruent,  and  any  section  made  by  a  plane  cutting  two  opposite 
pairs  of  faces,  without  cutting  the  remaining  pair,  is  a  parallelogram. 

580.  The  plane  passed  through  the  two  diagonally  opposite  edges 
of  a  parallelopiped  divide  it  into  two  congruent  triangular  prisms. 

582.  Two  rectangular  parallelopipeds  having  congruent  bases  are 
in  the  same  ratio  as  their  altitudes. 

585.  Two  rectangular  parallelopipeds  having  equal  altitudes  are  in 
the  same  ratio  as  their  bases. 

587.  Two  rectangular  parallelopipeds  are  in  the  same  ratio  as  the 
product  of  their  three  dimensions. 

589.  The  volume  of  a  rectangular  parallelopiped  is  equal  to  the 
product  of  its  three  dimensions. 
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592.  The  volume  of  any  parallelopiped  is  equal  to  the  product  of 
its  base  and  its  altitude. 

593.  The  volume  of  a  triangular  prism  is  equal  to  the  product  of 
its  base  and  its  altitude. 

594.  Corollary  1.  The  volume  of  any  prism  is  equal  to  the  product 
of  its  base  and  its  altitude. 

595.  Corollary  2.  Prisms  that  have  equal  bases  and  equal  altitudes 
are  equal. 

596.  Corollary  3.  The  volume  of  a  cylinder  is  equal  to  the  product 
of  its  base  and  its  altitude. 

620.  The  lateral  area  of  a  regular  pyramid  is  equal  to  one  half  of 
the  product  of  the  slant  height  and  the  perimeter  of  the  base. 

621.  Corollary  1.  The  lateral  area  of  the  frustum  of  a  regular 
pyramid  is  equal  to  one  half  of  the  product  of  the  slant  height  multi- 
plied by  the  sum  of  the  perimeters  of  its  bases,  or  S  =  \  (P  x  p)  L, 
where  p  and^?  are  the  perimeters  of  the  bases. 

622.  Corollary  2.  The  lateral  area  of  a  right-circular  cone  is  equal 
to  one  half  of  the  product  of  the  slant  height  and  the  circumference 
of  the  base,  or  s  =  irr\_. 

623.  Corollary  3.  The  lateral  area  of  the  frustum  of  a  right- 
circular  cone  is  equal  to  one  half  of  the  product  of  its  slant  height 
and  the  sum  of  the  circumferences  of  its  bases,  or  S  =  tt  (R  +  r)  |_, 
"where  R  and  r  are  the  radii  of  the  bases. 

624.  Corollary  4.  The  lateral  area  of  the  frustum  of  a  right- 
circular  cone  is  equal  to  the  product  of  its  slant  height  and  the  cir- 
cumference of  its  mid-section,  or  S  =27rrL,  where  r  is  the  radius  of 
the  mid-section. 

626.    If  a  pyramid  is  cut  by  a  plane  parallel  to  its  base: 

(1)  The  edges  and  the  altitude  are  divided  proportionally. 

(2)  The  section  is  a  polygon  similar  to  the  base. 

629.  Two  triangular  pyramids  having  equal  altitudes  and  equal 
bases  are  equal. 

630.  Corollary.  Any  two  pyramids  having  equal  altitudes  and 
equal  bases  are  equal. 
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631.  The  volume  of  a  triangular  pyramid  is  equal  to  one  third  of 
the  product  of  its  base  and  its  altitude. 

632.  Corollary  1.  The  volume  of  any  pyramid  is  equal  to  one  third 
the  product  of  its  base  and  its  altitude. 

633.  Corollary  2.  The  volume  of  a  cone  is  equal  to  one  third  of 
the  product  of  its  base  and  its  altitude. 

634.  A  frustum  of  a  triangular  pyramid  is  equal  to  the  sum  of 
three  pyramids  whose  common  altitude  is  the  altitude  of  the  frus- 
tum, and  whose  bases  are  the  two  bases  and  a  mean  proportional 
between  the  two  bases  of  the  frustum. 

635.  Corollary.  A  frustum  of  any  pyramid  is  equal  to  the  sum  of 
three  pyramids  whose  common  altitude  is  the  altitude  of  the  frus- 
tum, and  whose  bases  are  the  two  bases  and  a  mean  proportional 
between  the  two  bases  of  the  frustum. 

636.  Two  triangular  pyramids,  which  have  a  trihedral  angle  of 
one  equal  to  a  trihedral  angle  of  the  other,  are  in  the  same  ratio  as 
the  products  of  the  edges  of  the  equal  trihedral  angles. 

638.  Similar  tetrahedrons  are  in  the  same  ratio  as  the  cubes  of 
their  corresponding  edges. 

THEOREMS   ON   THE    SPHERE 
645.    Every  section  of  a  sphere  made  by  a  plane  is  a  circle. 

649.  Corollary  1.  The  axis  of  a  circle  passes  through  the  center 
of  the  sphere. 

650.  Corollary  2.  All  great  circles  of  a  sphere  are  equal  and  bisect 
each  other. 

651.  Corollary  3.    The  plane  of  a  great  circle  bisects  the  sphere. 

652.  Corollary  4.  All  small  circles  at  equal  distances  from  the 
center  of  a  sphere  are  equal ;  and  of  two  circles  unequally  distant 
from  the  center  of  the  sphere,  the  nearer  is  the  larger. 

653.  Corollary  5.    Prove  the  converse  of  Corollary  4. 

654.  Corollary  6.  An  arc  of  a  great  circle  can  be  drawn  through 
any  two  fixed  points  on  the  surface  of  a  sphere. 
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655.  Corollary  7.  An  arc  of  a  circle  can  be  drawn  through  any 
three  points  on  a  sphere. 

658.  All  points  on  a  circle  of  a  sphere  are  equidistant  from  each 
of  its  poles. 

661.  Corollary  1.    The  polar  distance  of  a  great  circle  is  a  quadrant. 

662.  Corollary  2.  If  a  point  P  on  the  surface  of  a  sphere  is  a 
quadrant's  distance  from  two  points  of  the  circumference  of  a  great 
circle,  it  is  the  pole  of  that  great  circle. 

663.  To  find  the  radius  of  a  given  sphere. 

664.  A  plane  perpendicular  to  a  radius  of  a  sphere  at  its  extremity 
is  tangent  to  the  sphere ;  and  conversely,  a  tangent  plane  to  a  sphere 
is  perpendicular  to  the  radius  drawn  to  the  point  of  contact. 

667.  The  angle  of  twTo  great  circles  is  measured  by  the  arc  of  a 
great  circle  described  from  its  vertex  as  a  pole  and  included  between 
its  sides. 

676.  If  one  spherical  triangle  is  the  polar  of  a  second,  then  the 
second  spherical  triangle  is  the  polar  of  the  first. 

677.  In  two  polar  triangles,  each  angle  of  one  is  measured  by  the 
supplement  of  the  side  opposite  to  it  in  the  other. 

683.  Two  triangles  on  the  same  sphere,  or  on  equal  spheres,  are 
either  congruent  or  symmetrical,  if  two  sides  and  the  included  angle 
of  one  are  equal  respectively  to  two  sides  and  the  included  angle  of 
the  other. 

684.  Corollary.  Two  symmetrical  isosceles  spherical  triangles  are 
congruent. 

686.  The  sum  of  the  sides  of  a  convex  spherical  polygon  is  less 
than  360°. 

687.  The  sum  of  the  angles  of  a  spherical  triangle  is  greater  than 
two,  and  less  than  six,  right  angles. 

688.  Corollary.  A  spherical  triangle  may  have  one,  two,  or  three 
right  angles ;  also  one,  two,  or  three  obtuse  angles. 
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693.  A  lune  is  to  the  surface  of  the  sphere  as  the  angle  of  the  lime 
is  to  360°. 

695.  Two  symmetrical  spherical  triangles  are  equal. 

696.  Corollary.  If  two  great  circles  intersect  on  a  hemisphere,  the 
sum  of  the  opposite  triangles  formed  by  their  arcs  and  the  arcs  of  the 
great  circle  bounding  the  hemisphere  is  equivalent  to  a  lune  whose 
angle  is  the  angle  formed  by  the  great  circles. 

700.  The  area  of  a  spherical  triangle  is  equal  to  its  spherical  excess 
expressed  in  spherical  degrees. 

702.  Corollary.  The  area  of  a  spherical  triangle  is  to  the  area  of 
the  sphere  as  its  spherical  excess,  in  degrees,  is  to  720°. 

705.  The  surface  generated  by  the  revolution  of  a  line  segment 
about  an  axis  in  its  plane  is  equal  to  the  projection  of  the  line  seg- 
ment on  the  axis  multiplied  by  the  circumference  of  the  circle  whose 
radius  is  the  perpendicular  erected  at  the  mid-point  of  the  line  seg- 
ment and  terminated  by  the  axis. 

709.  The  area  of  a  sphere  is  equal  to  four  times  the  area  of  a  great 
circle. 

710.  Corollary  1.  The  area  of  a  zone  is  equal  to  the  product  of  its 
altitude  and  the  area  of  a  great  circle. 

711.  Corollary  2.  The  areas  of  two  spheres  are  to  each  other  as  the 
squares  of  their  radii,  or  as  the  squares  of  their  diameters. 

713.  The  volume  generated  by  the  revolution  of  a  triangle  about 
an  axis  in  its  plane  and  passing  through  one  of  its  vertices  without 
cutting  its  surface,  is  equal  to  the  product  of  the  surface  generated  by 
the  base  and  one  third  of  the  altitude. 

717.  The  volume  of  a  spherical  sector  is  equal  to  the  product  of  the 
zone  that  forms  its  base  and  one  third  of  the  radius  of  the  sphere. 

718.  Corollary.     If  h  =  the  altitude  of  zone  AB,  then  V  =  2  -rrRh 
x  \  R=  f  ttR2A. 

719.  The  volume  of  a  sphere  is  equal  to  the  product  of  the  area  of 
its  surface  and  one  third  of  its  radius. 
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720.  Corollary.  The  volumes  of  two  spheres  are  to  each  other  as 
the  cubes  of  their  radii,  or  as  the  cubes  of  their  diameters. 

725-  The  volume  of  a  spherical  segment  is  equal  to  one  half  of  the 
sum  of  its  bases  multiplied  by  its  altitude  plus  the  volume  of  a  sphere 
of  which  that  altitude  is  the  diameter. 
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Abbreviations,  18. 

Accuracy,  192. 

Acute  angle,  16. 

Acute  dihedral  angle,  240. 

Adjacent  angles,  38. 

Adjacent  dihedral  angles,  240. 

Adjacent  polygons,  148. 

Ahmes,  186. 

Alternate  angles,  49. 

Alternation,  119. 

Altitude,  147. 

of  cone,  26f. 

of  cylinder,  252. 

of  frustum  of  cone,  268. 

of  frustum  of  pyramid,  266. 

of  prism,  249. 

of  pyramid,  265. 

of  spherical  segment,  314. 

of  zone,  307. 
Ambiguous  case,  56. 
Analysis,  192. 
Angle,  14. 

acute,  16. 

acute  dihedral,  240. 

arms  of,  14. 

at  center  of  polygon,  172. 

bisector  of,  24. 

central,  81. 

complement  of,  39. 

degree  of,  15,  100. 

dihedral,  239. 

edges  of  dihedral,  239. 

exterior,  21,  57. 

face  angles  of  polyhedral,  243. 

faces  of  dihedral,  239. 

inscribed  in  circle,  101. 

inscribed  in  segment,  101. 

magnitude  of  dihedral,  240. 

measure  of,  100. 


Angle,  obtuse,  16. 

obtuse  dihedral,  240. 

of  lune,  300. 

of  two  curves,  291. 

plane  angle  of  dihedral,  240. 

polyhedral,  243. 

reflex,  16. 

right,  16. 

right  dihedral,  240. 

sides  of,  14. 

size  of,  15. 

straight,  15. 

subtended,  85. 

supplement  of,  39. 

trihedral,  243. 

vertex  of,  14. 

vertical,  24. 
Angles,  adjacent,  38. 

adjacent  dihedral,  240. 

alternate,  49. 

complementary,  39. 

complementary  dihedral,  241. 

corresponding,  49. 

equal,  15. 

equal  dihedral,  240. 

exterior,  49. 

face,  243. 

interior,  49,  57. 

oblique,  16. 

of  spherical  polygon,  292. 

supplementary,  39. 

supplementary  dihedral,  241. 

vertical,  38. 

vertical  dihedral  angles,  240. 
Anaxagoras,  187. 
Antecedents,  117. 
Antiphon,  187. 
Apothem,  172. 

limit  of,  178, 
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Arc,  17. 

degree  of,  100. 

major,  86. 

minor,  86. 

subtended,  85. 
Archimedes,  187. 
Area,  117,  179,  222. 
Arithmetical  statement,  192. 
Attack,  method  of,  73,  110,  192. 
Axioms,  19,  216. 
Axis,  of  circle,  286. 

of  cone,  267. 

of  cylinder,  252. 

of  pyramid,  265. 

of  symmetry,  69. 

Base,  21,  24,  62,  147. 

of  cone,  267. 

of  pyramid,  265. 

of  spherical  sector,  312. 
Bases,  of  cylinder,  251. 

of  prism,  249. 

of  spherical  segment,  314. 

of  zone,  307. 
Bi rectangular  spherical  triangle,  299. 
Bisect,  to,  24. 
Bisector,  24. 
Bryson,  187. 

Center,  of  circle,  17. 

of  gravity,  68. 

of  polygon,  172. 

of  sphere,  285. 

of  symmetry,  69. 
Central  angle,  81. 
Centroid,  68. 
Checks,  192. 
Chord,  81. 
Circle,  17,  81,  219,  223. 

angle  inscribed  in,  101. 

area  of,  179. 

axis  of,  286. 

chord  of,  81. 

circumference  of,  17,  178,  179. 

circumscribed     about     a     polygon, 
101. 

diameter  of,  81. 

division  of,  169. 

great,  286. 

inscribed  in  a  polygon,  101. 


Circle,  inscribed  in  a  triangle,  108. 

poles  of,  286. 

small,  286. 
Circles,  concentric,  91. 

escribed,  108. 
Circular  cone,  267. 
Circular  cylinder,  251. 
Circumference,  17. 

length  of,  178. 
Circumscribed  circle,  101. 
Circumscribed  polygon,  101. 
Commensurable  magnitudes,  94. 
Commensurable  ratio,  94. 
Common  measure,  94. 
Compasses,  31. 
Complement,  39. 
Complementary  angles,  39. 
Complementary  dihedral  angles,  241. 
Composition,  119. 
Composition  and  division,  120. 
Concave  polygon,  57. 
Concentric  circles,  91. 
Conclusion,  17,  23. 
Cone,  266,  267. 

altitude  of,  267. 

base  of,  267. 

circular,  267. 

circular,  axis  of,  267. 

directrix  of,  267. 

element  of,  267. 

frustum  of,  268. 

generatrix  of,  267. 

nappes  of,  266. 

right,  267. 

truncated,  268. 

vertex  of,  267. 
Congruent  figures,  20,  85. 
Congruent  polyhedral  angles,  246. 
Congruent  solids,  254. 
Congruent  spherical  polygons,  295. 
Conical  surface,  266. 
Consequents,  117. 
Constant,  95. 
Construction,  31. 
Continued  proportion,  117. 
Converse  theorems,  29. 
Convex  polygon,  57. 
Convex  polyhedral  angle,  244. 
Corollary,  18. 
Corresponding  angles,  49. 
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Cube,  256. 
Curved  Hue,  13. 
Curves,  augle  of,  291. 
Cylinder,  251. 

altitude  of,  252. 

axis  of,  252. 

bases  of,  251. 

circular,  251. 

directrix  of,  251. 

element  of,  251. 

generatrix  of,  251. 

lateral  surface  of,  251. 

oblique,  251. 

of  revolution,  252. 

radius  of,  252. 

right,  251. 
Cylinders,  similar,  252. 
Cylindrical  surface,  251. 

Decagon,  57. 

Degree,  of  angle,  15,  100. 

of  arc,  100. 
Degrees,  spherical,  303. 
Demonstration,  17. 
Diagonal,  57. 

of  spherical  polygon,  292. 
Diameter,  of  circle,  81. 

of  sphere,  285. 
Difference,  118. 
Dihedral  angles,  239. 

adjacent,  239. 

complementary,  241. 

equal,  210. 

supplementary,  241. 

vertical,  240. 
Dimensions,  11. 

of  rectangular  parallelopiped,  259. 

three,  of  solid  geometry,  11,  225. 
Directrix,  251,  267. 
Distance,  between  two  points,  20. 

between  two  points  on  a  sphere,  287. 

from  point  to  straight  line,  24. 

polar,  288. 
Division,  120. 
Dodecagon,  57. 
Dodecahedron,  249. 

regular,  279. 

Edge  of  dihedral  angle,  239. 
Edges,  of  polyhedral  angle,  243. 


Edges,  lateral,  249. 

of  polyhedron,  249. 
Element,  of  cone,  207. 

of  cylinder,  251. 
Equal,  20,  85,  147. 
Equal  solids,  2.">4. 
Equiangular  polygon,  57. 
Equiangular  triangle,  22. 
Equilateral  spherical  triangle,  292, 
Equilateral  triangle,  21. 
Equivalent  solids,  254. 
Eratosthenes,  99. 
Escribed  circles,  108. 
Euclid,  10. 

Excess,  spherical,  303. 
Exterior  angles,  21,  49,  57. 
External  division  of  line,  129. 
Extreme  and  mean  ratio,  137. 
Extremes,  117. 

Face  angles  of  polyhedral  angle,  243. 
Faces,  of  dihedral  angle,  239. 

lateral,  of  prism,  249. 

lateral,  of  pyramid,  265. 

of  polyhedral  angle,  243. 

of  polyhedron,  249. 
Figure,  12. 

rectilinear,  21,  217. 
Figures,  isoperimetric,  208. 

symmetrical,  69. 
Foot  of  straight  line,  228. 
Fourth  proportional,  117. 
Frustum  of  cone,  268. 

altitude  of,  268. 

slant  height  of,  268. 
Frustum  of  pyramid,  266. 

altitude  of,  266. 

slant  height  of,  260. 

Generatrix,  251,  267. 
Geometrical  figure,  12. 
Geometrical  solid,  11. 
Geometry,  plane,  13. 

solid,  13,  225. 
of  three  dimensions,  225. 
Great  circle  of  sphere,  286. 

axis  of,  28i  i. 

pole  of,  286. 

Height,  slant,  of  cone,  267. 
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Height,  of  frustum  of  cone,  268. 

of  frustum  of  pyramid,  266. 

of  pyramid,  266. 
Heptagon,  57. 
Hexagon,  57. 
Hexagonal  prism,  250. 
Hexahedron,  249. 

regular,  278. 
Historical  notes,  9,  16,  26,  54,  99,  139, 

159, 186. 
Hypotenuse,  22. 
Hypothesis,  17,  23. 

Icosahedron, 249. 

regular,  279. 
Incommensurable,  94. 
Incommensurable  ratio,  94,  97. 
Indirect  proof,  27. 
Inscribed  angle,  101. 
Inscribed  circle,  101,  108. 
Internal  division  of  a  line,  129. 
Inversion,  119. 
Isoperimetric  figures,  208. 
Isosceles  spherical  triangle,  292. 
Isosceles  trapezoid,  62. 
Isosceles  triangle,  21. 

Lateral  edges  of  prism,  249. 
Lateral  faces,  of  prism,  249. 

of  pyramid,  265. 
Lateral  surface,  of  cone,  267. 

of  cylinder,  251. 
Limit,  95. 
Limits,  93. 
Line,  11. 

broken,  13. 

closed,  17. 

curved,  13. 

divided  in  extreme  and  mean  ratio, 
137. 

foot  of,  228. 

oblique  to  plane,  228. 

perpendicular  to  plane,  227. 
Line  segment,  12. 
Lines,  oblique,  17. 

parallel,  48. 

perpendicular,  16. 
Loci,  35,  64. 
Logical  terms,  17. 
Lune,  300. 


Lune,  angle,  of  300. 

Magnitude  of  dihedral  angle,  240. 

Major  arc,  86. 

Maximum,  208. 

Mean  proportional,  117. 

Means,  117. 

Measurements,  93,  147. 

Measure  of  volume,  261. 

Median,  67. 

Method  of  attack,  73,  110,  192. 

Minimum,  208. 

Minor  arc,  86. 

Minute,  15,  100. 

Mutually  equiangular,  125. 

Nappes  of  cone,  266. 

N-gon,  57. 

Nonagon,  57. 

Numerical  exercises,  solution  of,  192. 

Numerical  measure,  93. 

Oblique  angles,  16. 

Oblique-angled  spherical  triangle,  292. 
Oblique  cylinder,  251. 
Oblique  lines,  17,  228. 
Oblique  prism,  250. 
Obtuse  angle,  16. 
Obtuse-angled  triangle,  22. 
Obtuse  dihedral  angle,  240. 
Octagon,  57. 
Octahedron,  249. 
regular,  279. 

Parallelogram,  59. 

altitude  of,  147. 

base  of,  147. 
Parallelepiped,  255. 

rectangular,  256. 

right,  255. 
Parallel  planes,  233. 
Parallels,  48. 
Pentadecagon,  57. 
Pentagon, 57. 
Perigon,  15. 
Perimeter,  21,  57. 
Perpendicular,  16. 

length  of,  24. 
Perpendicular  line  to  a  plane,  227. 
Perpendicular  planes,  238. 


INDEX 


337 


Perpendicular  plane  to  a  line,  227. 
Pi  (tt),  180,  184,  186. 
Plane,  denned,  225. 

determined,  225. 

line  perpendicular  to,  227. 

plane  perpendicular  to,  227. 

surface,  13. 

tangent  to  sphere,  280. 
Plane  angle  of  dihedral  angle,  240. 
Plane  geometry,  13. 
Planes,  parallel,  233. 

perpendicular,  238. 
Plato,  32. 
Point,  11. 

Point  of  tangency,  81. 
Points,  symmetrical  with  respect  to  a 
line,  69. 

symmetrical  with  respect  to  a  point, 
69. 
Polar  distance,  288. 
Polar  triangle,  292. 
Poles  of  circle,  286. 
Polygon,  57. 

angle  at  the  center  of,  172. 

apothem  of,  172. 

area  of,  147. 

center  of  regular,  172. 

circumscrihed  about  a  circle,  101. 

concave,  57. 

convex,  57. 

diagonal  of,  57. 

equiangular,  57. 

equilateral,  57. 

exterior  angles  of,  57. 

inscribed  in  a  circle,  101. 

interior  angles  of,  57. 

perimeter  of,  57. 

radius  of  regular,  172. 

regular,  57. 

spherical,  292. 

vertices  of,  57. 
Polygons,  125. 

mutually  equiangular,  125. 

similar,  125. 

Polyhedral  angle,  243. 
convex,  244. 
edges  of,  243. 
face  angles  of,  243. 
face  of,  243. 
vertex  of,  243. 


Polyhedral  angles,  congruent,  246. 

symmetrical,  246. 
Polyhedron,  249. 

diagonal  of,  249. 

edges  of,  249. 

faces  of,  249. 

regular,  278. 
Polyhedrons,  similar,  277. 
Postulates,  20,  48,  216. 
Prism,  249. 

altitude  of,  249. 

bases  of,  249. 

hexagonal,  250. 

lateral  edges  of,  249. 

lateral  faces  of,  249. 

oblique,  250. 

quadrangular,  250. 

regular,  250. 

right,  250. 

triangular,  250. 
Problem,  17. 
Projection,  161. 
Proof,  17. 

by  superposition,  23. 

indirect,  27. 

of  construction,  31. 
Proportion,  117,  221. 

antecedents  of,  117. 

by  alternation,  119. 

by  composition,  119. 

by  composition  aud  division,  120. 

by  division,  120. 

by  inversion,  119. 

consequents  of  117. 

continued,  117. 

extremes  of,  117. 

means  of,  117. 
Proportional,  fourth,  117. 

mean,  117. 

third,  117. 
Pyramid,  265. 

altitude  of,  265. 

altitude  of  frustum  of,  266. 

axis  of,  265. 

base  of,  265. 

frustum  of,  266. 

lateral  faces  of,  265. 

pentagonal,  265. 

quadrangular,  265. 

regular,  265. 
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Pyramid,  slant  height  of  regular,  266. 

slant  height  of  frustum  of  regular, 
266. 

triangular,  265. 

truncated,  266. 

vertex  of,  265. 
Pythagoras,  159. 

Quadrangular  prism,  250. 
Quadrangular  pyramid,  265. 
Quadrant,  81,  288. 
Quadrilateral,  57. 

Radius,  of  circle,  17,  81. 

of  cylinder,  252. 

of  regular  polygon,  172. 

of  sphere,  285. 
Rapidity  in  computing,  192. 
Ratio,  93. 

commensurable,  94. 

extreme  and  mean,  137. 

of  incommensurable  magnitudes,  97. 
Reciprocal  theorems,  26. 
Rectangle,  (50. 

Rectangular  parallelopiped,  256. 
Rectilinear  figures,  21,  217. 
Reflex  angle,  16. 
Regular  dodecahedron,  279. 
Regular  hexahedron,  278. 
Regular  icosahedron,  279. 
Regular  octahedron,  279. 
Regular  polyhedron,  278. 
Regular  prism,  250. 
Regular  pyramid,  265. 

slant  height  of,  266. 
Regular  tetrahedron.  278. 
Right-angled  spherical  triangle,  292. 
Right  cone,  267. 
Right  cylinder,  251. 
Right  dihedral  angle,  240. 
Right  parallelopiped,  255. 
Right  prism,  250. 
Right  section  of  prism,  250. 

Scalene  spherical  triangle,  292. 
Scalene  triangle,  21. 
Secant,  81. 
Second,  15,  100. 
Section,  right,  250. 
Sector  of  circle,  101. 


Sector  of  spherical,  312. 
Segment,  of  circle,  101. 

altitude  of  spherical,  314. 

angle  inscribed  in,  101. 

bases  of  spherical,  314. 

spherical,  314, 

spherical,  of  one  base,  314. 
Semicircle,  81. 
Semicircumference,  86. 
Shanks,  187. 
Sides,  of  angle,  14. 

of  isosceles  triangle,  24. 

of  polygon,  57. 

of  pyramid,  265. 

of  spherical  polygon,  292. 

of  triangle,  21. 
Similar     cylinders     of       revolution, 

252. 
Similar  polygons,  125. 
Similar  polyhedrons,  277. 
Slant  height,  of  right  cone,  267. 

of  frustum  of  cone,  268. 

of  frustum  of  pyramid,  266. 

of  pyramid,  266. 
Small  circle  of  sphere,  286. 
Solid,  11. 

Solid  geometry,  13,  225. 
Solids,  congruent,  254. 

equal,  254. 

equivalent,  254. 
Solution      of      numerical     exercises, 

192. 
Sphere,  285. 

center  of,  285. 

diameter  of,  285. 

great  circle,  286. 

line  tangent  to,  286. 

plane  tangent  to,  286. 

radius  of,  285. 

small  circle  of,  286. 
Spherical  degree,  303. 
Spherical  excess,  303. 
Spherical  polygon,  292. 

diagonal  of,  292. 

vertices  of,  292. 
Spherical  polygons,  congruent,  295. 

symmetrical,  295. 

vertices  of,  292. 
Spherical  sector,  312. 

base  of,  312. 
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Spherical  segment,  314. 

altitude  of,  314. 

bases  of,  314. 

of  one  base,  314. 
Spherical  surface,  285. 
Spherical  triangle,  292. 

birectangular,  299. 

equilateral,  292. 

isosceles,  292. 

oblique-angled,  292. 

right-angled,  292. 

scalene,  292. 

symmetrical,  295. 

trirectangular,  299. 
Statement,  arithmetical,  192. 
Straight  angle,  15. 
Straight  line,  12. 
Subtend,  to,  85. 
Sum,  148. 

Superposition,  proof  by,  23. 
Supplement,  39. 
Supplementary  angles,  39. 
Supplementary       dihedral        angles, 

241. 
Surface,  11. 

conical,  266. 

curved, 13. 

cylindrical,  251. 

lateral,  251,  267. 

plane,  13. 

spherical,  285. 
Syllabus,  of  plane  geometry,  216. 

of  solid  geometry,  325. 
Symbols,  table  of,  18. 
Symmetrical       polyhedral       angles, 

246. 
Symmetrical      spherical       triangles, 

295. 
Symmetry,  69. 

axis  of,  69. 

center  of,  69. 

Tangency,  point  of,  81. 

Tangent,  81. 

Tangent  line  to  sphere,  286. 

Tangent  plane  to  sphere,  286. 

Terms,  117. 

Tetrahedron,  249. 

regular,  278. 
Thales,  26. 


Theorem,  17. 

converse  of ,  29. 

reciprocal  of,  26. 
Third  proportional,  117. 
Transversal,  48. 
Trapezoid,  62. 

bases  of,  62. 

isosceles,  62. 
Triangle,  21. 

acute-angled,  22. 

altitude  of,  148. 

angles  of,  21. 

base  of,  21. 

equiangular,  22. 

equilateral,  21. 

exterior  angle  of,  21. 

isosceles,  21,  24. 

median  of,  67. 

obtuse-angled,  22. 

polar,  292. 

right-angled,  22. 

scalene,  21. 

sides  of,  21. 

spherical,  292. 

vertices  of,  21. 
Triangles,  ambiguous  case,  56. 
Triangular  prism,  250. 
Trihedral  angle,  243. 
Trirectangular      spherical      triangle, 

299. 
Truncated  cone,  268. 
Truncated  pyramid,  266. 

Unit  of  length,  147. 
of  measure,  93. 
of  surface,  147. 

Variable,  95. 
Van  Culen,  187. 
Vertex,  of  angle,  14. 

of  cone,  267. 

of  polyhedral  angle,  243. 

of  pyramid,  265. 

of  spherical  triangle,  292. 

of  triangle,  21. 
Vertical  angle,  of  isosceles  triangle, 

24. 
Vertical  angles,  38. 
Vertical  dihedral  angles,  240. 
Vertices,  of  a  polygon,  57. 
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Vertices,  of  a  polyhedron,  249. 

of  a  triangle,  21. 

of  a  spherical  polygon,  292. 
Volume,  254. 

measure  of,  261. 


Zone,  307. 
altitude  of,  307. 
bases  of,  307. 
of  one  base,  307. 


ELEMENTS      OF 
TRIGONOMETRY 

By  ANDREW  W.   PHILLIPS,  Ph.D.,  and  WENDELL 
M.  STRONG,  Ph.D.,  Professors  in  Yale  University 


Plane  and  Spherical  Trigonometry.    With  Tables $i-4° 

The  same.     Without  Tables 90 

Logarithmic  and  Trigonometric  Tables 1. 00 


IN  this  text-book  full  recognition  is  given  to  the  rigorous 
ideas  of  modern  mathematics  in  dealing  with  the  funda- 
mental series  of  trigonometry.  Both  plane  and  spherical 
trigonometry  are  treated  in  a  simple,  direct  manner,  free  from 
all  needless  details.  The  trigonometric  functions  are  defined 
as  ratios,  but  their  representation  by  lines  is  also  introduced 
at  the  beginning,  because  certain  parts  of  the  subject  can  be 
treated  more  simply  by  the  line  method,  or  by  a  combination 
of  the  two  methods,  than  by  the  ratio  method  alone. 
^j  Many  valuable  features  distinguish  the  work,  but  attention 
is  called  particularly  to  the  graphical  solution  of  spherical 
triangles,  the  natural  treatment  of  the  complex  number,  and 
the  hyperbolic  functions,  the  graphical  representation  of  the 
trigonometric,  inverse  trigonometric,  and  hyperbolic  functions, 
the  emphasis  given  to  the  formulas  essential  to  the  solution  of 
triangles,  the  close  and  rigorous  treatment  of  imaginary  quan- 
tities, the  numerous  cuts  which  simplify  the  subject,  and  the 
rigorous  chapter  on  computation  of  tables. 
^|  Carefully  selected  exercises  are  given  at  frequent  intervals, 
affording  adequate  drill  just  where  it  is  most  needed.  An 
exceptionally  large  number  of  miscellaneous  exercises  are 
included  in  a  separate  chapter. 

^[  The  tables  include,  besides  the  ordinary  five-place  tables, 
a  complete  set  of  four-place  tables,  a  table  of  Naperian 
logarithms,  tables  of  the  exponential  and  hyperbolic  functions, 
a  table  of  constants,  etc. 
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HEDRICK'S    ALGEBRA    FOR 
SECONDARY  SCHOOLS 

By  E.  R.  HEDRICK,  Professor  of  Mathematics,  University 
of  Missouri. 

$I.OO 


THIS  volume,  while  it  meets  the  entrance  requirements 
of  American  colleges  and  universities,  is  written  especi- 
ally for  those  students  for  whom  the  high  school  course 
is  to  be  the  last.  The  essential  subjects  are,  therefore,  treated 
first  in  the  body  of  the  book,  while  an  appendix  provides  for 
subjects  included  especially  for  college  requirements. 
^[  The  book  is  both  modern  and  conservative.  It  is  mod- 
ern by  its  omission  of  undesirable  material,  compensated 
for  by  the  insertion  of  useful  interesting  topics  of  tried  worth, 
and  by  its  effort  to  teach  algebra  as  an  integral  part  of  mathe- 
matics and  of  science  as  a  whole,  rather  than  as  a  disjoined, 
isolated,  unusable  discipline.  It  is  conservative  in  that  no  im- 
portant topic  is  eliminated  and  no  topic  is  introduced  for  the 
sake  of  passing  popularity  or  sensational  novelty.  The  author 
has  tried  to  embody  the  saner  views,  both  radical  and  con- 
servative, expressed  in  recent  reports  of  committees  on  the 
teaching  of  algebra.  Throughout  the  book  the  transition  from 
arithmetical  to  algebraic  concepts  has  been  made  natural  and 
easy. 

^[  The  book  is  teachable  as  well  as  scientific.  It  is  distinguished 
by  the  simplicity  of  its  language,  the  accuracy  of  its  definitions, 
and  the  soundness  of  its  treatment.  The  problems  represent  a 
wide  range  of  subjects  and  deal  largely  with  familiar  objects, 
conditions,  and  relations ;  the  exercises  are  numerous,  and  the 
drills  exhaustive.  Graphs  are  handled  as  a  normal  part  of  alge- 
braic knowledge,  without  extensive  discussion  or  ostentatious 
nomenclature.  No  complicated  curves  are  used  in  exercises  for 
the  student.  Valuable  summaries  for  review  are  given  at  the 
end  of  each  chapter. 
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THE    MODERN 
MATHEMATICAL     SERIES 

LUCIEN  AUGUSTUS  WAIT,  General  Editor 


Analytic  Geometry.  By  J.  H.  Tanner,  Ph.D.,  Professor 
of  Mathematics,  Cornell  University,  and  Joseph  Allen, 
A.M.,  Instructor  in  Mathematics,  College  of  the  City 
of  New  York.      $2.00. 

Differential  Calculus.  By  James  McMahon,  A.M.,  Pro- 
fessor of  Mathematics,  Cornell  University,  and  Virgil 
Snyder,  Ph.D.,  Assistant  Professor  of  Mathematics, 
Cornell  University.      $2.00. 

Integral  Calculus.  By  D.  A.  Murray,  Ph.D.,  Professor 
of  Mathematics,  Dalhousie  College.      $2.00. 

Differential  and  Integral  Calculus.  By  Virgil  Snyder, 
Ph.D.,  Assistant  Professor  of  Mathematics,  Cornell  Uni- 
versity, and  John  Irwin  Hutchinson,  Ph.D.,  Instructor 
in  Mathematics,  Cornell  University.      $2.00. 

Elementary  Geometry — Plane.  By  James  McMahon, 
A.M.,  Professor  of  Mathematics,  Cornell  University. 
$0.90. 

Elementary  Algebra.  By  J.  H.  Tanner,  Ph.D.,  Professor 
of  Mathematics,  Cornell  University.      #1.00. 

High  School  Algebra.  By  J.  H.  Tanner,  Ph.D.,  Pro- 
fessor of  Mathematics,  Cornell  University.      $1.00. 

Elementary  Geometry — Solid.  By  James  McMahon, 
A.M.,  Professor  of  Mathematics,  Cornell  University. 


THE  advanced  books  treat  their  subjects  in  a  way  that 
is  simple  and  practical,  yet  thoroughly  rigorous,  and 
attractive  to  both  teacher  and  student.  Thev  meet 
the  needs  of  all  students  pursuing  courses  in  engineering  and 
architecture.  The  elementary  books  implant  into  secondary 
schools  the  spirit  of  the  more  advanced  books,  and  make  the 
work  from  the  very  start,  continuous  and  harmonious. 


AMERICAN    BOOK     COMPANY 

(75) 


PLANE     SURVEYING 


.00 


By  WILLIAM  G.  RAYMOND,  C.  E.,  member  Ameri- 
can Society  of  Civil  Engineers,  Professor  of  Geodesy, 
Road  Engineering,  and  Topographical  Drawing  in 
Rensselaer  Polytechnic  Institute. 


IN  this  manual  for  the  study  and  practice  of  surveying  the 
subject  is  presented  in  a  clear  and  thorough  manner;  the 
general  method  is  given  first  and  afterward  the  details. 
Special  points  of  difficulty  have  been  dwelt  on  wherever 
necessary.  The  book  can  be  mastered  by  any  student  who 
has  completed  trigonometry,  two  formulas  only  being  given, 
the  derivation  of  which  requires  a  further  knowledge.  The 
use  of  these  is,  however,  explained  with  sufficient  fullness. 
^j  In  addition  to  the  matter  usual  to  a  full  treatment  of  land, 
topographical,  hydrographical,  and  mine  surveying,  par- 
ticular attention  is  given  to  system  in  office-work,  labor-saving 
devices,  the  planimeter,  slide-rule,  diagrams,  etc.,  coordinate 
methods,  and  the  practical  difficulties  encountered  by  the 
young  surveyor.  An  appendix  gives  a  large  number  of 
original  problems  and  illustrative  examples. 
^j  The  first  part  describes  the  principal  instruments  and  deals 
with  the  elementary  operations  of  surveying,  such  as  measure- 
ment of  lines,  leveling,  determination  of  direction  and  measure- 
ment of  angles,  stadia  measurements,  methods  of  computing 
land  surveys,  etc. 

^j  In  the  second  part  are  treated  general  surveying  methods, 
including  land  surveys,  methods  adapted  to  farm  surveys, 
United  States  public  land  surveys,  and  city  surveys,  curves, 
topographical  surveying,  ordinary  earthwork  computations, 
hydrographic  and  mine  surveying,  etc. 

^j  Both  four-place  and  five-place  tables  are  provided.  They 
are  unusually  numerous  and  practical,  and  are  set  in  large, 
clear  type.      The  illustrations  are  particularly  helpful. 
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TEXT-BOOKS   ON   GEOLOGY 

By  JAMES  D.    DANA,  LL.D.,  late  Professor  of  Geology 
and  Mineralogy,  Yale  University 


Geological  Story  Briefly  Told $1.15 

Revised   Text-Book  of  Geology.      Fifth  Edition  (Rice)  .      .      .      .      1.40 
Manual  of  Geology.      Fourth  Edition 5.00 


THE  present  edition  of  the  GEOLOGICAL  STORY 
was  the  last  considerable  work  of  the  eminent  author's 
long  life.  As  geology  is  emphatically  an  outdoor 
science,  the  student  is  urged  to  study  the  quarries,  bluffs,  and 
ledges  of  rock  in  his  vicinity,  and  all  places  that  illustrate 
geological  operations.  The  prefatory  suggestions  are  fall  of 
practical  help,  besides  enumerating  the  tools  and  specimens 
desirable  for  this  study. 

•[J  The  REVISED  TEXT-BOOK  OF  GEOLOGY  is  here 
brought  down  to  the  present  time  as  regards  its  facts,  but  it 
still  expresses  the  views  of  its  distinguished  author.  While 
the  general  plan  and  the  distinctive  features  have  been  pre- 
served as  far  as  possible,  a  few  important  changes  have  been 
made  relating  mainly  to  zoological  and  botanical  classifications, 
to  the  bearings  of  geology  and  paleontology  upon  the  theory 
of  evolution,  and  to  metamorphism.  The  order  of  the  grand 
divisions  of  the  science,  physiographic,  structural,  dynamical 
and  historical,  remains  the  same  as  in  previous  editions. 
•ft  The  present  edition  of  the  MANUAL  OF  GEOLOGY 
was  wholly  rewritten  under  the  author's  direction.  Owing 
to  the  extensive  recent  investigations,  new  principles,  new 
theories,  new  facts  relating  to  all  departments  of  the  science, 
and  widely  diverging  opinions  on  various  questions  have  all 
made  their  contributions  to  this  book.  The  later  tracing  of 
formations  and  mountain-making,  the  increased  number  of 
fossils,  the  study  of  canons  and  other  results  ol  erosion,  and 
the  development  of  petrology  are  all  prominently  treated  here. 
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ADVANCED     ARITHMETIC 

$0.75 

By    ELMER    A.     LYMAN,    Professor    of    Mathematics, 
Michigan   State   Normal   College,  Ypsilanti 


THIS  book  meets  the  requirements  of  secondary  and 
normal  schools.  In  its  preparation  the  author  has  aimed 
to  make  the  work  a  study  of  the  fundamental  principles 
of  arithmetic,  and  thereby  emphasize  the  disciplinary  value  of 
the  subject,  and  at  the  same  time  to  apply  these  principles  to 
the  solution  of  practical  business  problems.  To  this  end  such 
methods  as  are  used  in  the  best  commercial  practice  are  em- 
phasized throughout  the  work,  and  obsolete  methods  and 
problems  are  carefully  excluded. 

^[  The  exercises  have  been  selected  largely  from  actual  busi- 
ness transactions,  and  nearly  all  of  the  problems  in  the  appli- 
cation of  percentage  have  been  secured  from  business  houses, 
or  reviewed  by  representative  business  men.  The  chapters 
on  banking,  and  stocks  and  bonds,  give  information  of  a  prac- 
tical character  which,  though  indispensable  to  a  proper  under- 
standing of  the  subject,  is  rarely  found  in  text-books. 
^|  In  order  to  economize  time,  pupils  are  encouraged  to  use 
every  practical  labor-saving  device  known  to  the  science  of 
arithmetic,  but  so-called  short  processes,  which  are  compli- 
cated or  cumbersome,  have  been  carefully  avoided.  The  use 
of  checks  is  also  strongly  recommended,  because  it  contributes 
greatly  to  accuracy  in  results,  and  cultivates  a  spirit  of  self- 
reliance. 

^j"  In  addition  to  the  special  methods  for  solution  given  in 
connection  with  the  various  subjects,  a  chapter  is  devoted  to 
the  general  method  of  approach  to  any  problem.  This  offers 
pupils  much  helpful  advice  in  attempting  the  solution  of  prob- 
lems of  a  miscellaneous  character,  such  as  are  given  in  exam- 
inations. Attention  is  also  called  to  the  historical  notes,  to 
the  treatment  of  graphical  representations,  and  to  the  chapter 
on  approximate  results. 
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A    NEW  ASTRONOMY 

$1-3° 

By  DAVID  TODD,  M.A.,  Ph.D.,  Professor  of  Astron- 
omy and  Navigation,  and  Director  of  the  Observatory, 
Amherst  College. 


ASTRONOMY  is  here  presented  as  preeminently  a 
science  of  observation.  More  of  thinking  than  of 
memorizing  is  required  in  its  study,  and  greater  emphasis 
is  laid  on  the  physical  than  on  the  mathematical  aspects  of 
the  science.  As  in  physics  and  chemistry  the  fundamental 
principles  are  connected  with  tangible,  familiar  objects,  and 
the  student  is  shown  how  he  can  readily  make  apparatus  to 
illustrate  them. 

^[  In  order  to  secure  the  fullest  educational  value  astronomy 
is  regarded,  not  as  a  mere  sequence  of  isolated  and  imperfectly 
connected  facts,  but  as  an  inter-related  series  of  philosophic- 
principles.  The  geometrical  concept  of  the  celestial  sphere  is 
strongly  emphasized ;  also  its  relation  to  astronomical  instru- 
ments. But  even  more  important  than  geometry  is  the  philo- 
sophical correlation  of  geometric  systems.  Ocean  voyages 
being  no  longer  uncommon,  the  author  has  given  rudimental 
principles  of  navigation  in  which  astronomy  is  concerned. 
^|  The  treatment  of  the  planets  is  not  sub-divided  according 
to  the  planets  themselves,  as  is  usual,  but  according  to  special 
elements  and  features.  The  law  of  universal  gravitation  is 
unusually  full,  clear,  and  illuminating.  The  marvelous  dis- 
coveries in  recent  years  and  the  advance  in  methods  of  teach- 
ing are  properly  recognized,  while  such  interesting  subjects 
as  the  astronomy  of  navigation,  the  observatory  and  its 
instruments,  and  the  stars  and  the  cosmogony  receive  particu- 
lar attention. 

^[  The  illustrations  demand  special  mention;  many  of  them 
are  so  ingeniously  devised  that  they  explain  at  a  glance  what 
many  pages  of  description  could  not  make  clear. 
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OUTLINES    OF    BOTANY 

»I.OO 


By    ROBERT    GREENLEAF    LEAVITT,   A.M.,    of 

the  Ames  Botanical  Laboratory.     Prepared  at  the  request 
of  the  Botanical  Department  of  Harvard  University 


Edition  with  Gray's  Field,  Forest,  and  Garden  Flora $1.80 

Edition  with  Gray's  Manual  of  Botany 2.25 


THIS  book  covers  the  college  entrance  requirements  in 
botany,  providing  a  course  in  which  a  careful  selection 
and  a  judicious  arrangement  of  matter  is  combined  with 
great  simplicity  and  definiteness  in  presentation. 
^|  The  course  offers  a  series  of  laboratory  exercises  in  the 
morphology  and  physiology  of  phanerogams ;  directions  for  a 
practical  study  of  typical  cryptogams,  representing  the  chief 
groups  from  the  lowest  to  the  highest  ;  and  a  substantial 
body  of  information  regarding  the  forms,  activities,  and  re- 
lationships of  plants  and  supplementing  the  laboratory  studies. 
^|  The  work  begins  with  the  study  of  phanerogams,  taking 
up  in  the  order  the  seed,  bud,  root,  stem,  leaf,  flower,  and 
fruit,  and  closing  with  a  brief  but  sufficient  treatment  of 
cryptogams.  Each  of  the  main  topics  is  introduced  by  a 
chapter  of  laboratory  work,  followed  by  a  descriptive  chapter. 
Morphology  is  treated  from  the  standpoint  of  physiology  and 
ecology.  A  chapter  on  minute  structure  includes  a  discussion 
of  the  cell,  while  another  chapter  recapitulates  and  simplifies 
the  physiological  points  previously  brought  out. 
^[  The  limitations  of  the  pupil,  and  the  restrictions  of  high 
school  laboratories,  have  been  kept  constantly  in  mind.  The 
treatment  is  elementary,  yet  accurate  ;  and  the  indicated 
laboratory  work  is  simple,  but  so  designed  as  to  bring  out 
fundamental  and  typical  truths.  The  hand  lens  is  assumed 
to  be  the  chief  working  instrument,  yet  provision  is  made  for 
the  use  of  the  compound  microscope  where  it  is  available. 
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Text-Book $1.20 

Laboratory  Exercises .60 


THIS  comprehensive  course  is  adapted  to  any  modern 
system  of  animal  study,  and  because  of  the  method  of 
treatment  and  the  types  selected  it  may  be  used  advan- 
tageously in  all  schools  from  the  Atlantic  to  the  Pacific.    The 
animal  forms  selected  for  study  give  the  pupil  a  good  concep- 
tion of  a   wide  range  of  forms  and  also  a  proper  view  of 
the  extent  and  variety  of  the  animal  kingdom.      At  the  same 
time  they  have  been  chosen  for  the  purpose  of  giving  point  to 
the  modern  theories  of  development  and  animal  history. 
^[  Each  group  is  in  turn  treated  with  a  type  form  as  a  basis, 
and  the  related  forms  are   sufficiently   numerous  to  permit  of 
the  division  of  each  group.      Provision  is  thus  made  for  a  brief 
or  an  extensive  course.    Each  group  may  be  studied  as  a  unit, 
thus  enabling  the  teacher  to  arrange  the  order  of  the  topics  to 
suit  the  needs  of  any  particular  locality,  climate,  etc.     Ample 
directions  for  field  work  are  given,  particular  attention  being 
paid  to  forms  of  economic  importance. 

^|  In  the  laboratory  manual  a  typical  member  of  each  animal 
group  has  been  selected  for  purposes  of  illustration,  but  struc- 
tural details  have  been  reduced  to  the  minimum  in  order  to 
afford  a  clear  understanding  of  the  phvsiological  processes.  In 
most  cases,  however,  a  sufficient  number  of  alternative  forms 
are  given  under  each  group  to  permit  the  selection  of  a  type 
familiar  to  the  pupils  of  any  locality.  The  laboratory  direc- 
tions are  clear  and  explicit,  and  recognize  fully  the  extent  and 
limitations  of  the  average  student. 
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By  F.  W.  CLARKE,  Chief  Chemist  of  the  United  States 
Geological  Survey,  and  L.  M.  DENNIS,  Professor  of 
Inorganic  and  Analytical  Chemistry,  Cornell  University 


Elementary   Chemistry     .  $1.10 


Laboratory  Manual     .      .   $0.50 


THESE  two  books  are  designed  to  form  a  course  .in 
chemistry  which  is  sufficient  for  the  needs  of  secondary 
schools.  The  TEXT-BOOK  is  divided  into  two  parts, 
devoted  respectively  to  inorganic  and  organic  chemistry. 
Diagrams  and  figures  are  scattered  at  intervals  throughout  the 
text  in  illustration  and  explanation  of  some  particular  experi- 
ment or  principle.  The  appendix  contains  tables  of  metric 
measures  with  English  equivalents. 

^|  Theory  and  practice,  thought  and  application,  are  logically 
kept  together,  and  each  generalization  is  made  to  follow  the 
evidence  upon  which  it  rests.  The  application  of  the  science 
to  human  affairs,  its  utility  in  modern  life,  is  also  given  its 
proper  place.  A  reasonable  number  of  experiments  are  in- 
cluded for  the  use  of  teachers  by  whom  an  organized  laboratory 
is  unobtainable.  Nearly  all  of  these  experiments  are  of  the 
simplest  character,  and  can  be  performed  with  home-made 
apparatus. 

4  The  LABORATORY  MANUAL  contains  127  experi- 
ments, among  which  are  a  few  of  a  quantitative  character.  Full 
consideration  has  been  given  to  the  entrance  requirements  of 
the  various  colleges.  The  left  hand  pages  contain  the  experi- 
ments, while  the  right  hand  pages  are  left  blank,  to  include 
the  notes  taken  by  the  student  in  his  work.  In  order  to  aid 
and  stimulate  the  development  of  the  pupil's  powers  of  observa- 
tion, questions  have  been  introduced  under  each  experiment. 
The  directions  for  making  and  handling  the  apparatus,  and 
for  performing  the  experiments,  are  simple  and  clear,  and  are 
illustrated  by  diagrams  accurately  drawn  to  scale. 
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THIS  is  a  text-book  pure  and  simple,  from  which  labora- 
tory experiments  have  been  omitted.  It  is  workable  and 
sensible,  written  in  a  clear,  easy  style  and  reinforced  by 
numerous  homely  illustrations.  Although  distinguished  by  its 
directness,  simplicity,  and  brevity,  the  work  is  both  scientific 
and  truthful.  It  covers  as  much  of  the  subject  as  is  required 
by  the  most  exacting  secondary  schools  including  those  pre- 
paring for  college,  but  the  topics  discussed  are  fewer  in  number 
than  those  usually  offered  for  the  first  year. 
^j  The  general  plan  presupposes  that  before  taking  up  the  dis- 
cussion and  recitation  on  any  subject  the  pupil  has  acquired  a 
clear  grasp  of  the  necessary  physical  facts  from  actual  experi- 
ments. While  such  experiments  will  be  found  in  any  good 
laboratory  manual  which  may  be  used  in  connection  with  this 
text-book,  there  are  given  here  numerous  suggestions  relating 
to  experimental  work.  Each  topic  begins  with  the  study  of 
concrete  cases  and  is  developed  by  easy  steps  to  a  clear  and 
comprehensive  understanding.  The  attention  of  the  pupil  is 
directed  first  and  chiefly  to  the  "how"  rather  than  to  the 
"why"  of  phenomena,  thus  laying  a  firm  foundation  in  the 
well-established  facts  and  principles  of  the  science. 
^j  Throughout  emphasis  is  placed  upon  the  physical  relations, 
rather  than  upon  the  forms  of  expression.  For  this  reason, 
the  mathematical  relations  between  measurable  quantities  have 
been  recognized  without  the  extended  use  of  mathematical 
formulas.  The  plan  of  treatment,  moreover,  aims  to  develop 
genuine  knowledge  and  to  discourage  the  mere  learning  of 
definitions.  The  questions  and  problems  at  the  end  of  each 
topic  are  more  than  ordinarily  useful. 
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Published   Complete  and  in  Sections 


WE  issue  a  Catalogue  of  High  School  and  College  Text- 
Books,  which  we  have  tried  to  make  as  valuable  and 
as  useful  to  teachers  as  possible.  In  this  catalogue 
are  set  forth  briefly  and  clearly  the  scope  and  leading  charac- 
teristics of  each  of  our  best  text-books.  In  most  cases  there 
are  also  given  testimonials  from  well-known  teachers,  which 
have  been  selected  quite  as  much  for  their  descriptive  qualities 
as  for  their  value  as  commendations. 

^[  For  the  convenience  of  teachers  this  Catalogue  is  also 
published  in  separate  sections  treating  of  the  various  branches  of 
study.  These  pamphlets  are  entitled  :  English,  Mathematics, 
History  and  Political  Science,  Science,  Modern  Languages, 
Ancient  Languages,  and  Philosophy  and  Education. 
^j  In  addition  we  have  a  single  pamphlet  devoted  to  Newest 
Books  in  every  subject. 

^|  Teachers  seeking  the  newest  and  best  books  for  their 
classes  are  invited  to  send  for  our  Complete  High  School  and 
College  Catalogue,  or  for  such  sections  as  may  be  of  greatest 
interest. 

^|  Copies  of  our  price  lists,  or  of  special  circulars,  in  which 
these  books  are  described  at  greater  length  than  the  space 
limitations  of  the  catalogue  permit,  will  be  mailed  to  any 
address  on  request. 

*f[  All  correspondence  should  be  addressed  to  the  nearest 
of  the  following  offices  of  the  company  :  New  York,  Cincin- 
nati, Chicago,  Boston,  Atlanta,  San  Francisco0 
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